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PREFACE TO FIRST EDITION 
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Any comment and suggestions for improvement by the readers 
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Kinematics 



The Science of Hydrodynamics may be classified into two 
different branches, v,z. the motion of fluids and the motion of gases 
Here we shall concentrate to the behaviour of the motion of fluids 
only. By the term fluid implies a substance that flows, it is defined 
to be an aggregation of molecules. A fluid is treated as an isotropic 
substance which means that the physical properties (viz. pressure, 
density, volume, temperature and viscosity etc.), are independent 
of direction. Fluid comprises both liquids and gases : 

Fluid (Liquids and Gases) 

I 


Newtonian 

I 


Non-Newtonian 


Non-Viscous 
(Inviscid or Perfect 
or Ideal) 


Viscous 


The smallest lump of material having sufficient molecules to 
allow statistically of a continuum* interpretation is called a fluid 
particle. 

Actual fluids fall into two categories, e.g. liquids and gases. 


(i) Liquids : Which are incompressible i.e. their volume do not 
change when pressure changes or has a definite volume at constant 
temperature and pressure. 

Although all known liquids are compressible to some extent 
but most of the practical purposes liquids are regarded as an 
incompressible fluids. 


• Continuum* means that the distance between fluid particles (or 
molecules) or the mean free path is small. By small we mean ‘small compared 
to any physical dimensions of the problem.* 
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2 

(ii) Gases : Which are compressible fluids, i.e. their volume 
change when the pressure changes. 

Hydrodynamics is often applied to the Science of flowing 
frictionless and incompressible fluid. 

An Inviscid or Ideal fluid is a continuous fluid substance 

exerting no tangential or shea, .tree. tat»«n 

fluid. The pressure at every point of an ideal fluid q 

directions, whether the fluid be at rest or in motion. 

in general Actual fluids (Real fluids) are viscous and com- 

nressible 6 In viscous fluids, both the tangential and normal forces 

Lst Viscosity of a fluid is that characteristic of real fluid whi 
“SpabTe Tofler resistance to shearing stress e g. the -stance 
smaU comparatively for fluid such as water and gases, but for oth 
fluid such as oil. Glycerine etc., resistance n > quite Jarge • V.s« y 
is also known as an internal friction. Viscosity . 
measure of its resistance to shear or angular deformation. 

Consider two parallel plates placed at a distance y, apart. The 

space between in is filled with the fluid. Let the upper plat 

moving relative to the lower one U_ U 

with a velocity U by the appli- 
cation of a force F correspond- 
ing to some area A of the upper 
plate. The particles of fluid in 

if the distance to « <°° «*« “ ,he i ° d £ ' verity 

shearing stress between any two thin sheets of fluid 

t=^ (Force/unit area) 

A 

u 

*y<> 



or 


sr 


U 

sU — 

yo 

da 


Which is known as Newton’s Equation of viscosity. 
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T ...(i) 

01 ** . . s ;, v Absolute Viscosity or 

Where y. is the coefficient of v.scos.ty, Abs 

Dynamic Viscosity. represent an ideal fluid 

(I) When t= 0 then y=0 i e. v* * Wl “ "V 
on the Af-axis. 


(II) When ^=0 then y 


: CO 


Elastic 


todies 

- Jr /to 

z 

' /T 

// 

(Shear 


Stress) 

\/ Ideal fluid ^ 

0 

Shear si rain du/dy 


viscosity varies with the rate oi 
be investigated by two different 


i.e. (i) will represent the elastic 

bodies along the Y- axis. 

(III) A fluid for which the 

constant of proportionality 
(viscosity) does not change with 
the rate of deformation is said 
to be a ‘Newtonian fluid’ and is 
represented by a straight line. 

(IV) In Non-Newtonian fluid 
deformation. 

The motion of a fluid may 
“t™ i, the Lagrangi.. t»«hod, •»> 

Fulerian method. 

1 Lagrangian Method (Individual time rate of cha " ge > 

. , method any particle of the fluid is selected and 

InL agrang observjng the change in velocity, 

5 “.l and oressure at each point and each instant or in other 

sense we determine the history of every fluid particle. If (x, y, z) 
Z the co-ordinates of a particle of fluid at anytime then 

dX y d l are the components of its velocity and ^ d[2 

are the components of its acceleration along the axes. So (x, y, z) 
uT*) and (x, y. z) are the functions of t and of three independent 
parameters (initial co-ordinates) a, b, c (say) which states the 
position of a chosen particle at a particular instant. Thus x, y, z 
are the functions of four independent variable a, b, c and t. 
i.e. x=/, {a be /), y=fz {abet) and z=/a {abet). 

2. Eulerian method (Local time rate of change) : In Euler’s 
method (flux method) the individual fluid particles are not 
identified but a fixed position in space is considered. We select any 
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Hydrodynamics 


point fixed in space occnpied by the fluid, and observe the change 

occurs in velocity, density and pressure as the fiuid passes through 
this point. As the fluid is studied at all of its points at every 
instant /, So x, y, z and t are independent variables in this case 

The expressions ^ etc., are meaningless in this method as x 

and t are independent. » * 

1-3. Velocity of a fluid particle at a point. 

Consider the particle is at P at any instant t , such that 

, OP=r (Where O is a fixed point) 

and P' is the position of the particle at any instant t+8t, such that 

OP'=r +8r 
Let q be the velocity of the 
fiuid particle at P. 

_ Lt (r-fSr)-f 
Thcn q $/-►() 8t 
Lt Sr 
q ""S/-*08f 
dr 
* = dt 

So q is in general dependent 
on both r and /, then we can write 

If the co-ordinates of P are (x y z) referred to the fixed point 
O, then Q (x,y 9 z 9 t) 

Let u f v , w are the cartesian components of the velocity at P 9 

then ' q-iii+ij+wk 

dx . . dy - . dz 



i+tf' 54- — k 
dt + dt dt 


So 


dx 

u =Tr 


dy . dz 

'i and w= di 


{ Since r=xi+yj+zk > 


§ 14. Relation between the Local and Individual time rates. 
Consider u, v, w be the components of the velocity along the 
co-ordinate axes, then p' 

q=ni+vj+*vk 

Let 4>=4>(x t y, z, t) p 

(where <f> is a scalar 
point function) 


(x+s 
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or 


or 


or 


or 


or 


So 


db_H dxM dy_+ d ±. dzjd± 

di~di‘Tt + dy- dt + dz dt dt 


d<j> 

dt dx • 


“+§• v+ 8- w+ % 


f=( i 8 + i| +k 8)- (iM+iv+kw)+ ^ 


#= q .( V *)+8 


</r 

d<l> 


^=(q.V) *+ff 

ir 4 +<^> 


This relation is also true for * as a vector point function 
The operator ^ s|-+(q.V) I* known as the differentiation 
following the motion of the fluid or the substantive derivative. 

§ 131. Acceleration. 

Cartesian Co-ordinates. In § 13, if * is replaced by the 
velocity vector q, then 

J=g*+(q.V)q=/ (say) 


{ 


d , d 
Since q.V=«g^+Vg- 


+>v 


-1 

dz] 


Let (w, v, w) be the compo- 
nents of velocity. The components 
of acceleration (/•>/*,/*) are given by 

. du . du du du 

f'=F +U Fx + V Fy +W F 

. dv , dv dv dv 

^F +U Fx +V Ty +W i Fz 



and 


- dw dw dw dw 

f‘ = F +u F x +v F +w F 


In this expression the first term is the rale at which the velocity 
increases at the point (x y z) with regard to a fixed point. We 
shall denote the operator 
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or 


^ +w ^ by ,he symbo1 ® 

Cor : Let the motion be along the curve S. Consider q be 

the velocity at a point P, then 

q=J w» */ 

and q+8q be the velocity at any time r+8f. So 

q + Sq =/(S+8S, t+St), __ - , 

q+ Sq=/(S+ 9 Sr, r+Sf) {since SS—qil} 

or q+Sq=/(S.O+( <7 £+ff) 0 ' + "" 

Then (q+Sq)-q={/(5 0+ ( 9 ft+ff) *>• 

or s/^o si~\ q ss + dt r 

Thus acceleration is given by 

dq V .JL-Q+q - 3 
a = d7 +q dS-et +q dS 

8 1’4. Equation of Continuity. 

When a* region of fluid contain neither sources nor sinks «.«. 
there is no creation or annihilation 
of the fluid, then the amount of fluid 
within the region is conserved in 
accordance with the principle of 
conservation of matter. Now we 
shall develope the above principle 
mathematically by means of so-called 
Equation of continuity or conserva- 
tion of mass. x • */ 

Let P be the density of the fluid at any point (x, y , z) in V 
at any instant. Consider a fluid particle of infinitesimal volume 
dv and density P (r, f) at any time I. The mass of this fluid 
particle cannot change as it moves about, therefore 

£ (p dv)=o 

this is one from of the equation of continuity or conservation of 



mass. . .. . . 

Consider a closed surface 5 in a fluid medium containing a 

volume V fixed in space. Let n is the unit outward drawn normal at 

a surface element 85. If q be the fluid velocity at the element 85, 

the normal component of q measured outward from V will be 

=n.q 
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Rate of mass-flow across hS per unit mass j 

=P n.q 8S 

Total Rate of mass-flow out of V across SS 





= I P n.q dS 


Total rate of mass-flow into V 

= _ | o.(pq) dS— J r V.(Pq>rfP -0) 

(By Gauss Theorem) 

Also rate of increase of mass with in V 


4{l/4 
1 


...(H) 


Since the equation of continuity is based on the principle 
that the rate of increase of the mass of fluid with in the volume 
V is equal to the excess of the mas s that flows-in-over the mass 
that flows out. Then from (i) and (ii). we have 


or 


or 


l% dV — IrV-VO" 
UaT +v •<'*'> I"'" 0 


...(iii) 


Since the surface S can be replaced by any arbitrary closed 
surface drawn within it, we must have, at every point 


~+V.(pq)=° 

ct 


...(iv) 


Which is known as equation of continuity, and is true at any 
point of a fluid free from sources and sinks. 

Equation (iv) can be written in the following manner also. 

since v.(pq)=pv.q+q- Vp 

Then (iv) reduces to 

J+PV.q+q-VP=0 

or J+PV.q=0 

or 4- (log p)-t-V-q=0 *"( v ) 
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| where ^ denotes the differentiation following 


the fluid motion 


|-aT+’ v } 


I In case of Steady flow : the pattern of flow does not very 
with regard to time or the path of the fluid particle coincides with 

the stream line. So |£=0 then (iv) reduces to 

V.(Pq)=0 

II. In case of non-homogeneous incompressible fluid : the 
density of the fluid particle is invariable with time i.e. p=constant 

through out the entire region 

£- 0 . 

dt 

then from (iv), we have 

V-q=° 

or Div q=0 

3u 8v 

or Tx+dj + dz 

The quantity V.q gives the rate of volume expansion of a 
fluid element. It may be called Dilatation or Expansion. 

III. If the flow is of the potential kind, then there exist a 
velocity potential <f> i.e. for an irrotational motion 

q=— W 

then from (II), we have 

V 2 4 = 0 . 

Which is a Laplace’s Equation. 

§ 1*5. Alternative method : Equation of continuity, 

(Cartesian Coordinates) 


Consider p be the density 
of the fluid at P (x, y , z) and 
u, v , w be the components of 
the velocity parallel to the co- 
ordinate axes. Construct a 
small parallelopiped with edges 
of length 8x , 8y y 8z parallel to 
the axes. 

Consider any closed surface 
drawn in the fluid then the 
increase in the mass of fluid 
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within the surface in any ^ 

that flows in over the mass that flows out m the 

Mass of the fluid that passes in through the face ru 

= P SySz.u per unit time (i) 

Mass of the fluid that passes out through the opposite face 
P'Q'R'S'. 

=f(x+Sx,y,z) 

=f(xyz)+*x.l x f(xyz)+... 

(by Taylor’s Theorem) 

The excess of flow-in overflow out (in the direction of axis 

° f ^ =Mass that enters through the face PQRS-K ass that 

leaves through the face P Q R •> • 

=f(xyz)-f(xyz)-8x. xy *)+••• 


= -8x.~f(xyz) 

— 8 "E-[ euSy “} 


{ from (/)} 


...(iii) 


Similarly the excess of flow-in over flow out through the 
faces QQ'R'R and PP'S'S 


evSxSz } 


— TT«* 8y 8z 


---(iv) 

«// 

and the excess of flow-in over flow out through the faces PP Q Q 
and SS'R'R- 


= p* Sx & y } 

= _°JgL' S x8y8z 


...(iv) 


faces 


Thus the total excess of flow-in over flow out from all the 


. fa (p u) , a (pv) , a (fy) 1 

8x &y 8z + dz j 


...(v) 
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Again total mass in the parallelopiped 
=P.8x8ybz 

Rate of increase in the mass of the parallelopiped 
=0— (P hx by 8z) 


dp . . 

=8x 8y 8z per unit time. 


...(vi) 


Since increase in mass=Total Excess of flow-in over 

flow-out through all the taces. 


From (v) and (vi), we have 

Sx 8 . y Sz Sx Sy 8 z (P u)+-j y < pv )+sT (p,v) ! 


or 


g +a>> +a7 (pv)+ S (p,v,=0 ' 


0Z vr-/ ...(vii) 

Which is known as the equation of continuity iu cartesian 
coordinates. 

Cor. (I) Equation (vii) can be written as 

dp 89 , 8 ? 89 I 8 u 8_v_ M =0 

Ji +U dx +V dy +W 3z +P \dx + dy + 8z) 

(*L + ?L + 8 ^ ) -0. 

or di T \dx*dy ^dz J 

{Refer § 1 . 31} 

Cor. (II) If the fluid be non-horaogeueous and incompre- 
ssible, then 

DP 

F=cons., 


•0 


ui 


So 


8u 8v_ dw =0 

8x + 8y + dz 


measures the rate at which the volume of an element of fluid at 
(xy z) is expanding and known as dilatation or the expansion. 

§ 16. Equation of continuity in the Lagrangian Method. 

Consider A be the region 
occupied by a fluid at the time 
r=0 and B the region occupied 
by the same fluid at any time t 

Let ( a b c) be the initial co- 
ordinates of a particle P enclosed in this element and P' be the 
density. 

Mass of the fluid element =P' 8a 8b 8c. 
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Aisuto -as, of «« to**—— 

Q is =P (where*? is the density of the fluid at 6). 

So the total mass insidetbe region A is equal to the total mass 
inside the region B, we have 


or 


or 


ftf P' da db dc= nf. P dx dy dz 


Since the region A is an arbitrary, then 
d(xyz) 


P -P 


or 


or 


, --0 

d (a b c) 

d(xyz) 



ex 

dx 

dx 

da 

db 

dc 

dy 

dy 

dy 

da 

db 

dc 

dz 

dz 

dz 

da 

db 

dc 


which is called the equation of continuity in Lagrangian form. 

§1*7. Equivalence of the two forms of the equation of 
continuity. (Lagrangian and Eulerian form) 

We know that the equation of continuity in the Lagrangian 

form is 

P J=P' 

d(xy z) 




where J= T& FF) 

Differentiating (i) w r.'to t, we have 


...(ii) 


These time-rates are variations due to the motion of a parti- 
cle or the variability of y, z. Now we shall change from the 
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Lagrangian 

that 


Hydrodynamics 

form to the Eulerian form of variables. We know 

etc - 

da da \8t ) dt / 

{since and *v= J} 


A . dp _se & +v 

Agam zr~7ir+ u 8x + 0v + Bz 


Sine J = 


dt dt dx 
d(xyz) 


dy 


d {a b c) 


dx dy dz 

da da da 

dx dy dz 

db db db 

dx dy dz 

be dc dc 


or 

d£= 

dt 

du 

da 

dy 

da 

dz_ 

da 

+ 

dx 

da 

dv 

da 

dz 

da 

+ 

dx 

da 

dy 

da 

dw 

da 



du 

dy 

dz 


dx 

dv 

dz 


dx 

dy 

dw 



db 

y/ 7 

db 

db 


db 

db 

db 


db 

db 

db 



du 

dc 

dy 

dc 

dz 

dc 


0x 

be 

dv 

dc 

dz 

dc 


dx 

dc 

dy 

dc 

dw 

dc 


dJ = 

a (uy 


d (X v z) , 

dixy 

w) 




...(iii) 

or 

dt 

d (a b 

c) ■ 

d (a b c) 

0(0 t 

>cy 






But 

du 

da 

du 

dx 

dx .du 
‘ da 'dy • 

dy .du dz 
da dz * da 

* 



# 



du 

db 

du 

~~dx 

d JL + 
• db + 

du 

dy 

dy 
* db 

+*L 

+ W' 

dz 

db 




and 

du 

dc 

_du 

dx 

dx ■ 
•dF + 

du 

dy 

dy 
’ dc 

,du 

+ W 

dz 

dc 





du du , . . 

By eliminating ^ » ^7 » we oblain 

du d (xy z)_ d {uy z) 
dx d (a b c) d (a b c) 

8(uyz) _, du 
d {a b c) dx 


...Civ) 


or 
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or 


or 


or 


The relation (iii) reduces to with the help of (iv) 
, dJ jdu 

dT =J K +J W +J te 

dJ . I3u 8v , dw _ \ 
dt \3x Sy 3z )' 

Substituting the value of ^ in (ii), we have 
dp , , Idu ,3v ,dw\_ n 

J jr +pJ W + 3i + ^r°- 

df_ +? (*L+°L+»!L\- 0, 
dt +p v 3 * °y 8: i 

^-+P div q=0, 
at 


which is the Equation ofContinuity in Eulerian form. 

§1-8 Equation of Continuity in Spherical Polar Coordinates. 

Let P be the density of 
the fluid at the point 
p ( r , 6, </>)■ Construct a 
paraliclopiped with P as 
centre, the length of whose 
edges are dr , r dO and 
r sin 0 d<f>. Let q rt q 9 and 
q+ be the components of 
the velocity in the direc- 
tion of the element res- 
pectively. 

Mass of the fluid that passes through the face PQRS 
=9 ( rSd.r sin 0 8<J>).q r 
=f ( r , 0 , </>) (say) 

and mass of the fluid that passes through the opposite face 
P'Q'R'S ' 

=/('+5r, 0 , 4) 

"fir. +)+*r.£f ir , 9, *)+... 

...(To first approximation). 

Excess of mass of flow-in over flow out through the faces 
PQRS and P'Q'R’S 1 . 
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=/(r, 8,*)-f(r,e, +)-*r£f<P, 6, *) 

=-8r !•/(/•, e, 4) 

= -8r.— {P r80-rsin 0 8*.?,} per unit time 
____£ {pr 2 q t } Sr 80 -sin 9 8<f>. 

Similarly excess of mass of flow-in over flow out through the 

faces PSS ' P' and QRR'Q' 

= _, 89 .A.fp.8rT sin 8 8^-?,} per unit time 
r 80 

_ L {p sin 0 }. 8 rr 80 -r- 8 <£ 

r 80 

and Excess of mass flow in-over flow out through the face PQQ'P 
and SRR'S' 

per unit time 

(p qjt-dr-r 80-r sin 0 d<f>. 

Total excess of flow-in over flow out 

— £.{p r 2 q r ) Sr 80* sin 9 8 f> 

dr 

{p sin 0}-8r-r 80*r.8<£ 

r 80 

8 {p gA.tr- r 80-r sin 0 ty. 
r sin 0 0* 

Total mass in side the parallelopiped 
= P 8r • r80 • r sin 0 $<£ 

So increase in the mass inside the parallelopiped 

{p8r.r80*r sin 0 8# 
dt 

= ??.r 2 sin 0 Sr 89 8$. 
dt 

By the principle of equation of continuity, we have 
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^Excess of mass of flow-in over flow out 


^--—Fxcess oi mas* ui u«" — 

Increase in mass— cxca* 

ot *• , * * t—k » * *> “ * *' * 

a ' . {P 9i sin 0} r* 8r 89 8^ 

r 

d _ {p q k r 2 sin 0 8r 80 8<£ 

r sin 0 &<f> 

or r> sin a |+sin **>'* * )+, “* A (P9 * 9) 

+'* sinfl 'r1ST^ (P 9 * )= ° 

W.l 1 (»,«,,)+ 4-j • (P <7. *' n *> 
or a7 + r‘"07 ( 9 r s ' n9 39 . 

+rar# ■ £ (p ^ ,=0 

which determines the equation of continuity in Spherical polar 

Coordinates. ^ continuity in cylindrical coordinates. 

Let P be the density of Z 

the fluid at the point P (r, 8 z). 

Construct a curvilinear para- , 

llelopiped with P as centre, 

the length of whose edges * v , 

are dr , rdO and dz. " 

Let q„ qt and q, be the ' s 

components of the velocity <? - ^ 

in the direction of the elements 
respectively. X' 

The mass of the fluid 

that passes through the face * 

ABCD 

=p (rS0. Sz) q, per unit time 
=/ (r 8 z) (let) 

and mass of the fluid that passes through the opposite face 
A’B'C'D' 

=/(r+8r, 9, z) 




=f (r 6 z)+8r.g-/Mz)+ 


...(To first approximation). 
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Excess of mass of flow-in over flow out through the faces 
ABCD and A'B’C'D' 

=f(r e z)—f(r e z)-Sr.^f(r 6 z) 

— ./(,.«) 

= -8r.^- * p r qr 89 * P r qr ^ 8r 89 8Z ' 

Similarly the excess of mass of flow-in over flow out through 
the other faces are 


= — r 80. yr-Q {P Sr 8z q 0 ) 


d 


r dO 


(P q 0 )*r Sr 80 8z 


and =- Sz.j| (P &r.r88 ?.}=- £ (P g.).r Sr 8« Sz. 

Total excess of flow-in over flow out 

= - {J- (Prq r ) Sr80$z+^ ( 9q 9 ).r8rS98z 

-f^: (P?.).r8rS08z J 

Total mass of fluid inside the parallelopiped 
=pSr.r50.$z. 

Rate of increase in the mass inside the parallelopiped 
=J- {p8r.r88.8z} 

Jl.rSrSeSz 

ot 

By the principle of equation of continuity, we have 
Increase in mass=Excess of mass of flow in over flow out. 


or 


or 


or 


J.(r8r888z)=-{£ (Pr 9r )+r.^ (P?.) 

+r.| ( P 9 ,) } 

r -%+i (fr M+ r io (p ?*>+ r ^ (P9 ‘ )=0 - 

%+\ i (p r?')+7 b {9q,) +Vz (P9 *) =0 


8r$08z 


which is the Equation of Continuity in Cylindrical Co-ordinates. 

§ 1 82. Method of writing the Continuity Equation. 

Consider p be the density of the fluid. Construct a parallele- 
piped the length of whose edges are dx dy dz , then 
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dz 


w 


(a) Cartesian Coordinates. 

Length of elements dx dy 

Components of velocity u y 

Now to calculate the flux* along the co-ordinate axes 
respectively, take the negative derivative w.th respect to the co- 
ordinate axes respect of the product, 

density X velocity in the direction of axis of AT etc. X product of the 
7 remaining length 

add them and equate this sum to the rate of increase of mass 

inside the region. 

(pudydz) dx - ^ (P ydxdz) dy 

— r- ( Pwdxdy ) dz=>~- ( pdxdydz ) 


i.e. 


(b) Spherical Polar Co ordinates. 

Length of elements dr rde r sm 9 d< t* 

Components of velocity qr 9* 4+ 

Then flux along the co-ordinates axes 

o 

= _ 1 {p rd9.r sin 9 d* q.) dr-pjjf {Pdr.r sin 9J<j> q,} rS9 

■ 8 n - r. {pdr.rde.qj.r sin 6 8^ 
r sin V 

eqjate this sum to th: rate of increase of miss in side the region 

=^-{9dr.rd6.r sin d d<f>) 
ot 


(c) Cylindrical Co-ordinates. 

Length of elements dr rdd dz 

Components of velocity qr q$ q « 

= - ~ ( Pq,rd9dz ) dr- (Pq,drdz) rdd- ^(Pqjr.rdd) dz 

equate this sum to the rate of increase of mass inside the region 

=^-(P dr.rde dz) 


* Flux : In any case of motion of an incompressible fluid the surface 
integral of the normal velocity taken over any surface, open or closed is known 
as the flux across the surface. 
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§ 1 83. General orthogonal curvilinear Coordinates. 

A generalised coordinate system consists of a three fold 
family of surfaces whose equation in terms of the rectangular 
coordinates are, • 

5i (xy z)=const.=Ai, 

Zt(x y z)=const.=A 8 

and 5a (xy z)=const.=Aa. ...(i) 

Where x, y t z are the cartesian coordinates. 

The surfaces Ai=const., At=consf. and A s =const. ...(ii) 

form an orthogonal system. The lines of intersection of these 
surfaces constitute three families of lines. A relation can be 
expressed in (i) and (ii). 

x=x (Aj Aa At), y=y (Ai Aa A a), z=z (A, A f At) 

The surfaces Ai=const., Aj=const., At=const. are called 
Coordinate surface. 


Consider r be the position vector of a point, then 

r=r (Ai Aa At) (Representation of relation 

(i) in vector form.} 

Tangent vector at the point to the Ai— curve 
Jdr_ 

= 0Ai 


So the unit tangent vector in the direction of the Ai— curve 


or 

• r Sr/SA, 
1 |3r/3Aj| 

or 

8r L 

^r hiei 



Similarly the unit tangent vector in the direction of Aa— curve 

and At— curve is given by 

dr , , ‘dr . 

eT =A a e, and ^=h, e, 

where the quantity h u h 2 , h$ is known a Scale factor. 


Since 

then 

and 


r — r (Aj Aj At) 

dr=hid\i.ei+hidAi.e2+hid\i'et 

ds*=dr.dr 

=^W+^aW+/ta 2 d\t t . 
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« 

t so *2* 

The vector definitions (in curvilinear coordma.es) are 
follows : 


as 


(ii) 


(iii) 


i\ b4> 

grad.^=k^- * t 8A.’ *•»•/ 

19* , I ?*.,+ 1 ?SL a. 

9Ai 3l+ /'* 3As ‘ 7 '* 0A> ‘ 

+ 0T. (q,h ' hs) } 


(iv) 


curl, q 


(V) 


S7** 


1 

fiSKI 

i 


Mi 

8 

3Aj 

Mi 


M* 

0_ 

0A 2 

/ia«7a 


h%Qz 

a_ 

0As 

Ms 


MtA« 


r_a_ /Mi w \. 1 (Mi w \ 

\0Ai \ Ai 0Ai/ 0A| » /*2 0 A 2 / 

J/M? ?£\1 

0A8\/^3 9As/J 


§ 1 84. Equation to the conservation of mass in orthogonal 

curvilinear coordinates. 

Consider Ai=const., As=const. 
and A s =const. be the three families 
of surfaces that cut one another 
orthogonally at all their points of 
intersection (Ai, Aa, At represent the 
functions of rectangular coordinates 
x , y , z). Construct a curvilinear 
parallelopiped at O with edges 
OB=BS l9 04=852 and OC=85 a . 

Let qu q* and q 3 be the components of velocity in the direction of 
Ai, At and As respectively. 

Mass of the liquid that flows through the face OAC'C 

= 9 q\ 8 S 2 8 S« per unit time 

Mass of the liquid that passes out through the face BB'D'D 

= 9qi 8S 2 (9qi 85 2 85 3 ) 85i 
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Excess of rate of flow in over flow out per unit time through 
the faces OACC and BB* D'D 


fr* «&**>** 




Similarly excess of rate of flow in over flow out per unit time 
through the other two opposite faces. 

= “ali { p? * s5 ‘ 85 *} SSl ...(«) 

= “4{ p * 851 **} * S ‘ -OH) 


and 


Now total mass inside the parallelopiped 

=p SSi SS% SSt 

Rate of increase of mass of fluid inside the parallelopiped 
=| j P 85, 8 5, 85,] 

Since by the principle of continuity, 


...(iv) 


Rate of increase of mass inside the parallelopiped =total 
excess of rate of flow-in over flow out through the parallelopiped 


Then 

\ t {p 85, 85, 85, 


}=“aT,{ p * 85 ‘ 8 *} 85 ‘ 


-g|J p ?, 85, 85, ] 85,- g| s [p</, 85, 85, ] 85, 

Substituting SSi=hxdXu SSt=htdXt and SSt=h t dXt 
or hjijit dX\ d\z dX%^= — ^ ^Pffi hjt% | hxdXxdX%dXi 

~7iJx2 { P ^* hlh * } ht dXl 

— h x h* ht dX x dX a dXt. 

or Ft + mr,{k 

Which is known as the equation to continuity in orthogonal 
curvilinear coordinates. 



21 

Kinematics 

Fx 1 The particles of a fluid move symmetrically in space with 
J/d to a/Z centre /prove that the elation of cont, nutty ts 

-+«?+ 3 - l >’" )=0 

8t dr r z or 


where u is the velocity at distance r. 

Let P (r, 6, to) be a point 
in the fluid. Construct a para- 

llelopiped with 

PP' (=Sr), PQ (=rS9) 
and PS (=r sin 6 So) as edges 

Consider u, », w be the 
components of the velocity in the 
direction of the elements Sr, rSS 
and r sin 0 8c o. 

Let the origin O be the 
fixed centre. Since the fluid 
panicles move symmetrically in space with rcqard to an origin 
(fixed centre) that means the motion is only along PP 1 . So there 
is no motion along other edges r50 and r sin 0 8oj. 

Therefore the excess of flow -in over flow out from the face 
PQRS and the oppposite face P'Q'R’S' along PP' in unit time 

-b—8 r - {P u.rdS .r sin 0 8a>} 
or 

Similarly the excess of mass of flow-jn over flow out along PQ 
and PS vanishe as there is no motion along these directions. 

Mass of the fluid inside the element 
= p8r.r80.r sir. 6 8oj. 

Increase in the mass of the element 




(P Sr.rSd.r sin 05a;) per unit time. 


From the principle of equation of continuity, we have 
Increase in mass=Excess of flow-in over flow out 


<1 SJ 

- (p5r.rS0.r sin 08o»)=— 8r - (pu.rSQ.r sin 05a;) 
ot or 

or {Sr. r50.r sin 0 8o;}-F f- (pur 2 ) 8r 80 sin 05co=O. 
ot or 

0r Jr + r* l 

or W + Ji (ur2) -% + F* p -fr {urt)=0 
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or fr + “ t + 7*’ lr (Mr ’ )=0 - Proved 

Ex. 2. -4 mar* 0 / fluid is in motion so that the lines of motion 
lie on the surface of coaxial cylinders. Show that the equation of 
continuity is 

where v # v t are the velocities perpendicular and parallel to z. 

Let P (r, 0, z) be a point in 
the fluid. Construct a parallelo- 
piped at P with edges 
PS (=r80), PR (=5r) 
and PP' (=Sz). 

Let r„ v # and v t be the velocity 
components along PR, PS, PP'. 

Since the lines of motion 
of the fluid lie on the surface of 
coaxial cylinders so there is no 
motion along PR. 

Then excess of flow-in over flow out along PR vanishes. 

Also excess of flow-in over flow out along PS 

rte 

and excess of flow-in over flow out alog PP' 

Mass of the fluid in the element 
=9r89-8r-8z 

Increase in the mass of the element 

{PrSfl-Sr-Sz} per unit time. 

From the equation of continuity, we have 
Increase in mass = change of flow-in over flow out. 

or {9r89-8r-8z}=—r89-^ { 9v t 8r8z}—8z {9v t 8r-r89} 
or ~ (rS9-Sr-Sz)+^- e (Pv,)-(r&eSrSz) 

+J- (pv.) (rS0SrSz)=O 



or %+m (P-.)+J- (PV.)=0. 


Proved. 
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Ex. 3. If the lines of motions are curves on the 
cones having their vertices a, the origin and the axis of Z for 

common axis. Prove that the equation of continuity is 

*+± (Pqr )+^i+ C ^i- (P*.)-0. 
dt dr 1 4r ' r r da> 

Let O be the vertex and OZ 
be the common axis of Z. Let 
A (r, 9 , <*>) be a point on the sur- 
face of the cone and q r ,q»>q» be 
the components of the velocity 
along the edges of the parallelo- 
piped AA\ AB and AD respectively. 

Since lines of motion are 
curves on the surfaces of cones so 
there will be no motion perpendi- 
cular to the surface of the cone. 

The length of the edges are 

AA'=Sr, AB=r89 and AD=r sin 98«>. 

Now excess of flow-in over flow out in the direction AA i.e . 
from the face A BCD and A'B'CD ' in time Sr 

= — ~ |p<7 r-rSf *r sin Sr* Sr 

and the excess of flow-in over flow out in the direction AD i.e. 
from the face ABB' A and the opposite face in time 8/ 

0 ;{p?- 



} 


r$08r l*r sin 0 8o>- 8r 


r sin 08<fi 

Total excess of flow-in over flow out in time Sr 


— ~ | pq, r89 r sin 08oj | Sr Sr 

— — . d ■ | pq^-r89 Sri r sin 6 8o> Sr 
rsm0 8a>|™ J 


volume of an elementary parallelopiped 
=8r.r8 9-r sin 0 So j 

Increase in the mass of an element in time Sr 
=~ |p*r 80 -r sin 9 8oj Sr| Sr 
Hence from the equation of continuity, we have 


...d) 


••( 2 ) 
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|£ jr* sin 0 80 Sw Sr j St=-~^q T r M-r sin 6 So, | Sr St 

1 Ip q«-r SO Sr\ r sin 0 Sto St 

r sin 0 doj [ J 

£ +ilM + F=Vc (^)- 0 

£+£{'*■£ (P9r) + (f?r).2rJ + -^£li (P 9b )=I 

g’+l^+^+^c^- 0 * Pro 


+- SS T^ = ( ^-° 


or |L+2 ( P9r )+ £ <P*,)-0. Proved. 

Ex. 4. If every particle moves on the surface of a sphere , 
prove that the equation of contniuity is 

|f cos 0+g| (Pew cos 0)+g^“ W coi 0)=O. 

P being the density , 0. 4> ‘he latitude and longitude of any 
element, and u> and o,' rAe angular velocities of the element in 
latitude and longitude respectively. 

Consider an elementary A 

parallelopiped PQRS and P' Q' R S 
on the surface of the sphere, where 


P u 


m 






PP'=Sr, PQ=r SO, PS=r cos 0 S<l> 
are the edges of the 
clement. Since c o and a/ are the 
angular velocities along 0 and <f> 
respectively so rco and r cos a/ are 
the velocities along PQ and PS. g 

Since the particle moves on the surface of the sphere so 
there will be no velocity normal to the surface of the sphere that 
means the velocity along PP' vanishes. 

Now excess of flow-in over flow out along the faces perpen- 
dicular to PQ i.e. from the face QQ’ R'R and PP' S'S per unit 
time is 




p rwSr-r cos 0 


Similarly excess of flow-in over flow out along the faces 
perpendicular to PS i.e., from the face QQ' P'P and the opposite 
face per unit time is 
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= -r cos e s*.— s e 


| p r cos w 

^ l 


— ' — ' rcosa^i lllar 

and excess of flow-in over flow out along she face* pMpewl*^ 
to PP' vanishes. 

Total excess of flow-in over flow out 

r “- s ;i 11 

_ ? — - 1 p r cos to’ . 8r • r80 ? J 

-r cos f cos 93* T 

per unit time 

Volume of the parallelopiped 

=8r.r 80 - r cos 0 8£ 

Increase in the mass in unit time is 

=|.|p8r r 80 -r cos 0 8^| 

Therefore the equation of continuity is given by, from 0) and (2) 

a f * , 7 r *a JL \ P rco.Sr.r cos 0 *<t> ? 

p8r.r 80 .r cos S«£j = -/-S 0 - r 0 0 )/ 3 

?. p r cos 0 w'-Zr-r 80? 

— r cos 0 ^*7cos 0 8*1 3 

9 


or 


* { r 2 cos 0 8r 80 8*} + r 80.^ <P« cos 0) r 2 


+ rcos*8*.— ^ 


(po>' cos 0) r 2 8r 80—0 


or 


d? 


-f 


A (PoJ cos 0H-- L - • <*•' C0S 0,=O - 


or 


07^3570 ■ 00 cos 0 ’ 

cos 0 If +1 cos e)+ k (pcu ' cos e)=0 ' 

dl 00 C9 Proved. 

Fx 5 If the lines of motion are curves on the surfaces of 
spheres all touching the plane of xy at the origin O, the equation 
of continuity is 

r sin 0§f +§£ «*)+sin 6^ (?u)+?u ( 1+2 cos 0)=O 

where r is the radius CP of one of the spheres, 0 the angle PCO, u 
the velocity in the plane PCO, v the perpendicular velocity, and $ the 
tuna, ion of the plane PCO to a fixed plane through the ax, s 

ofZ. 
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Let C and C be the centres on 
the Z-axis of the two consecutive 
spheres of radii r and r+8r respec- 
tively CC'=$r 

Join the line CP which meets 
the second sphere in Q . Consider 
p be a point on the inner sphere 
and PQ, PR and PS be the edges 
of the elementary parallelopiped. 

Now the length of the edges is 
PR=r 89, PS=r sin 9 8<l> 

where * is the angle which the plane PCO makes with a fixed plane 
through the Z-axis i.e. with XOZ plane). 

Now we shall determine the length of the edge PQ. 

CP=r , C'G=r+$r, CC=8r, /. PCO=9 

Let /_CC'Q=9' and LC'QC= A 

Since 0'-\-\=9 

Also CQ}=C Q'+CC*-2CQ.CC cos 9' 

or (r+Ffi) 2 -(r+8r)*+(8r) 1 -2 (r+ 8r).8r cos (0-A) 

or r 2 + 2 r.P 2 +J > 2 *=r 2 + 2 r 8r+8r 2 +8r 2 

-2 (r 8r+8r 2 ) cos (0-A) 

Neglecting the squares of the quantities PQ and Sr, being 
small, we have 

2 r.PQ=2r Sr—2r Sr. cos (0— A) 
or PQ=Sr {1-cos (0-A)) 
or PQ=Sr {1— (cos 9 cos A + sin 9 sin A)} 
or PQ=Sr {1 -cos 0-A siu 9} (To small app,) 

or PQ = Sr { 1 — cos 9} (Neglecting small quantities) 

Since lines of motion are curves on the surface of sphere, so 
there will be no component of velocity along PQ, u and v be the 
velocity components along the edges PR and PS i.e. in the direction 
of 9 and <f> increasing. 

Now excess of flow-in over flow out in the direction PR 

d r i 
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Stan.,,, .he .*». of flow- in over Ho. .»• to.be ■"»*» « 

= _ 9 _ (py.r 8d 8r (1-cos 0) | r sin 0 8* 

r sin 9 d<f» I J per un it time 

,„d the e*«. of flow-in o,., flow o». to to. di™.ton PQ 
Total excess of flow-in over flow out 

= |__|-{pursin0 8*.(l-cos 0) Sr j r 80 

9 - [ P y r 80 8r (1-cos 0)} r sin 6 8*1 
r sin 0 d<f> l / n 

per unit time. —UJ 

Volume of the parallelopiped 

=.(1 — cos 9) 8r.r8d.rsin d 8* 

Increase in the mass of the parallelopiped 

= i_y p.(l— cos d) 8r.r Sd.r sin d 8 <f> | per unit time. 

3f * ...(2) 

Therefore, the equation of continuity is given by, from (1) 

and (2) ^ 

A [p (1-cos d) Sr.r 8d.r sin d 8^ > 

0 / l J 

= _ -^T-Uu.r sin 0 S*.(l-cos 9) 8r ( r 80 
r 30 l J 

_ L—Jpp.r 80. 8r (1-cos 0) } r sin 0 8* 

r sm d 00 l J 

or A. |(l-cos d) 8r r 8d.r sin d 8^| 

i _A |p w sin d (1— cos d) | r 2 8r 8^ 8d 
r d0 l 3 

3 pv | 8r (1 —cos 0).r 80. r sin 0 8*=0 


or 


^r sind 3*1 r ' r ' 

?P . * - Sin 0 (1-cos 0)} 

dt + r sin d (1— cos d) 0d }. 3 

i a 


or 


0P 


+rT0-f* (pv) =° 

^-^[sined— coseil (P«) 


dt '‘r sin 9 (1 

+PU.{C0S 0 (1-cos 0)+sin» 0} J+^0-^( pv ) =O 
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or 


or 


or 


0P 1 a tmA i P“< 1 + cos 
dt+r'W^ + r sin 0 (l— cos 9) 


+.- 4 n .^( ?v > =0 


r sin 6 d<f> 
d 


d?\ d (fi U)± 9u 0+2 c °— + -4— „ |r (pv)=Q 

5T + ra^ (W+ rsintf ^sinfla# 

r sin fl |-+^ (?*)+ sin 6 ^ (?«)+P« 0+2 cos 0)=O. 


Proved. 


Exercise 


1. 


2 . 


3. 


4. 


Show that the equation of continuity reduces to Laplace’s 
equation when the liquid is incompressible and the motion 
is irrotational. 

A mass of fluid moves in such a way that each particle 
describes a circle in one plane about a fixed axis, show 
that the equation of continuity is 
3P 0(PM =o 

di + 00 

where <« is the angular velocity of a particle whose 
azimuthal angle is 0 at time I. 

Each particle of a mass of liquid moves in a plane through 
the axis of Z ; determine the equation of continuity. 

Homogeneous liquid moves so that the path of any particle 
P lies in the plane POX where OX is fixed axis. Prove 
that if OP=r and the L XOP=e , the equation ot 
continuity may be written as 


- («,*)- Til (vr sin 0)=O, 

where u, v are the component velocities along and perpendicular to 
OP in the plane POX and p=cos 9. 


Answers. 


3P 1 

dt + r 2 


|-^> + r-il4 (pVSiD 0)= °- 


3. 
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§1-83. Streamlines. the velocity as a 

jxzz: m ”-s- - — - - p0! “' 

fluid at any P“ nt - * e ^ direction of the tangent at P to C 
instant of time such that th . , p Then the curve 

coincides with the direction of the .velocity q 

C is called a stream line. of a closed 

If we draw the stream lines througn e yv 
curve C in the fluid then we obtain the stream tube. 

Let dr be the element of the arc 
length along the stream line and q be 
the fluid velocity. Then the equat.on 
of stream line is given by 
qxd r=0. 

dx dy dj 
or u “ v = w 

Where q=»(u v w) 

and d r =(dx dy dz) . conclude that the paths 

Path lines. From Lagrange method we con a 

of the different fluid particle are as a function ; 

path line is a curve along which a specific fl- d P ar ' ,c ' e ^ 

during its motion. Thus the differential equat.on of the path 

arc 



(Stream Tube) 


dr 


i.e. 


dx 


dz 


u ( x,y , z f 0 = j 7» v y* 2 


and w (x,y, z O-jjJ 

■ ai “ 1 

with initial conditions x (t 0 )=x„.y (fo>=yo and z (W-*» 

For a steady flow the velocity q is independent of time. It 
evident that in a steady flow the path lines and the stream lines 
are" identical. 

§ 184. Velocity Potential. 

Let q (w v w) be the velocity of the fluid particle at any 
instant t. If the expression u dx+v dy+w dz is a perfect 
differential 

\.e. u dx+v dy+w dz=—d<f> 


(i) 


or 


Hi H, Hi 

u dx+v dy+w dz=-y x dx- ydy- ^dz 
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Then 


d4> W 

u=-% V— = and H = - 


0z 


...( 2 ) 


ax’ ' sy 

or q=— ' V* 

where 6 is called the velocity potential. 

The necessary and sufficient condition for (1) to be a perfect 

differential is /rv 

Vxq=0. 

§ 185. Irrotational Motion. 

If the relation (2) off 1*84 holds i.e. the velocity potential 

dw 3v du dw , B± 3u 
$ exists or when the expressions j y -^> Yz~ Bx 3x 0 y 

all vanish then the motion is said to be irrotational. 

Ex. 1. Show that 

2 xy z „ (x'-y*)z y 


**+>* 

are the velocity components of a possible liquid motion. Is this 
motion irrotational ? 

If u, V and w satisfy the equation of continuity then it will 

be a possible liquid motion. 

Bu dv Bw_ n 
ie ■ 05+0? + 0z 

=2yz ' u»+/;* + 2>z '(^+> ,i ) 3+0 

=zero. 

Which shows that the liquid motion is possible. 

Again for irrotational motion, w* have 

av_3w 0w 0u_o and * * 0i 

dz d y 3 x dz dy dx 


x*-y* 


x 2 -y 2 


also 


and 


3v dw 

So dz" dy~(x 2 +y 2 ) 2 (x 2 +y 2 ) 2 

dwjfa 2 xy . 2 xy 

dx dz 


= 0 . 


(x 2 +y 2 ) 2 ^ (x 2 +> , ) a 

3w 3v 2 xz (3>*-s 2 ) 2xz (3 y 2 -x 2 ) „ 
dy~to" lxH*V (x 2 +y 2 ) 2 
Which satisfies the condition, hence the motion is irrotational. 

Ex. 2. Given w=-^, v=^ , w=0, where r denotes the 

distance from Z-axis. Find the surfaces which are orthogonal to 
Stream lines , the liquid being homogeneous. ^ 

.«• — l)\ nfCaBfir& 
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If *, V, H. satisfy the equation of continuity then it will be a 
possible liquid motion. 


i.e. 


or 


dx+dy & dz 


^+ 0=0 

r* r 4 


2c* xy 
iT" 


or 


or 


or 


or 


or 


or 


which is an identity therefore the liquid motion is possible. 
du 2 c*y dr 2 c*y x 
dx~ r* ' dx~~r* * r 
as x*+y*=r i 
3r_x 

The differential equation to the lines of flow are 

dx_dy_dz 
u~ v~w 
dx __ dy = dz_ 

— c* y/r* c**/r* 0 

dx_ 

—yx 0 
x dx+y dy= 0, dz = 0 

const, and r= const. 

The surfaces which cut the stream lines orthogonally are 
u dx+v dy+w dz = 0 

-%dx+ c %dy=0 

<*y . , c*x 

x dy-y dx 
C x*+? ' 

By integrating, we have 


or 

or 

or 

or 


dy = 0 


c* tan -1 


* const. 


(i) 

tan -1 ^j=const=A 


x 

y 


=tan A=fi (let) 




which represents a plane through Z-axis 
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Ex. 3. If the velocity of an incompressible fluid at the point 

prove that the liquid 
cos 0 


... . 3xz 3yz 3z 2 —r z 

(x,y, z) is given by r 6~ 


motion is possible and that the velocity potential is ^ 
determine the stream lines. 

The liquid motion is possible 

if ^+ d ±+ d ^=0 

bx by bz 

15 z 8 


Also 


or 


or 


or 


3 z \5x*z ■ 3z _\Sy'z 6z 
7 ? — V r 7 ■*> 
\5z I5z (x*+y*+z *)_Q 


3z 


=0 


7 ® 


15 z 15z_ n 

r b r 6 u > 


which is an identity, hence the motion is a possible one. 

Since r*=x*+y*+z* 

. br x bu 
then 


0x r 0x 


3z , / 15xz \ br 
■? + \ r f 


If </> be the velocity potential, 


then 


or 


or 


or 


0* 


or 


or 


or 


d<f>=—(u dx+v tfy+w dz) 
d4>=-j i 1 3 xz dx+iyz dy+CSz'—r') dz j 

<#=— ^3z (x dx+y dy+z dz)-r * rfzj 
3z d (x*+y^+z t )_ l _dz 

d*=~ y r % r» 

.. 3z 

di=~Y’ > 

*«' (?) 


By integrating, we have 

r cos fl _ cos 0 




r 8 r J 

(Constant of integration vanishes as it has no significance) 
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or 


or 


Also the equation to stream lines are, 
dx = dy__dz 
'u v w 

dx = dy_ __ 

3 xz 3 yz 


or 

or 


or 


r 

dx 


x dx+y dy+z dz 


...( 5 ) 


2 Z U , HW> 

(1) (2) 0) W 
From (1) and (2), we have 
dx = dy 
x y 

log x=)og y+log C 
?=c 

y 

From (1) and (4), we have 

dx x dx+y dy+z dz 
Tx 2U*+/+z ! ) 

By integrating, we have 

f log x=\ log (x*+j> ! +z ! )+log D 

(where D is any arbitrary constant) 

x*'*=D (x*+y*+z’) , ' t — 1 

Hence equations (5) and (6) represent the stream lines. 

\ nc 


Ex 4. Given u=-wy,y=wx, K =0, show that the surfaces 
intersecting the stream lines orthogonally exist and are the planes 
through Z-axis, although the velocity potential does not ex,st. 

The motion will be possible if it satisfies the equation of 
continuity. 

4--=0 which is true from the given 
\ e- dx dy dz 

relation. Hence the motion is a possible one. 

The differential equation to the lines of flow are, 

dx = dy = dz 

u v w 

dx _dy = d_z 

or —a >y a )X 0 

or xdx+ydy=0 and dz = 0 
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or 


or 


By integrating, we have 

* 2 -f.y*= const, and r=const. 

The surfaces which cut the stream lines orthogonally are 
u dx+v dy+w dz = 0 
—toy dx+cox dy = 0 
dx_ dy 
x y 

By integrating, we have 


= 0 . 


log ^-~j = Iog c (where c is an arbitrary const). 


or 


x 

- =c 

y 


which represent a plane through 

Z-axis and cuts the stream line orthogonally. 

The velocity potential will exist if u dx+v dx+w dz is a perfect 
differential 

But u dx+v dy+w dz is not a perfect differential. Hence 
the surfaces intersecting the stream lines orthogonally exist and 
are the planes through Z-axis, although the velocity potential does 
not exist. 

§ 19. Boundary Surface. 

At the boundary of the fluid, the equation of continuity is 
replaced by a special surface condition 

When the fluid is in contact with a bounding surface then 
velocity of a fluid particle at 


any point of the boundary 
relative to the surface must be 
tangential to the boundary. 
Thus at a fixed boundary, the 
velocity of the fluid perpendi- 
cular to the surface must 
vanish and the normal com- 


U 

(Velocity 
of Surface) 


(Velocity of - 
fluid) 



Boundry Q 
(moving Surface) 


ponent of the fluid velocity must be equal to the normal component 
of the surface. 

Let q be the velocity of the fluid and u the velocity of the point 
P at the surface. Consider o be the unit normal vector drawn at 
the point P on the boundary surface F (r, f)=0. 
then q.n=u.n ...(i) 

or (q— u).n=0 {since n=VF 

or (q-uJ.V/^O. ...(H) 


35 

Kinematics 

Since the surface is in motion then the position of the point P 

at any instant r+8r is given by 

F(r+8r, »+8r)=0 { from (i) 

F( r> rJ+Sr.Vf+S/.^O (By Taylor’s theorem) 


or 


or 


S —+—. VF=0. 
St St 


Now as 8r-»0, 8/-.0, the above relation becomes 


ff+.-VF-O 


{ 


...(iii) 

dr 

as u-j, 


or 


or 


g +9 .Vf=0. 


ii + „Lf + // + 4 f =o. 

0/ + 0x 3>- 3z 


{ from (ii) 
...(iv) 

Thus the equation of every boundary surface must satisfy the 
above differential equation. 

dF f. 

If the surface is at rest, then — =0 

Thus (iv) reduce to 

SF, 3 F, 3 F n 
u — +v r — bWi-=0. 

3x 3 y 3z 

or q.VF=0 

Which is the condition when the liquid is in contact with a 
rigid surface, in order that contact is maintained, the fluid and the 
surface must have the same velocity normal to the surface. 

The normal velocity of the boundary is given by 

VF 
IVFI 
dPidt 

~ IWI 

dF/dt 


u.n=u. 


Ex. 1. Show that 


iihinih 


{from (iii)} 


36 


Hydrodynamics 


is a possible form for the bounding surface of a liquid , and find an 
expression for the normal velocity. 

We know that the surface F ( x , y , r, f)=0 can be a possible 
boundary surface, if it satisfies the boundary condition 

dF 


dt 


=0 


or 


dF, dF, dF, dF _ 
dt +u dx +v dj +w te =0 




where w, v , iv satisfy the equation of continuity 

^ + 0? + ai=°- 

Here, we have two-dimensional equation 

F(x,y, t)=^ tan 2 /+£ cot 2 /-1=0 

— : =^7- tan / sec 2 cot f cosec 2 r 

From (1), we have 

(x sec 2 /+m tan 0+^-^f- (— y cosec 2 t+v cot f)=0. 

...(Hi) 

Now (i) will be the boundary condition, if 
x sec 2 t+u tan f=0 


or 

and 

or 


u=—x sec 2 t cot / 


sin t cos t 


—y cosec 2 r+v cot f=0 
v=y cosec 2 t tan t 


which satisfies the (iii) relation. 

1 


du 

Now g- 


sin t cos / 
1 


an j dp 

sin t cos t dy sin t cos / ' 


Hence equation of continuity 

is satisfied. 

dx dy 

Thus the given surface is a possible form for the boundary 
surface of a liquid with velocity components 

* . y 


u- 


sin / cos t 


and v= 


sin t cos t 
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Again, Normal veiocity= 


TlFfrl 


X • 7 T COt 2 t 

stiTZSTr'a* ^ sin r cos f ft 


; • — ryj 

M?"* ')'+&"*') J 

fl V cot t cosec 2 t—Px 1 tan r sec 2 t 
= ^7(x*6* tan* r+j^a* cot* t) 

Ex. 2. Show that the ellipsoid 

*p+*-[t 5 ) + (?)}“ 

is a possible form of the boundary surface of a I, quid. 

, The surface F(xy z /)=0 can be a possible boundary surface, 
if it satisfies the boundary contdmon. 


or 


f-° 

a_f k +v 0 /+,f=o 

0 r + 3y dz 




where u, v, w satisfy the equation of continuity 

. A A « 


*+|L + |"!- o. 
ax 3>* 


...lii) 


So 




« r> a f .n, . C 


dF_2^_ 3F = 2kty and 
0T aW’by tp dz c 1 

Now from (I), we have 


x* 2n , „ . ,.-i f>L + ?L} 


2xu 


a l k 2 / 2n 

, 2kt n y.v^2kt n z,w_ c 
C 2 T- C 2 - = U 


or 


(“ r) 


SW* \ 2f] Z>* 


/ nz\2k zt n n 

+ ( w+ 27 -^" =0 


V 


which will hold, if 
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nx , ny . , , nz ~ 

w— y=0, v+— =0 and w + ^-=0 

nx ny . nz 

or u= T , v=- s and w — jj 

which satisfies the equation of continuity 

du n dv n . dw n 

Yx~T ’^ =_ 27 and & = _ 27 


i-e. 


d ±+ d JL+ d ”=o. 

dx^dy^dz 


Thus (i) is a possible form for the boundary surface of a 
liquid with velocity components 


nx ny , nz 

U= T’ v= ~2t an d w= ~2t' 


Ex. 3. Shew that all necessary conditions can be satisfied by 
a velocity potential of the form 

and a bounding surface of the form 

F=ax*+by*+cz*-X (f)= 0 

where X ( t ) is a given function of the time , and a, p, y t a , b> c 
are the suitable functions of ihe time. 


The necessary conditions are : 

(i) <f> satisfies the Laplace’s Equation /. e. VV=0 
incompressible fluid flow. 

(ii) F satisfies the condition for bounding surface, i. e. 


dF , BF . 

3F +U i EF+' 


dF, dF . 


for the surface. 


for 


We have 

^=«**+P y t +yz t 

The Laplace’s Equation 


W=o 


or 

will be satisfied if 


*&+**+**- 0 

dx*^dy*dz* 


a+p+r=0 {from (i) 
where a, p, y are some suitable functions of the time. 




(>) 


Kinematics 


39 


Again, F=ax'+by*+cz*-X <f) 

can be a possible form for the bounding surface of a liquid, it 

3F , u 8 Z +v 8 .Z+ w a I=o 

at + dx + 3y + a* 


or 


x , ^ + y* d 2+z*^-r (t)+4ax*u+4by>v+4cz a w=0 

dt dt ot 

_ d<l> 

But "= — = ”* 


and 


2 “ 
S' 2». 


■-I- 2 * 


or 


Substiting the value of u , v, w in (iii), we have 

^±+^+ 2 *^- X 1 (t)-Za<tx'-Wy t -*O'z ie=0 

Comparing this with the equation of the bounding suiface 
F=flx*+*/+cz«-X (r)=0 

we have 

£-«« If- 8 ^' *w 


dt 


- = ~~^~ *<*> 

The condition will hold if a, ft, c, a, p, y are some suitable 
function of time. 

Hence <f> and F= 0 satisfy the necessary concition for velocity 
potential and boundary surface if a, P, y, a , 6, c are some suitable 
function of time. 

Exercise 

1 . Show that the variable ellipsoid 
x* 


{(t) + (c )} =1 


: +kt* 


is a possible form for the boundary surface of a liquid at 
any time t. 

2. Show that a surface of the form 

a#+by*+cz*-P (0=0 
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3. 


is a possible form of a boundary surface of a homogeneous 
liquid at time /, the velocity potential of the liquid motion 
being *=(/3-y) x*+(y-«) +(«-P) z 2 

where f*, a, p, y are given functions of time and a , c are 

suitable functions of time. 

In the steady motion of homogeneous liquid if. the surfaces 
fi=auf t =a a define the stream lines, Prove that the most 
general values of the velocity components u, v, w t are 

r ( f fd- F( ft \ ^ ^ F ( fifz) 

F (/l/,) To 75T* (/l/ } a u. *> ’ KJlJZ) a (x, y) 
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Equations oi Motion 



, ht regi » 

jttsjzzstt* — *^x:“ 

it contains the same fluid 

particles at every instant. We 

know that the total ^ force 
acting on this mass of f ««•* 
equal to the rate of change of 
linear momentum. The 

'‘"‘‘(“‘The normal pressure 

thrusts on the boundary. 

(ii) The external torce 
(e. * gravity) F (let) per un.t 

maSS LetP he the density of * 

surface, * be the Let ? ' be the velocity of fluid 

- - ?? — is - M 

dM_ = p. P * ...(ii) 

dt , "L as the mass p dt remains constant 

The second integral vanishes, as the m 

f0r be the ««.»< <*“ <■« ™“ 

, J£,. .b« a* "* ™'"“ ,s 
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Again let p be the pressure at a point on the surface along the 
outward drawn unit normal n 

= [ P (— i )ds 


==— J puds 
= — \ V pck 


(Negative sign as the 
surface force acts inwards) 


... (iii) 

* 

(By Gauss Theorem) 

Since 

Rate of change of momentum =Total force acting on the mass 

of the fluid 


or 


or 


. p*-j Fprfr-jv/x* 
j/p ^»_pF +V/>) dr=0 


Since the volume enclosed in the surface is arbitrary, then 

P $-P F+ VP=0 
at 

o, ...(») 

which is known as EULER’S EQUATION OF MOTION. 

fn* 


or ^+(q.V)Q =F~^VP 
or ^+V(iq l )-qx curI «1= F - 7 VP 


...(v) 


{ 


As V(q.q)=2{qXcurlq+(q.V)ql 
or(q.'7)q=V(iq a )-qXcurlq J 


We know that the velocity vector q is a function of position and time 


both 


q— q (r. 0 

let q+8q be the velocity to a neighbouring position at time /+8f. 
then 8q=q (r+8r, r+8/) -q(r, t) ...(a) 

8q={q (r+8r, f+8f)-q(r, <+8f)}+{q (r, »+Sr)-q(r/)} 
8q=(8r. V) q (r, t+Sf)+Si.8q (r . t)ldt ...(b) 

Dividing (b) by 8/, we have 
dq dq 


dt ~dt 


+(q . V) q 



Equations of Motion 

or |5_— qxcurl q= F ~ V P ""2 ^ q 


or g-H.x,-F-iv^yW 


1 

or g.+vtt*>+» x «“ F ~7^ p 

ot .. 

{ 


...(vii) 

1 ° r ‘^mb’s Hydro-dynamic*' Equation. 

which is known as Lamb s ay a 

§ 2 01. Cartesian C °-° rdi “ at ^ par ,icle and F(XY Z) 

Let q (u, v, w) be the velocity of the nui 

be the external force. 


Since 

and 

also 


0=t/i+vj+Hfc 

dq du_ , + <*L ]+^ ( k 
W = df $ dt 
F=ATi+yj+Zk 

„ 0P ,JP.l+ d S- k 
VP=te i+ dy i+ 3z 


then from relation (iv), we have 
£.=¥-j(K7P) 

) 

Equating the coefficient of i. i & k, we get 

du Y 1?£ 
dT~ X ~ P 3* 

* _y_ 1 §P 
<ft p 0> 


Sw- 

at 


_ Z _1 3 JL 
p 3z 


Cl r v* 

Again by equating the coefficients of i, j, k in relation (vi), 
we get 
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a*- , „ ^ . v !i = v_I?£ 
or aT + a* + a7 + al y p 0^ 


. aw . 0 h- +v ^ +vv ™ =z= l?£ 
and 3l +u a5 + aT 0 Z p a* 

{as(q-V)q=(«|+v £+» £) 1 ■ 

Known as Euler’s Dynamical Equation in Cartesion form 

along the co-ordinate axes respectively. 

§21. Equation of Motion of a Perfect fluid. (Alternative 

method) 

Consider a parallelopiped ^ 

having centre as P (x, y, z) and 
edges 8x, 8y, 8z parallel to the 
rectangular co-ordinate axes. 

Let p be the pressure, p the 
density and AT, Y , Z, be the 
components of the external 
forces per unit mass at any 
time t at P. 

Pressure on a plane through 
P parallel to A BCD 

=p 8y 8z 

=f (xy z) 8y 8z (say) 

Pressure on the face ABCD i.e. on,yz-face 

=/ (x— J8x, y, z)8y 8z 

= [/(*•>’ Z)-\ 






y.z) 

LAy bx 



8 

8x 


• ] 


8y8z 


Similarly pressure on the opposite ted -A' ff C'D' 

=f (x+i8x, y, z) Sy 8 z 


=|/Uy z)+^8xf^+ 


] 


8y 8z 


2 dx 

={P +1 2 &*)»* 

Thus the resultant pressure on the face 

=(*- 1 % Sx ) *> 82_ ( p+ 1IH 5,1 Sz 

= —~ 8x 8y 8z in the direction of X positive. 

dx 
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direction of axis of X, is ^ 

:P 8x iy 8*. 2J7 


By the equation of continuity, we have 

P~Sx8y 8 *-W* 8y 8a- g 8x 8y 8a 


or 


where 


Dt dt 
Hence (i) becomes 


Du_ Y 1 d P_ 

Dt P 0* 

^_ 0 Ji +u g+vg+>vg 




dt 

Similarly 






and 


to +u *Z + to +w 

ar + “ 3x + 0)- 0z 




dp 

3 a 


Known as Euler’s Dynanical Equations. 

s 212 If n be the external pressure upon its surface and p 
be the pressure of the liquid at the surface, then we have 

p =n 

Thus at all points of the free surface 

Dp_DU 

Dt~Dt 

9;. dp.dp dp^J} 

°r df +u £ +V Ty + ' "V "dt 

where n depends on time only. 

§ 22. Conservative field of force. 

If the work done by the force F a 
of the field in taking a unit mass from 
one points A to another point B is 
independent of the path, then it is 
known as conservative field of force. 

^F.dr= \^F.dr=—& (let) 

ACB ABD 

Where n is a scalar point function 
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whose value depends on the initial and final position A and B. 
or F= — Vft 

Where fi is known as force potential. It measures the potential 
energy of the field. 

§ 2 3. Integration of Euler’s Equation, 

We know that the equation of motion is 

|3+V(iq*)-qX"=F-JVp •••(>) 

{Ref. § 2-0} 

and the external force form a conservative field of force then 

F=-vn. •••(») 

From (i) and (ii), we have 

Vp-VUq 1 ) 

"MM 

Since q = — where <f> is the velocity potential. 

or ^-(-W)-qxCurlq = -y|o + ff+^q l ] -(HO 

Case I. It the motion be irrotational, then curl q=0. 

So (iii) reduces to 

or qJ =x(r) ..(iv) 

The constant X (/) will be a function of time only, X (r) can be 

absorbed in then (iv) reduces to 
ot 

-^+n+ q*= Constant- 

This is known as Bernoulli’s Equation for irrotational flow. 

Case II. If the motion be Steady as well as irrotational 


then and Curl q=0. 

ot 

Since qx Curl q=0 => q and Curl q are parallel that means 
streamlines and vortex lines coincide. For such a motion q is 
known a Beltrami vector and the flow is a Beltrami flow then (v) 
reduces to 

q 2 + ft = Constant . —(vi) 
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Here the constant is an absolute constant independent of 
,,mC ' C ase HI. If the fluid be incompressible and ho.ogen.uMhen 

p=Constant. { as J 9 9 

So (vi) reduces to, 

q*+fi= Const. 

....... - 

.tW. (Alternative method, 

When a velocity potential <f> exists, then 

V =-g and H--^ 

and the extraneous forces^re derivable from a potential function V 

X=-f x ,Y=-% 

Substituting the values of u, v, w and X, Y, Z in Euler s 


or 


and 


a id* 
dt \0* 

)+s- 

0 V 

0x* + 

dt 

dy' 

Vt dt 

dydx + dz * 

d z t 

dzdx 




dV 1 

dp 





“ dx p 

dx 

0 (d<f> 


d 2 <f> 

dt 

d'tdt 

d l 4> 

dt \dy 

j+0^- 

dxdy 

+ dy 

* dy* + dz ' 

dzdy 




dV 1 

dp 





1 0 . 

1 

l& 

1 

II 

dy 

_0_/<ty 

N , dt 

d*<f> 

dt 

0 ^ 0<£ 

d 2 </> 

dt \ dz 

j+9^ ' 

dxdz 

+ dy 

dydz ^ dz 

• dz 2 




...(ii) 


...(iii) 


0K_1 dp 

~~ dz P dz 

Multiplying (i), (ii) and (iii) by dx, dy and dz respectively and 
adding, we have 


or 


-d^+\dq'+dV+\dp=0 


I 3S? \dx) +WJ + \3z) 
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Considering a functional relationship between p and p. 

By integrating, we get 

~^ + \ ql+v+ \ T =c ‘" (iV) 

where C is a constant depending on time only. 

Case I. If the fluid be homogeneous and inelastic then 

p=Const. 

The relation (iv) reduces to 

-ff+M ■>' +r - c • 

known as Bernoulli’s Equation 

d4> 

Case II. If the motion be Steady i.e. 
then (iv) reduces to 

f+5 q'+r=c-> 

here the constant C is an absolute const, i.e. independent from the 

t me Known as Bernoulli’s Equation for steady motion. 

§ 2-32. Bernoulli’s Theorem (when velocity potential does 

not exist). _ - . a . , 

The pressure at a point for the steady motion of a perfect fluid 

under conservative body forces is given by 

: Const. 


i 


'f +!,■+* 


Consider the motion of a small cylinder of cross-sectional 
area A with its axis of length ts along a stream line, where S is the 
arc of the stream line on which the element lies. Sinc = ^ e P re ' s 
does not contribute anything to the resultant force in the direc ion 
of motion. Thus the resultant thurst in the direction of motion is 


= [p A -{p + Ts S s } A ] 


Let the component of the body force in the direction of motion 
beF. The total body force on this element of mass ?Abs is 

sivt ” -f Mb. 

Let q be the velocity, the equation of motion is 



Equations of Motion 


P ASs{$)=F?ASs- (g)A8s 

* ' /»>.. XT.ni 
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Since F=—' 7* 

_0X 
" ds 

From (i), we have 


(By Newton’s Second Law of “^on) 

{ Ref. § 2'2 

...(ii) 


Since. 


or 


or 


so 


4s.— F— - — 

dt P 3 s 

4l= d J +q ^ 

dt dt 

a$_ ax_i 0 £ 

a a 


05 


05 P 05 


||?=0 for steady flow j 
{ from (ii) 


h[\ 9 ,+x+ l?]-°- 

The rate of change along the stream line vanishes, 

• m J — 


\ «*+ +X=Const. 


...(iii) 


where constant varies from one streamline to the other 
Case I. If P is constant then (iii) reduces to 

Const. • '• * 




Case II. If the motion is irrotational, the velocity potential 
exists then const, is an absolute constant. 

8 2*4 Lagrange’s Equations. Consider the independent 
variable r 0 (initial position vector of the particle) at any instant t. 
Let the particle attains the position r at time t 9 

then r==r ( r °’ r >* .... . 

The equation of motion of the particle is given by 

5!£ =F -i — 

0 r a P0r 


or 


?!r = F-ILlio 

0/ a r p dr 9 dt 0 


. The indefinite or dyadic product of two vectors a and b is given by 
ab or a : b. The differential operator . ^ 

V4=i^+i|p+k|andr=i,;j, +k2 

Th;n the dyadic product is 

V fc+J <■*+***>-/ 


0 _ = 0 j_r o 

dr 0ro 


0_ 

3r 0 


;J» 3 ; r 0 ; r_ . 3 

_ « — " o * T 


0r 


0r 


3r 


3 ; r ( 

0ro 0r 


Again 



50 


Hydrodynamics 


or 


3 ; r 0 

dr 


(S“ F ) + P 8t ' 0r. 
Pre-multiplying by (i) reduces to 


0 




1 3 ; r 3 : ro 


or 


i£r (8- F ) + ?irr 

W- (S-'W £- 


f=o. 

0r o 


...(ii) 


i 


3:r 3r 0 , 

Smce it;; 37 =/ 

which is known as Lagrangian form of the equation of motion. 

Consider a fluid particle of infinitesimal volume dv, density 
p at any time t and an infinitesimal volume'*,, density P 0 of the 
particle in its initial position. Then by equation of continuity, 

we have ..... 

P*=Po*o 

In cartesian coordinates, we have 

dv=dxdydz, dv 0 =dx 0 dyt,dz 0 
or dxdydz=Jdx 0 dyodz 0 * 

. 3 (xy zj ,, „ 

or 3 (x 0 y»z,) 

where J being the Jacobian of the coordinates (x.yp) qf.r with 
regard to the coordinates (*o y 0 *o) of r « 

Now (iii) reduces to with the help of Jacobian notation 

p/=Po 

d (xy. 

or P 3 (w7) ° -(W 

Known as Lagrange’s Equation of Continuity. 

Thus the equation (ii) together with the equation of continuity 
(iv) forms Lagrange’s Hydro-dynamical Equation. 

Cor. Representation of Lagrange Equation of motion (ii) in 
cartesian coordinates. 


We know that 


8 2 r 

F— — ^70 ana r=—— t 


(ii) can be written as 




(V, ; r) r=-(V* lA Vofl-- Vi’p 


— (v) 
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a ; r 

® r o 


an 

ar 


an 

V 


Since (Vo ; r) Vo« 

Then (v) becomes* - 

i. two similar an_i „ 

(x a je+j’ o y+2«*) ‘^expressions 3ro p 
Equating the coefficients of i, j, k, we have 

Hx»+yy,+*z»= -«*-£ P“ 

Xx»+y »+**»= 

* x.+y y»+x z*= — n « — £ P" 

These suffix denotes partial derivatives 

an 

i.e. P'-fr, etC ' 

Known as Lagrange’s equation of motion in cartesian 
coordinates. 

§ 2'5. Cauchy’s Integral. 

Consider Q=Y+jy ...(i) 

Let (xyz) be the co-ordinates of a particle at any time t 
whose initial co-ordinats are (a b c). Since P is a function of p, 
then from (i), 

da da 9 da' 

Similarly we can write other two equations. 

We know that the equations of motion are 

dp 
dx 


..(ii) 


dt 2 dx 9 dx 
<Py = _dY_l dp 
dt 3 dy 9 dy 

e*z = _dv_\dp 

dt 2 dz -9 dz 


(A) 


Multiplying these equations (A) by 

“■ and % respectively and adding, we have 
va da ™ 


* i ; i=ii ; ^=x« and r=*i+yj+*'k 

then Vo ! r=xroii+J’oij+Zoik+x»jI+>%jj+z>jk-t-JtJd+j’j£j+z«kk 

and (Vo I r ) r=(x^-fj’«y+z«») i+fw+^sy+z^') j 

+(x e x+yd , +Zcz) k 
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8*x dx.&y 3y,&£ 0£ = _3K_1 8p_ 
0r dt l ' 8adl x ‘ da dt*‘ da da P da 

8*x Bx,d*y dy.cPz Bz___BQ_ 
or 0f« ' 0a S/*‘ 0a 0/*' 0a da 

.. .. , d*x 3x,B*y dy.&z B J= _BQ 

Similarly g<a - 8b + St i- db + dt x ' db 8b 

0*x 8x , 8*y By _,_0»z dz = _8Q 
and 8t*' 0c 0f*' 3c 0r*' Be Be 


{ from (ii) 


t- 

By eliminating Q in the last two equations, we obtain 
; 0*u 3x 8*u 3x\,( BPv By _ 0»y 8y\ 

\00 0/ 0c 0c dt 3b I \db dt 8c 8c 8l 8b) 

, ! &w dz (Pw Bz\ . 
+ \db3i' Be Be Bt 8b) 
f0 IBu Bxjbu 8x\_3u d'x ,Bu d x x 1 
\dt\3b' Be 0c' 8b) 8b‘ Bide 8c' dt db} 


+two similar expressions=0. 


0 I8u dx_du dx\,BJBv By Bv 0y \ 

dt\8b‘ Bi Be 3b) 8t\8b‘ Be Be 3b I 

3 IBw- 8z_Bw 3z\_ 0 
+ dt\db ’ dc * be db) 


By integrating w.r. to /, we have 


3*x dii , 
s,nce 0c9r = 0c e,c ' 


0U 0X_0U 0X , S" 3? 

05’ 0c 0c* 35 05’ 0C 8c’ 05 

0w 3z_8w Bz __0W> 0Wg 
05 ’ 0c - 0c ’ 05 05 0c 

Where i/„, v„, m. are initial values. 

Initially g=l, g-0. ««• 


.. (iii) 


0u 0u du.Bu 8y ,8u_ Bz_ 

Since deT dx' da By' da Bz ' da 
Then relation (ii) becomes 
(8w_8v\ 0 \y z ), (du _8w\ Biz x) 

\8y Bz)' d K be)\dz Bx) 8 (5 c) 

. / 0V 0w\ 0 (xj’) _9w«_0v> 

+ \0x By) 0 (5 c) 05 0c 
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or 


and 


,d(yj) ii£2E)-K VnT?\ = *» 
5 9 (b c) 3 (b } 

Similarly other two expression 8 are. 

3 (v z) . 3 (z il£22 = 7) 0 

«Hh) +, n 

_ a (y *> , - Ll£^+c 
5 F(7F) + ^ 3 *) 9 (a 6) 


53 

...(iv) 

...(v) 
. . .(vi) 


{ 


„ »0w 3v 
Where gp 


t „ 0v du 

du_dw and?= _- 
^ 3* OX 


3x 

0c 


9x ay 

• . . (vii) 
respectively and 


dz dx 

g 

Also the equation of continuity is 

a_(xy*) - Pp 

9 d (a be) 

w ?* 

Multiplying (» v )> ( v )» by 9<z ’ d& 

P P 0 da Po Zb p 0 

i _k ?L+k ^ 

p Po 3a Po 96 Po 9c 

£_So 3£_ + '5o.?L+k?i 

p p 0 3a Po 3* Po 3c 

Th« « k “,T„«aT» S » to S-?-0, and tom .ha above 
t ,„ru""U..iaa are -wa, — 

initial values are zero. h motion is said to be 

*“ »*“ 
.rrotahonal irroUtional, is always irrotat.onal. 

COD9 ^WhenVvelocity potential doe. not exist, the motion .s sa.d to 
be rotational. 

VxX An elastic fluid, the weight of which is neglected, 

, f*„ Bov i e ' s Law, is in motion in a uniform straight tube ; shew 
obeying BoytesLw, 0 f parallel sections the velocity at any time 

vointin the tube is defined by the 

equation 

3*v 




dt* - . 

Since the fluid obeys Boyle’s Law 
i.e. p=kP 


...U) 


i 
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iH-X» ♦. 5; 


The equation of continuity is 

w + £w =0 - 

and equation of motion it '•« 

3 v 

0 r +v 0 r = P dr 

L -J H 

■ av , 0v * w 

or 9 T +v ar““TJr 


...( 2 ) 


c V* c 

( Since p=fcp 

0 r 0 r 


...(3) 


w or • . .I-**,.- 

By differentiating ( 3 ) partially with regard to /, we have 

a»», a f 

ar* + 07 i 0 r + T 8 r J °' 

S^SHIlr 0 

S + 0T{ V lf + 7 ("p (Pv) )}“° ( from (2) 

as 0T( v £-) = !-! ( * 

=1 • «T « *> 

_ 0 / ;8v \ 

• - * i - Sr : \ tfit / 

j d/kBp\ ,8 a(lqgp) 

-*£■£« °‘ n 
= 8r I P 0f i 

8'v , 8 r ,8v * / 0 * , u »p \Tt_o 

^ + M V »“Tl P 8rt 1 '^Jr 0 

8/» + 8rl Si K dr 9 dr } . 

?v + l| v * J*?l+ 7 ®L +F -*\ v }= 0 . 

8 t* 8 r l 3 r 8 r \ 8 < dr / J-Ttmiv-i 

{ from ( 3 ) 

8 *v , 8 C, v , , 8 v ,d> ■}_„ 

dt i+ drl v 8r + *8.r'J . .<• 

f.V±[ 2 v^+v*^]=/t^ V Proved. 

dl* dr l ei^ dr i r* 


Proved. 
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&\t , r mntinn in a uniform 

r* ^ ^ 

W &tanc**ft»« ****** « ’ - 


sa\ aA'\a*«*a 


'*r 


She* »<-*+*» 


j v .v. velocity at 21 distance x from 


£l+v 2l« 

5T + a* 


l dp 


p dx 


The equation of continuity is 


l + 3> V) -° 

Since Air, obeys Boyle's Law, 

P~*P 

from (1) and (3), we have 

av , Sv_ = Jl 8 JL 

dF +v dx " p to 


{ 


.,.(1) 

...( 2 ) 

...(3) 

...(4) 
8p , dp 

Since 


or 


or 


or 


or 


Differentiating (2) partially with regard to f, we have 

S+B-trw}- 0 

*£+_£_$ p?L + v^-]=o 

a»* + to l 9f dt 5 

gP ,JLf P (-V— --^-v#-(pv)]=° 

* ,1X ’ { from (2) and (4), 

8 ‘ P - 8 {*K+*fe+’5>} 


0r* 3 jc 


Ifelrllr <—>+'= &}=& tP “' + * )> 


or 


p-S-.fr (-+*» 


Proved. 
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Ex. 3 . Sfteam is rushing from a boiler through a conical pipe, 
the diameters of the ends of which are D and d ; If V and v be 
the corresponding velocities of the steam and if the motion be 
supposed to be that of divergence from the vertex of the cone , 


Prove that 


v_ = W 
V d* 


v*-V 2 
e 2 * 


where k is the pressure divided by the density , and supposed 


constant. 

Let Pi and p* be the densities 
of steam at the ends of the coni- 
cal pipe AB and CD. By the 
principle of conservation of mass 
the masses of the steam that enters 
and leaves at the end AB and CD 
are the same. Thus, we have 

ir (J d ) 2 v Pi=tc (} D ) 2 V Pa 

-:. J# v_£ 2 p*_ 

OS y d 2 • ^ 



Let p be the pressure, p the density and u be the velocity at a 
distance r from AB. Then the equation of motion is given by, 

j ‘ • Since p=*kp 


du ___ Idp 
U dr ~ p dr 


du k d ? r - 

U dr p dr 

By integrating, we have - * . . * . , 

i u*=—k log p+ k log E 


or 




or 


'p , 

log r =_ 2* 


where E is an arbitrary constant. 


or . P=£< . 

. . Since p=p x when w=v then Pi=£ e 


-t 


and 


P=Pi when u=*V then 9 z=*Ee 



Equations of Motion 

-v*/2fc 

Pi = e _ 

So H g-V'l* k 


or 


v'-V* 
P? = e 2k 
Pi 


From (1) and (2), we have^ 

v e ~2k 
V d* 
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Proved. 


4 A steam in a horizontal pipe, after passing a can- 

traCli °V ; ,he ;^: To TTTrtZ ‘sectional ‘area is B. 
atmospheric P res * ure / nne cted with the pipe at the former 

rJETSJ*. - ~ !r ° m i 

» *** S b, ‘ nS ' 


delivery per second. 

Let v be the velocity, P 
be the pressure in the tube of 
section A and V be the velocity, 
n the atmospheric pressure at 
the section B. The equation of 
motion is, 


stream 



Sv 1 §£ 

dr P dr 


By integrating, we have 


i ■— 

...(2) 

where C is an arbitrary constant. . 


Since v=V, p=n at the sectional area B 


•then ' 2 ^V5=C 

..(3) 

and \*+h l 2 V * + " 

{from (2) and (3) 

or 5 (v*-K«)=i(n-p) 

...(4) 


From the equation of continuity, the delivery of stream per 
second in the tube of sectional area A and sectional area B y we 

have 1 "*• 5 

Av=BV=S (given) -(5) 



58 


or 


Hydrodynamics 

% m * 7 

i . JS> V\ ...(6) 

i (n-p)=H 

{Eliminating v and V from (4) and (5)} 
Let h be the height through which water is sucked up, then 
gP/i= difference of pressure in the tube of 
section A and section B» 

=n-p 

From (6) and (7), we have 


\.g9h 


or 


svi n 

T \A* VI 
S’/_l J_\ 

2g\A' V) 


~ Prored. 

*“2g\i4* v) 

, 2 51 Some Symmetrica! forms of the equation of continu.ty. 
» ' Spherical Polar Coordinates. Consider two concentric 
spheres. Let q (r, 0 be the velocty 
tothe direction.^. - Mass gamed 
by tfie flow through.ithe inpp surface 

Is 

=4*r* q,. 9 

; =/(M) 0«) 

and the mass lost by the flow through 
the outer surface 

r > 1 
The mass between the'.spheres at any time I 
= 4 tt r % P.&r 

Then by the principle of continuity, we tove 

t {4nr».P 8r}=/(r, l)-/(f+>. 0 
0* 



or 


or 


or 


or 


S ' n. • f • 3 ,* 1 

^-.4nr».Sr=/(r, 0 Sr+ " J 

of ' v* •; 


g. 4*r* »-£-/<? 0 * 
g. 4wr* 8 r=g {4jtr*.gr P> 8r 
(P?e.r*)=°- » 

If the fluid be incompressible then p=constant 

So r*fr-SfW-’ 


h 
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. rsrsrvnq ‘j3w 

SSS&- SmS^” Consider two cylinder. of 

radii r and r+8r with OZ as axis. 

Rate of flow across the inner surface^P?.^^ 

Rate of flow across the outer surface 
=/(r+8r, l) 

Mass between the two cylinders at any time t 
. =2nr.P Sr 
• Rate of increase of mass 

(2 irrP.Sr) 

0/ 


or 


or 


or 


or 


i.e. 


or 


Then by the principle of continuity, we have 


A (2wrP.5r)=/(r, f)-/ (r+tr, /) 
ot 

3 1.2 nr 8r=f(r t) -8r.^f(rt). 

|f.. 27t r8r=-8r.~ {P?.27cr} 
f£. 27tr 8r 2»S r.§- (P r?). 

1+7 sT < p 


w » 

If the fluid be incompressible, then p=constant 

Aa 


7 


rq=f(t) 

In a Steady flow, /(f) is an absolute constant. 

Ex. 5. A sphere is at rest in an infinite mass of homogeneous 
liquid of density P, the pressure at mfinity being n ; shew that, if 
the radius R of the sphere varies in any manner, the pressure at the 
surface of the sphere at arty time is 


“+»' {£<*>+(#)’}■ 
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60 lnan incompressible 

outside the s P he o r . e ’ !° s l erewhic h is origin) and the time « only. 

S Z'ZX «■ r ° t " , ,0 

H ■ l ** ”-° m 

centre at any time t). 

Equation of motion is 

. . Ail 


or 


8v , 0v I ?£ 

8l +V 8r~ p 0r 

r . JL » 


Since r a v=/(0 

av /' (J) 
- — ■ =• — 


or 


a/ 


...( 2 ) 

■ — p i — 

(where B is an arbitrary constant) 
Initially when r -* “ . v==0. P= n 


Then from (2) 


or 


or 


+i --H 

.-n + *FM 

a r. 


utP he the pressure on 'ti. sdrface of the sphere of radius 

R and V be the velocity • ... (3) 

then P= n +l p \ -J— K J 

A1 so *K-/W {fr ° ra0) 

or /«-*? 

Differentiating with regard to I. we have 
J*/? - - / OA\ 

/' (»)==** 


{ 


as 


dt 




/ i* j r * ■ / 

kMM 0* «— “ f ”T‘ 

p.„ + , p k. + . er-dn 


or 
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or 


or 


P= n +iP {2[«% + $)Wf} ' 

P=M?{^*)+ (f) } 


Proved. 


E*. 6. A centre °f force m btfiiAt 6 

the distance is at the centre of a sp infinite 

•*»</ incompresM, fluid ,h, 

distance is n, and is such that the work do y 

mi. ofa«u « W • uni, ./<»*-* “ <° 

the attractive force on a unit volume / time of filling up 

the initial boundary of the cavity ; prove that the t.me JP 
the cavity W i„ be ~ , 

a being the initial radial of the cavity , and P the density of the 

^Let v' be .he velocity a« a distance r' ^ any time /and p be 

the pressure. The equation of continuity (in polar for ) 
to 

(Since the fluid velocity will be radial outside the spherical 

cavity, so it will be a function of r and the time t only). 
or r « v =/(t)=Const. 

or ,'V-rW(0 

The equation of motion is 

3v' , , 0V t* _1 dp 


or 


dt nr dr’ r* P0r' 

/'(r). . $/__ !L-I §£ 

“P 5 " + 0r' r * P 0r 


.. (i) 


...(ii) 


1 


Here the external force is 




Integrating with regard to r, we have 

£ Since r'V=/(f) or 


a/ 

0 r 


/ r ro 


Initially 


where /4 is an arbitrary constant, 
oc, v'=0 and p=IT 
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Then 




■££>+» v*=^+^ 


...(iii) 


°r 

Let r be the radius of the Spherical Cavity and v be the velocity 
at any time I. The pressure p vanishes on the surface of the cavity. 

Hence equation (iii) reduces to 

_OJ+± 

r 2 r P . 

Since r*v=/ (0 

t/v , . dr 
then/' (0=f 2 ^-+ 2rv ^7 

,dv dr.fr 
° r 'dT d, +2rv di 


or 


or 


or 


or 


-H' ,v -“fr 5 




rv dr 2 r P 


2rv *-+3v» dr=—2 * 

Multiplying both the sides with r* and integrating, we get 
2r*v <fv+3vV* dr= — 2 (f*r+° r*) * 


By integrating, we have 

r V= — ^ir l + 

where B is an arbitrary constant. 

Initially r=a (Radius of the cavity), v=0. 

Then B=^+^ a* 

So equation (iv) becomes 

rV =f * (*»-'>)+§? (^-r 8 ) ~< v > 

Now the work done by the Pressure n on a unit of area 
through a unit of length=lxwork done by the attractive force 


2J? ...(iv) 

3P / 
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„» a unity volume of the Held from inSmt, to the UU 
of the cavity. 


i,e. 


or 


nx l x i=l (“ r*) p dr 


■HS 


or ii=* 


2all 


Substituting the value of p in (v), we get 
r 3 v a 


?£? (*—,»)+ ?? (a*-r») 


9f 


or 


or 


or 


then 


or 


or 


or 


or 


or 


or 


or 


or 


r*v*= 2 f ? (3 a (a*-r*)+(a*-'*» 

. 2n {3a (a*-r*)+(<*-£>> 

v 37' ? 

t/r , //2n\ (3a (a»-r»)+(a a w ^» 

d, =± Jwr , 

J(s)J. {3« (a»-r*)+{a»^)}^ 

(Negative sign is taken as r decreases when r increases.) 

Let f be the time of filling up the cavity 

V(3a (a 1 ’—r*)+ la* — r*)7 

// 3 p \ r« ! .</r (Let r=a sin 1 0 

'“VVHiJJ. (r+ 2 a)V(< 2 - 7 j- [ rfr= 2 a sin 0 cos fl <0 

;/3p \ f*/2 flS/a s j n 3 0.2a sin 6 cos 0 </fl 
r= S/\2n)Jo a (sin 2 0+2).fl^V(l-sin*T) ; 

w@ors& - 

W(S)K4 J)- 1] 


Proved. 

Ex 7. An infinite mass of homogeneous incompressible fluid 
is at rest subject to a uniform presiute n, contains a spherical 
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r c n filled with gas at a pressure mil ; prove that, 

W UI oscillate between the values a and na, where n is determined by 
the equation ;+im tof 

//« 6c near/p equal to l ; /6c /f«c o/ an oscillation will be 


9 being the density of the fluid. 

a ■ • . • II. * J 


I ^mnressible fluid, the fluid velocity v will be radial 
The continuity equation (in polar form) reduce to, 

« t 


- j ('**■) 


:0 


Since 


(Const.) 

° f Let v' be the velocity at a distance r' at any time / and p be 

the pressure, then from (i), we have 
F r'V=/’v=/ ») 

The equation of motion is 
3v' 3V = _) dp 

0T +V a? p 0'' 

/' (o , ,. >'«=-! fe 

r'* 5P P/ 3r 
Integrating with regard to r', we have 

‘...(iii) 

(where A is an arbitrary constant.) 
Initially when r'=<x>, v'=0, P= n 


t 


or 


...(ii) 

r'V=/(0 

0/_/(r) 

3/ T 7 ^ 


or 




p 


Then 




W « « T 

So equation (iii) becomes.. ? 

_0)+I 

r' ^2 [ -p*' 

Hence motion on the surface of the cavity is 

fit 41 


v*=— P 

. r : 2 ,.. p . v 

Since Boyle’s Law states that 

pv= Const. 




Vi 


...(iv) 


...(vl 


? \ 
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So 


or 

and 


f7rr>.p=f™ 3 -'" 11 

fi 3 _ 

p= 7»- mn 
r ! v=/v*) 

dr , «dv 

/' W-2r» a +»*J 

dv 


{ from (i) 


C4 r 

/' (,)=2rv*+r*v ^r- 

Substituting the value of/' (0 and p in M. we get 
-I (2rv*+r*v J )+J *-,- *•*“ 


or 


* .3 » 


?+ fl _ mn 
P pr s 


ar . 

Multiplying with 2r*.dt both the sidps, we hr*, 

/ 2nr* . 2a»mn \ . 
2r s v </v+3r*v* <fr=* ^ p pr / 

By integrating, we have 

^ YT 


3».a. 


r 3 v 


2 n 2^mn l0 g r+B . 
3p p 


To determine the value of the constant B, we have 

r=a y v==0 


then 


B-t 


..(vi) 


Since the radius of the sphere oscillates between o and na 
at r =a y v=0 and r=na t v=0. 

‘ Substituting r=na, v=0 in relation (vi), we get 
0= |5jfl*_n*n»+3ma* log 
l+3m log n— n*=0 ; a^O 

,=*+* Whetc , i, »a,i 

h,i„ f«» (vi), » b,v= 

(«+*)• i.-™(«.-(«+*)’)+-r lo s (-«--) 

r as 


r=fl4-r 
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or 

«» (1+ 

H ,+ *n 




or 

o+ 

2o»nCx 1 x 1 
fl* 

or 



or 


[(-! ?+•■)( - 

or 


3n t 

**== i X*. 

pa* 


+ 


} 


^ — mm w — 

Now dilTerenting with regard to t, we have 


V- E, 

or pa t x 

which is the standard equation of S. H. M. whose time period is 

r , Proved. 

2 ”J\w 

Ex. 8. An infinite fluid in which as a spherical hollow of 
radius a is initially at rest under the action of no forces. IJ a 
constant pressure n is applied at infinity , show that the time of 
filling up the cavity is 


-‘Gr-war 

In the incompressible fluid, the fluid velocity v will be radial 
out-side the hollow sphere. So it will be a function of r (radial 
distance from the centre of the sphere, i e. origin) and the time 
/ only. 

The equation of continuity (in polar form) reduces to 

7 1 Tr ^ )= ° 


or 


r *v=/(/) (const). 
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the pressure there. ^ =f!y= y-( r ). 

The equation of motion is. 


or 


0v' ,0V* 1 a £. 
ST +V 3r' P 3r ' 

/'(r), y .^ = _2 
7T +V 3r P ^ 


as 


r V=/ (0 

a/ /i<ii 

0* r' 


•a 


f * Uf • 

■«“> “ ” ‘ s,e ’ 


04*v'>= 




(where A is arbitrary constant). 


Initially 


r = =oo,v'=0,P=nthen A=f 


JLjp+V' 


n-p 


...(ii) 


S ° , r ’ and r be the radius of Spherical cavity 

Let v be the velocity and r be 

at any timer v>==y ^ p =0 (being hollow) 

From (ii), «« 8 et 


.02 +i v’= 2 


3 ...(iii)j 

% 


as 


or 

or 


r 2 v=/ (r) 

or f (0=r ld £+ 2rv jf 
or /' (0=r*v J+ 2ryl 

c/v 3 o 5 


i 


then 


ar * 

Multiplying both the sides by 2r^r, we have 

2r*v dv+Wv* dr=-j r 2 dr. 

By integrating, we have 

r s^=-Hr*+B. 

Initially Radius of cavity r=«, v=0. 

on 

5 = 


»(W) 


3P 



68 


Hydrodynamics 


So equation (iv) reduces to 

'•Hr {d> - ri) 


or 




(Negative sign is taken since v increases as r decreases) 
Let 1 be the time of filling up the cavity, then 


-M) s 


*' 2 a 912 sin 0 2 a 


s 


^ sin“ 1/a 0 cos 0 dO 
o a 912 cos 0 3 

Let r=a sin 2/3 0 
or </r=~ sin~ 1/3 0 cos 0 d0 


-m) r— - 


By applying Gamma function, we have 
2a // 3p_\ jT| 
~3Aj\2n) • 2 f({+i) 


■f • 7 ® • rf rt 


2TT 

2a //IM n r « 

3 • *l\ 2n) ■ ITT* 

r We know from Integral Calculus that 


rn nn+i)=v^. 2 ^r 


and fn r(\—n)= 


siD me 


••.(AT) 

...O') 


Vic.ni+i) 


_2a 3 //3p \ 

-i'hJKm )• rt 

„ //3?\ , nt+t) r> 

a J\ 2 n)- Vn - (rj>« 

{Multiplying 7V r and D f with TJ and using the relation (AT)} 

=a J%) - V *vWW*-' 

=na J(iii) ■ <rj)»2- I » 




II 3p\ m-a rt 
V\ in/ • 2 -w OV 
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«- « » d “ s “ E r " ia,ion ( ” 


= 4 ^ ( ri )“‘ 


Proved. 


Ex. 9. ^ infinite mass of fluid is flui j is a , 

per unit mass directed to ,he ° r ' S ‘ m f gf the spher e r=c in it. 

(t) ‘ c6/ *‘ 

an incompressible bVa'lSion^ 

° ri8,n) " 

time t only. The equation of continuity beco 

\ d -r (r J v)=0 

r* dr ...(1) 

r 2 v= /(r) 

continuity is f , t v ' =r 2 v== /(/) 

The equation of motion is 

dt + dr M P * 


or 


04/^— 




/-3/a __ 


1 ?P 
P Sr' 


I 


Since 


By integrating with regard to r, we have 

J / .v On n 


/'(D +iv ..=^_£ + ^ 


, r' Ui P 

Initially when r '=co, v'=0, p=0 then ^=0 

Then (2) reduces to 

' -iv 


r ' V =/(0 

8v* _ /' (0 
Sr r' 2 


•••( 2 ) 


/'«) 


/a = i!i-P 

P 


(3> 


r' 1 ' 2 



70 


Hydrodynamics 


Let r be the radius of the cavity and v be the velocity at any 
time t. The motion of the cavity is {putting p=0 in (3)}, 

- f'(Q i i f from (1) f*v=/(0 


or -(rv|+2v*)+J^4 


, o - 

" +iv*=-: 


or /■(«-,■ f+2n.f 

=r 2 v ^+2rv a 
dr 


Multiplying both the sides with 2r*</r, we get 
2r*y t/v+3Wr=-4fi.r 3 '*.(/r 
By integrating, we have 


Now 


rV=— ^r‘«+A 
r=c, v=0 then B=y c w * 


...(4) 


The equation (4) becomes 
r*v*=^ 

-M¥)- 7m 

(Negative sign is taken since velocity increases as r decreases). 

If f be the time of filling the cavity 

-r 

f Put r 6,i =c m sin 2 0 
C or fr 8/a dr=2c hl% sin 0 cos 6 d9 


-7(5) 


Proved. 


Ex. 10. iiwmj 0 / fluid of density p antf volume free 8 /j in the 
form of a spherical shell. A constant pressure II is exerted on the 
external surface of the shell. There is no pressure on the internal 
surface and no other forces act on the liquid. Initially the liquid 
is at rest and the internal radius of the shell is 2c. Prove that the 
velocity of the internal surface when its radius is c is 
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r 


2 1/3 


,)• 


, n the incon,^ juid, J** * (3S 

SSitf 5S£ of the shell, which is origin) and the time r 
only So the equation of continuity reduces 

Jr *™" 0 

r 2 q=f (0 (const.) 

01 Let v' be the velocity at a distance f at any time » and p be 

the pressure, then the equation of continu.ty .s ... (1) 

r *v =/U) 

The equation of motion is 


ot 


0v' ,8v' = _If£, 

aT + 0r' P Sr' 

+v dr' P Sr 


( 


By integrating with regard to r', we have 

_9£4iv'’— ? 


...( 2 ) 

Since rV-/( 0 
&>'_ /'«) 
8f r'» 


...(3) 


or rr ! 


Let r and i? be the internal and external radii of the shell 
and v and V be the velocities there at any time I. 

Initially when 

I r '=R, v'=P. P= n 


II r'=r, v'=v, p= 0. 

(Since there is no pressure on internal surface) 

NoW we shell determine the value of the constant A from 
(3) with the help of I and II condition. 


or 


and 


or 


_X*£4i V*=-?+A 

R P 

By subtraction, we have 

-/'<» B 

Since r*v=W=/(0 

2r i dr=2R t dR=2f (<) dt 


...(4) 

...(5) 


{ from (1) 


..( 6 ) 
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from (4) and (5), we get 

-/■ « F3 3 - W 

Multiplying both sides by the relation (vi) and integrating 

= 5.2 r*dr 

or —If (/)/' (r) JI-LJ+j/* (0 r‘rfr 

By integrating, we have 

>' «<>{;-*}— f- -+* 

Initially when r=2c, v=0 i.e. /(/)= 0, 


then 

Hr 8 - 





or f*(t)\ 

> 





or rV « 


r 

i 

again f nR* 

or 

— }rcr 8 =fwc 3 

/?3« r 3 = c 3 



L 

and 

r 2 v=f (t) 

or 

'**’ { } (r*+c*) , »j 

2 n 

3p 

(8c 3 — r 3 ) 




...(7) 

which gives the velocity in terms of the radius r at the inner surface 
of the cavity. 

Now velocity of the internal surface when r=c, is given by 



from (7) 





, 2 n 

lc 3 


or 

V 3p c0‘ 

1 

t 


lc 

c.2 1 3 . 

[ 

or 

// 14n 

V VI 3P • 

2i/3 > 

2 1/# — 1 ( 

) . Proved. 

Ex. 11. 

A solid sphere of radius a 

is surrounded by a mass of 


liquid whose volume is free 3 , and its centre is a centre of attractive 
force varying directly as the square of the distance. If the solid 
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sphere be suddenly annihilated, she W that the velocity of the inner 
surface when its radius is x, is given by 

Let V' be the velocity at a distance r' from the centre of the 
spherical shell a. any time r and p be the pressure there. The 
equation of continuity is 

<n 

r' z v=f(t) 

The equation of motion is. 

...( 2 ) 


or 

or 


3i' +v >' 
dt +V dr' 


i M. 


•^-pSP , , 

{as pr' z is an external force}. 

from (1) and (2), we have 

r'S-i f, 

T '1 dr' P dr 

By integrating with regard to r', we have 

ap + l^-y-z + A ..-( 3 ) 

Let r and R be the radii and v and V the velocities of the inner 
and outer surfaces of the spherical shell at any time t. 

Then the condition are 

I r'=r, v'=v, p=0 
II r' =R y v'=V, p=n 
and III 1 7rK 3 -J*r 3 =J*rc 3 

or R 3 —r*=c 3 . 

Now we shall determine the value of the constant A from (3) 

with the help of I and II condition. 


or 


and 


_0!) + ' r ^-\pr> + A 

f ' U) -+iv— A 


or 


* T 2 ' 3 r " P 

By subtracting, we can eliminate the constant A> 

3 K '-F 

Again r 1 v=R z V=f(t) 


...(4) 


{from condition III} 
from (1) 
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or 


or 


/'«-£ (r*v) 

J jf d Tlr'*)=4(r> v) 

Substituting the value of /' (/) in (4), we have 

{as r 2 v=/* 2 ^ 

Multiplying both the sides by 2 r 2 , we have 

2 ' ! ' i 


_ /2^» , 2n 


) 


or 


*■ 4h.h 


V 3 


i 




Since /?*-r 3 =c 8 from (III) 
or 3R 2 dR—3r 2 dr=0 
or r 2 dr=R 2 


or 


or 


or 


= - (¥+ f). 

By integrating, we have 

Initially when r=a y v=0 then 

“■ 

)(«•-» 


1 


as R z —r 2 =c z 
or R^+r*)'* 
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or 


(¥+f ) ^ fc,+,v “ 

Velocity of the inner surface, when r 
Then 


x, 


£=v=* 

dr 


or 


Proved. 

Ex. 12. A mass of uniform liquid is in the form of a thick 
spherical shell bounded by concentric spheres of radii a and o 
(a < b). The cavity is filled with gas the pressure of which varies 
according to Boyle's Law, and is initially equal to the a, ™ osp *‘ r ' C 
pressure n, and the mass of which may be neglected. The outer 
surface of the shell is exposed to atmospheric pressure . rrme 
that if the system is symmetrically disturbed, so that each particle 
moves along the line joining it to the centre the time of a small 
oscillation is 


lira 


{ P.^r 


3nbS 

where 9 is the density of the liquid. 

Let v' be the velocity at a distance r' from the centre of the 
spherical shell at any time t and p be the pressure there. The 
equation of continuity is 

j 

=0 


A • 4 (r* v') 


or 


dr 


The equation of motion is 
0/ , ,0v' 

aT +v a? = ' 


-fd) 


dp 

dr' 


... 0 ) 


.. ( 2 ) 


or 


r' 2 dr' P 


0p 

dr' 


Integrating with regard to r\ we get 

/'<'>!* p 
+2 


M 


...(3) 


r • 2 * p 

Let r and R be the internal and external radii of the shell of 
liquid and v and V be the velocities there at any time t. 

Initially, I r’=R, v'=K, p=U 
II r'=r, v'=v, pr 3 =Ua z 

{By Boyle’s Law pv=constant 
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So equation (3) becomes with the help of I and II 


f ' l,) +\ yt —v +A 


R 
/'(/) 


i , n a 3 , . 
+2* =_ P" • ? +A 


By Subtracting, we can eliminate the constant A. 

r 

Neglecting the terms of K 2 and v 2 , we get 



n (a 3 — r 3 ) rR 

Since r 2 v=f ( t ) 

or 

f Pr 3 ' R-r 

or/'«)=r*| 


„dv n (a 3 -r») R 

or 

r 'dt P r 1 ' R-r 

neglecting the 


d (dr\ n (a 3 — r 3 ) R 

other term. 

or 

dt \dt ) Pr 4 * R-r 



d 2 r UR a*-r z 


or 

P # ' 4 (R-r) 



Giving a small oscillation, we have 



r=a+x and R=b+x i 


and 

f?: R?—%n r 3 =|w b z 


or 

R3-r*=b*-d 

3 

or 

(6+x 1 i 3 -(n+x) 3 =i 3 -a 3 

9 

or 

u m 

Xl ~b 3 X 





(Neglecting higher order of x and xi, being very small) 
From (4), v\e have 

d"-x n b+x i a 3 -(a+s) 3 

di 3 ~? - (a+x) 4 - (b+xi)-(a+x) 


or 


d 2 x 

di* 


n 


b+ P* app . 

’ b-a-x%x 

{Neglecting higher order of x, being very small} 


or 


d*x 
ill 2 


II 

V 


( 6+g ,){-**> 


(a*-\-4a 3 x) ^ b— a— x+p x j 
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or 


d % x x (first approximation) 

dt 1 P a 2 (b—a) 

Which is a standard equation of S. H. M 

"-"‘■“’■“iw ST“ 

= 2,t */| 3nz> \ 




Proved. 

is 


^ L V3n6 

Ex. 13. ^ voW fW ***%£*„ L. 

initially in the form of a s P henca influence fi 0 f its own attraction . 
If the liquid shell contract under J show lhal when the 

there being no external or m,er ™ P Us vehci ,y will be 

radius of the the inner spherical surface is x. 

given by (2z « + 2z*x+2z'x t -3zx*-3x*) 

equation of continuty is 

4-,- -i (rV)-O 

r'V=/(0 

Let r be the radius of the inner surface. The attraction at 

the point distance r' from the centre due to liquid .S given by 
=t2 (,-$>) 

The equation of motion is 

0/ . 8v' 4 /, r*\ I ?£ 

aT +v a? 3 yw? V r' 2 ] P ?r' 

T' f/\ 8v' 4 / # r 3 \ 1 

or -71- +v 'a?~ 3 yn? V r'*) P 8r' 


{ from (i) 


Integrating with regard to r , we get 


r 


> + i.. 


: -3 W 




r ' z \2 

Since initially, when 

I r '= r , v '=v, /)=0 (Since there being 




...(ti) 


II r'=z, v* 


-.V (let), p = 0 (there being 


no pressure on 
internal surface) 
no pressure on 
external surface) 



Hydrodynamics 

Now we shall determine the constant A with the help of 

1 and 11 condition. . \ 

(\r^) + A 

-£L±!l+'-v*=-y n? (^ 2 +j )+- 4 

By subtracting, we can eliminate the const. A 

n n n/*(0_XiiiU 

or -/'(0{--- 2 - 2 I— 

4 (3r* 

= — 3 W T'2 FJ 

r as r*v*»z*K=»/(0 from (i) 
\ or 2r* </r=2z* dz=2f(t) A ^ 

Multiplying both the sides of (Hi) by the relation AT and 


integrating we have 

/ 2 (0 

i 

3 r*dr-z*dz-'^ .2z*dz 

or 


rr w S 

5,-|, 




-2 Iz (z»-c>) 

or 


B”' 

-> / 




+c*z 2 j (^as r*+c*= 

or 


U-iy*? [3 B-z»)+5c*z*} 

V 

If the radius of the inner spherical surface be x 

r=x 


...(iv) 


equation of continuity becomes **-/«> 

then (iv) 1 educes to 1 


or 


- 


15 V 
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4 «VPZ \ _ 7. {r* 4-x»z+x*z*+xz*+ z * ) 

0f V_,5 ' X * 1 +5z * ( Z . +Z X+X*)} 

2= ‘?!^f2 2 «+2z s x+2z > A !! -3zx s -3x 4 ] . Proved. 

attraction only; "".*•"*£ S'JrX* / »•" 
inner surface a rigid concent 1 \ any P ° M ° f 

this shell suddenly ^T' en Jil 
the fluid at distance r from the cen 


*'** ,,, * w ** . 
f*P* (t-r) (r-a)[£-+l) 


spherical shell at any time t an ap 
equation of continuity is 

° f L et r be the radius of' the' Jernal spherical cavity, ^ben 
attraction at the point at a d.stance r from 
liquid itself. • v 

Hence the equation of motion is, 

— 5 «yp (r'-ps) p a7 {from (0 

Integrating with regard to r', we have 

Now at an internal surface of the spherical cavity, 
r'=r, v'=v, p=0 

from (ii), we have .» \ 

-£JD+ ] ^ v*= - 3 "VP + r *) + A 


or 
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Substituting the value of the constant A in (ii), we get 
or -/' (/) (v' 2 -v 2 ) = - 5 -y? <''*-'*) 

— |*yp r* (Js— i) •••(“) 

I. Initially when /=0, r=a t the velocity of every particle is 
zero i.e. v=v'=0 ; 

Then from (iii), we have 

-/' <°> ** (r ' , ” -,) 

”5 wyp “* (?"s)"5 ‘" (iv) 

II. Again when f=0, r'=6, p=0 

then from (iv), we have 

-/' <P) {Hr -3 ” yP {bl ~ aI) ~ 3 " yp a3 \b~a) 

-/' (0)= -|«OV rzf~l “ s 
& 


or 


or 


_/' (0)— 3 wyp.fl6(a+6)-| rcyp a 3 
Eliminating/' (0) between (iv) and (v), we have 


...(v) 


! 


2 vY9.ab(a+b )-j s/p 


3 try? (r' a — 0*) 


-3 wy? 


- (HH 


or 


p=3 (fl+6) } V" 


0 4 . , a — r 

-3 «yp 2 (r' 2 -a 2 )-3 «yp* 0 3 -y 


or 


or 


or 


(,■-«) l,] 




2 itp 2 


a) 


_w + M £ +»^ + . )+ W] 

or r , w J 

b J^-{r'+a) ]. 

b'-r'Jb 
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Now, let P be the pressure at a distance r from the centre, 
then P° P ’ r ' =r 


or 


r ,*£ ( r-a)< 6-)[ 6 -±- r +“]- 


Proved. 

W IS Liquid is contained between two parallel planes ; 

,he Tee surface is a circular cylinder of radius a whose axis is 

neroendicular to the planes. All the liquid within a concentric 
perpenaic suddenly annihilated; Prove that 

C ;TZt: d ^« P outer Surface, the initial pressure at 

any point of the liquid distant r from the centre is 

log r—logb # 

log a— log b 

In the incompressible fluid, the fluid velocity will be radial 
out side the cylinder | z'|=*. It will be a funct.on of r (rad.a 
distance from the centre of the cyhnder i.e origin r < a) and the 
time t only. The equation of continuity reduces to 

\ • Jr (' ?)=° 

or " r?=/(f) (1«). 

Let v' be the velocity at a distance r' and p be the pressure 
there at any time t, then equation of continuity is, {from (i) 

r' »'=/(/) •••<*> 

and the equation of motion is 

dv' >' 1 

dt +v dr' P dr' 


or 


/'(0 , w >' I 

P dr' 


{ 


Integrating with regard to r', we have 


f'(t) log r'+}p'*=-£+A 

Initially when f=0, v'=0, r'=r 
then from (ii), we have 

f (0) log r== —p + A - 


as r' v'=f(t)' 
then /'(/)=r' 

...(ii) 


...(iii) 
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Now I p = IT when r=a (given) 

II p = 0 when r=b. 

By using the conditions I and II equations (iii) reduces to 

f (0)loga=-^+A — (iv) 


and /' (0) log b= — A. ...(v) 

From (iii) and (v), we have 

/'( 0) {log/— log ft} = -^ • 

Also from (iv) and (v), we have 

/' (0) {log 42— log 6} = — - 


By dividing, we get 

log r— l og b _p 
log < 2 — log b ~ n 

So the initial pressure at any point of the liquid at a distance 
r from the centre is, 


or 


p=U 


log r— log b 
log a— log b 


Proved. 


Ex. 16 A mass of liquid of density P whose external surface 
is a long circular cylinder of radius a , which is subject to a cons- 
tant pressure n, surrounds a coaxial long circular cylinder of 
radius b. The internal cylinder is suddenly destroyed. Shew that 
if V is the velocity at the internal surface when the radius is r, 
then 

, 2U (b*-r*) 

. . (r 2 +a 2 -b 2 \ ‘ 

e r 7* ) 


When the internal cylinder is destroyed, the motion of the 
liquid will be along the radii of the normal sections of the 
cylinder. The velocity will be a function of r and the time t 
only. Let v' be the velocity and p the pressure at any point 
distance r from the axis of the cylinder. The Equation of 
continuity is 

r' /-/(#). •••(') 

The equation of motion is 

dv' , ,dv' l dp 
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{from (i)} 


...(ii) 


Equations of Motion 

fit) , fit I 

or ~ +v p d/ 

Integrating with regard to r', we have 

/'(f) log r , +{v' l =-p +^* 

Let r and R be the radii of the internal and eternal surface 
of the cylinder and v and V, the velocities there at any t.me r. 

When I r'=r, v'=v,/>=0 

U r'=R,v'=V>P= n 

then /' (') '<* n 

/' (r) log R+\V*=—~+A. 


To eliminate the constant A, by subtracting we have 


/’ (r) {log r— log *}+i (v*— V *)— p 


...(iii) 


[ 


or 


Again rv=RV=f (!) from (i) 

2rdr~2R dR=2f(t)dt...(X) 

u and Rt-r'=a'-b*. 

Multiplying both the of (in) by tb. relation («• » J av ‘ 
2/(0/' (0 {'°e r_log ~ W J 

J*. r dr 
P 

f dr dR\ 2n , 
2/(0/' (0 ( lo 8 r-log R)+P j = P ‘ ' r 

By integrating, we have 


When 


then 


p (r) {log r— log M = -r'+ B . 
r=b , v=0 i.e. f(t)=0, 

B 


...(iv) 


- b*+B = 0 or 
P 




or 


Substituting the value of B in (iv), we have 

/» (t) {log r— log *}=£ (r a -6 2 ) 

f 2 [ft Cas R 2 —r 2 =a*—b 2 

land r v=/ (f) 


/ 2 W p ' log r— log R 


LI 
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2 n (r*-b*) 

P r 1 log( r ,^' a 2_f ) i 

2U (b 2 —r 2 ) 

“ ,, (r 2 +a 2 -b*Y 

pr2] °g(— ) Proved 

Exercise 


1. A pulse travelling along a fine straight uniform tube filled 
with gas causes the density at time / and distance x from the origin 
where the velocity is u 0 to become p 0 <f> (vt— x). Prove that the 
velocity u (at time / and distance x from the origin) is given by 


v+ 


(wo-v) $ (v/) 


<t> (vf— x) 

Hint. Let u be the velocity and p the densi-.y of the gas at a 
distance x, then 

P=P o <t> (v/ — x) ...(1) 

Equation to continuity is 

l, 


or 






Differentiating (1) w. r. to t and x respectively 

=p 0 yf (v/-.v) 

?i=-Po 4>' (| Ii—x ) 

Subsiituting the value of and ~ in (2) and integrate, 

ot ox 

— + ’xT~t~^dx = 0 
v—u <t> (vt—x) 

or (v—u) <f> (v/ — x)=const. 

The constant can be determined by the conditions 
x=0, u=u 0 (Given) 

2. A spherical hollow of radius a initially exists in an infinite 
fluid subject to constant pressure at infinity. Shew that the 
pressure at distance r from the centre when the radius of the cavity 
is x to pressure at infinity as 

{‘xV*+(a 3 -4x s ) r*-(a*-x«) x 8 } : 3x 2 r*. 
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Hint. Ref. Q. No. 8 Page- 

v , x . = |H(o»-x*) 

“id-,*.— f 

r (»)=* f] 

n a*— 4x* 

or F ' <'>* 3? * ~^ r “” 

we have for the motion 
Put the value of F' (0 u> equation (u), we 

of any point in the fluid at a distance r , 

n— />__! [n_. *=‘ % 

— /ho a: 


or 


or 



3p* ' 4 

4x») ,■-(*-*»)»» 


{as r'V=x*v 
{at r'=r 


or ft - 3-xV 4 

, . aI rest i n an infinite mass of homogeous 

?: f A $ the pressure at infinity being p. If the radius 

liquid of density P. P that i?=a+i> cos nt where 

;;r. r ^ •»'»“ ° f *■ 

time is 

p+ b -~ (b—4a cos nt—Sb cos 2nr) 

Hint Let v be the velocity at a distance r from the centre and 
H, nt. Lei equation to continuity is 

p be the pressure at any timer. ...(1) 

Equation of motion is 


3v 3v_ _1 3£ 
3t +v dr P dr 

from (1) and (2), we have 

?y = _i2e. 
+ v dr P dr 

Integrating w. r. to r, we get 

. n 

when r=° ° , P= n - v=0 ’ then ^ p 


...( 2 ) 
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or 


f (t ) , 1 . n-/> 

r ^2 p 


...(3) 


Let i? be the radius of the sphere and V be the' velocity at 
any time t 

or r *v=R*V=f(t) 


R*V 


dV 


So v=— and f (f>- j {R*V)=2RV*+R* ^ 


from (3), we have 
n -P 
9 




dt 

R=b+a cos /if 

V=-r- =—an sin nt 
at 

dV 

— = — Art 1 COS nt 


Substituting the values of /?, V and ^ in the above expression. 

dt 

We can have the required result. 

4. A mass of homogeneous liquid is moving so that the 
velocity at any point is proportional to the time, and that the 
pressure is given by 

J=Wz-!<‘ (y*z*+z*x' +x*y t ). 


Prove that this motion may have been generated from rest by 
finite natural forces independent of the time ; and shew that, if 
the direction of motion at every point coincide with the direction 
of the acting force, each particle of the liquid describes a curve 
which is the intersection of two hyperbolic cylinders. 

Hint, consider q be the velocity at any instant f, then 

q=At ...(1) 

Also ...(2) 


Let the motion be generated from finite natural forces 
(conservative force), then 

f-|+k*+F=/(,) 

° r ~=* -W'-V+fU) -3) 

By comparing (2) and (3), we have 

A *=>V + 2V+xV ...(4) 

So q 2 =A*i 2 =t t Cy*** +****+ **>'*) {from (1) and (4) 
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A* HSHINS)' 

Consider <f>=t xyz 

Thus the equation (3) reduces to 

£=xyz-\t x P +/ (0 

from (2) and (5), we have 

/(/)=0 and xyz—Y=P-xyz 

V=xyz (1—^) 

Let u, v, vv are the component velocities and X , Y, Z be the 
component forces, 
then u=-^-=~tyz etc. 


and jr=-^=(f*-DJ-retc. 

Since the direction of motion conicides with the direction of 
acting force, so 


u = v = w 
XYZ 


Thus the equation to the path is given by 
dx dyjdz 
or Y~Y Z 

dx dy__dz which gives x 2 —y 2 = const, 

or 'yz~~zx~yx and x 2 — z 2 =const. 

Hence each particle of the liquid will lie on a curve which is 

the intersection of two hyperbolic cylinders. 

5. A sphere whose radius at time t is b+acos nt is surrounded 
by liquid extending to infinity under no forces. Prove that the 
pressure at distance r from the centre is less than the pressure at an 
infinite distance by 

P ^ (6+a) cos nt) 


(1—3 sin 2 nt)+b cos y 3 sin 2 nt ( b+a cos nt) 3 j 

6. A mass of perfect incompressible fluid, of density p, is 
bounded by concentric surfaces. The outer surface is contained 
by a flexible envelope which exerts continuously a uniform pressure 
n and contracts from radius Ri to Radius Ra- The hollow is filled 
with a gas obeying Boyle’s Law, its radius contracts from Q to C 2 , 
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and the pressure of the gas in initially />,. Initially the whole mass 
gi, '“ by 

Let p be the pressure and v' be the velocity at a d.stance r 

at any instant. The equation to continuity is 

r'» /=/(/). 

The equation of motion is 

av' ,3v' = _I?£ ...(2) 

0? +v 07' P 3r' 

Eliminating |f’ from (1) and (2) and integrating, we have 


./l(0 + » v ,— Z + D 


-(3) 


Let v be the velocity and r be the radius at the inner surface 

at any time t. Consider p o be the pressure, then 

r'=r, v'=v and r 1 p=C, s Pi 

(Since the gas obeys Boyle s Law) 

from (3), we have 


...(4) 


..(5) 


Let R is the radius of the outer surface 
then r'=R, v'=K, p= n 

Again from (3). we have 

F*=Z>-- 
R 2 P 

To eliminate Z>, by subtracting (4) and (5 ), we have 

By integrating, we get 

-/MO {BBT - ^ ' +S 

Since r=Ci, v=0 i.e f(t)— 0, 

, * f ■ - 1 (C log- 
then y2f4 \7 Sj 3P 1 1 M P 

Now for the configuration (/?i C%) i-e . R=Rt, r=C it the 
velocity can be determined by the above relation 
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I C,\ 211 ^/.CiV—'oglrV 

‘-s; = 3f Cl l c>*' p ' 1 

V ** . . . two conce 


7. A homogeneous liquid is c ^amed between two con ^ ^ 

spherical surfaces, the radius of tcd to the centre of 

outer indeBnitely ^ Jtelluid consta nt pressure n is exerted 

at the outer surface. if ^ inner surface i. 

vanishes when r is mamte. Shew tna . . 

suddenly removed, the pressure at 
diminished by 


that it tne muci - 

the distance r is suddenly 


n 2-£ m- 

r r 


immediately after the inner 
as it would be if no attrac- 


Find <f> (r) so that the pressure 
surface is removed may be the same 

— -ms- 

boundary of ,b= «uid .. 7 ^ 1H»« 

• ,Lr^" as 

fto. the .pb.ro, the .east presaore (.stunted post- 

five) at the surface of the sphere during the motion is 

n— n'pb {a+b). 

§ 2 6 Equations of motion under Impulsive Force. 

Let the sudden changes in velocity 
are produced at the boundaries of an 
inviscid fluid or consider that the 
impulsive forces are applied to its 
interior than the disturbances produced 
are instantaneously propagated to every 
part of the fluid. 

Consider a closed surface S moving 
with the fluid and enclosing a volume V. Let a be the impulsi 
pressure and I the external impulsive body force per unit mass 
fluid The fluid particle is moving initially with velocity q, 
the impulse changes the velocity (of the particle) mstantaneously 
from q to qi or we can say that q and qi be the velocities just 

before and just after the impulsive action. 




90 


Hydrodynamics 


Now change in momentum is 

= p dV • * 

The total impulse applied to the fluid particle is 

( ji/ . f , ^ n// c f negative sign as n is unit 
= 1 v IP d Js (outward drawn normal. 

=|^ ip dv -\ s n ° ds 

= | Ip dV-\^ Va dV | By Gauss Theorem 

= |^(lP-Vo)r/K •••(2) 

We know by Newton's Second Law for impulsive motion to 
the fluid with in the closed surface S that 
Impulsive force=Change in Momentum 
or \ y P (qi-Q) dV= ( ^ (I?-VQ) dV { from (1) and (2) 

Since V is an arbitarily small volume, then 
P (qi— q)=Ip— V© 


...( 2 ) 


qi-q^H-y Vo 


...(3) 


Case I. When there are no external impulsive body force but 
only impulsive pressure occurs /. e. 1=0 

q l — q = — -j- Vo •••(^) 

Let the motion be irrotational 

then q=-V<Mnd qi =-V*' (where <f> is the velocity potential 

just before the impulsive action.) 

So (4) becomes 

or _V*'+V*=--i-VQ 

or Vlf-^)=}V o 

or o=p 

The constants may be omitted, as an extra pressure remains 
the same throughout the fluid which will not affect the motion. 

Case II. If qi=0 implies that the motion is started from rest 
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by applying the impulsive pressure 
"from (4), we have 

q=-i V© 


at the boundries, then 


or 


Since 3 a velocity potential, then 


or 


v P 


or o = — P^4- Const. 

The constant may be omitted, as an extra pressure is constant 
throughout the fluid, produces no affect on the motion. 

Case III. If the density p is const. 1=0. Taking the diver- 
gence of both the sides of (4), we have 


V 2 G=0. 

which is a Laplace Equation. 

§ 27. Alternative Method : 
impulsive forces. 

Consider P (x y z) be a point 
in the fluid and X\ Y\ Z‘ be the 
components of extraneous impulses 
parallel to the coordinate axes. 
Let 65 be the impulsive pressure 

at P. 

Consider an elementary para- 
llelopiped. Pressure on faces para- 
llel to — YZ plane is given by 
=65 By Bz 

and to the opposite face is 


{ 


r 7qi=0=Vq 

By equation of continuity. 


Equation of motion under 


AZ 



X 


X 

V. 

p 

52 a' 

r n ■ n 



;xyz) 

X 


/0 


/y 

(o5+^ Bx j By Bz 


Let ( u v w) and (u v ' w') be the components of the velocity of P 
in the fluid before and after the impulse. 

Change in the momentum =P (k'— u) Bx By Bz 

(in the direction of Af-axis) 
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By Newton’s Second Law for impulsive motion, we have 

Change in Momentum = Impulsive force 
P < M '-u) 8x 8y Zz=pX'8x8y 8z 

+{ a8y8z-(a+-^8x j Sy Sz} 


or 


ca 

P (u'-u)=pX 

da 

Similarly p (v'-v)=pr 


(along the direction of X-axis) 
(along the direction of Y- axis) 


and 


p (w'-w)=PZ'-f^ 


(along the direction of Z-axis) 

...U) 

Let there are no impulsive forces acting on the mass. Then 
X'=0, r= 0 and Z'= 0, So (1) reduces to 


da 



'dx 

uj — ■ 

da 

— V) — 

" dy 


da 

-*-)=■ 

~dz 


...ID 

...( 2 ) 

...(3) 


We know that 

° T velocity pofentia/just before and just after 

the impulsive action. 

Then (udx+vdy+wdz) 

and W^-iu'dx+v'dy+w'dz). 

From (4), we have 

da=P {d<f>'—d<t>) 

By integrating, we have 

w-P {<f> <f>) + ^ p==Const being an incompressible fluid 

The constant may be neglected as an extra pressure, which is 
constant throughout, will not affect the motion. 

Cor 1. Let P is constant, differentiating (2), (3) and (4) with 
regard to dx, dy, dz respectively and adding, we have 
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'du' , dv'.dw'’ 


(-+P+t) 

[dx + 9y + te) P 3z ‘ 


/e*o , 3*o , <PqN 
“Ux* + a y 1 dzI > 


or 


3*0 e^o . ?5 =0 
3x* 3y* 3z* 


as 


and 


3“'+?l+— =0 
3x 3^ 3z 

3« .3v + ?!SL = o 
. a* sy 3z 

^Equation of continuity. 

which is known as Laplace Equation. 

§2 8. Principle of Energy. change in energy 

The principle of energy “« nc “*“ he extran eous forces. 

(K.E+P E) is equal to work done by the ^ ^ jn(Jepen . 

The potential due to the external forces supp 

dent of time. 

6 2 9. Equation of Energy. 

We know that Euler’s Equation of motion is 

3q =F _lVp {Ref §20 

3 1 P 

p ?9=pF— VP ..•<» 

dt 

Let the extraneous forces are conservative, (2 ) 

i.e. F= 

[since potential is independent of time hence ^-=0 

From (1) and (2), we have 

p =-P (VO)- VP 

dt 

Multiplying the above equation scalarly by q, we have 


or 


or 


or 


pq|l= Pq.(VO)-q.VP 

dt 

P.l ^-(q*)+Pq.(Vn) = -q.VP 
2 at 

d 


or (iq*+n)=-q-^ 


q V)0 

dt dt 


=(q.V) 


or 


By integrating over V , we have 

f pi* (q .SJp)dv 

Jv at J v 

^[f r tp«**+f r w*]— f r (q-^ )A 
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or ~{T+IV)=-\ y V -(qp)dv+^ y p (<7 ■ q) 


dv 


i 


Since y-(pdv) = 0 equation of continuity 
dt 


and V • (pq))=pV * q+q . Vp 

iL{T+lV)= ( pq.ndS+ f p*7.qdv 
dt ) s J y 

§<T+m- l "• n ""r 

where 7=j* E? dv 

E be the intrinsic energy per unit mass 
where T, W and / are the K.E> P.E and intrinsic energy respectively 
T =\ y <Pq 2 dv, W= pQdil 

and 1= j y E P dv 

or ^-(7’+M'+/)-J s Pq.n</S 


1 


which is known as Energy Equation. 

Thus the rate of change of total energy (i. e. kinetic, potential 
and intrinsic energies) of a portion of perfect fluid is equal to the 
rate at which the w ork is done by the pressure forces on the 
boundary. 

Ex. 1. A portion of homogeneous fluid is confined between 
two concentric spheres of radii A and a , and is attracted towards 
their centre by a force varying inversely as a square of the distance. 
The inner spherical surface is suddenly annihilated , and when the 
radii of the inner and outer surface of the fluid are r and R, the 
fluid impinges on a solid ball concentric with their surfaces ; Prove 
that the impulsive pressure at any point of the ball for different 
values of R and r varies as 

-*]) 

In the incompressible fluid, the fluid velocity will be radial out 
side the inner spherical surface, it will be a function, ol r' (radial 
distance from the centre of the spherical surface, i. e. origin) and 
the time t only. The equation of continuity is 

r i v " o-° 
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or 


r 'i v'=f(t) (constant) ^ 

(where v' is the velocity at a distance r' from the cen re) 

and the equation of motion is 

1 ‘JM 

...(H) 

{from (i) 


a/ , 


3/ 


3r' 


P 3r' 


/■'(/) , , ^ Li? 

7n- +v a?" r' 1 P 


By integrating with regard to r\ we have 

-£i£+K* -£-£+* ...(H) 

Let r and /? be Ihe internal and outer radii v and V be 
the velocities there at any time t. 

When I r'=r, v'=v, P=" 

H r'=A, v'=K, p=0 

Now we shall determine the value of the constant * w.tb the 
help of I and II conditions. 

jW+r-A+e 


or 

and 




from (1) 
..AX) 


or 


or 


By subtracting, we get 

-- r < ,) { i r-y +i(V,_n= ' 1 ('"*) 

f But r 2 v=R 3 V=f(t) 

\ or 2r*dr=2R 2 dR=2f(t)dt 

-r (^-y+i/Mo (i-i) 

M iltiplying by 2 f(t) di both the sides, we have 

0 11 , 2 /( 0 * 2 / ( 0<*1 
-2/(1)/' (0 *{7-*} +l/ (,) \ r« A 4 J 

(2/ (t) dt 2/ (0 dl } 

= n— 7 — — Jr - ; 

-2/(0/' (0 *{7-5}+/* (,) {?-?} 

= fi {.> dr—2R dR) 

By integrating, we have 

-/’(o^-y^-m* 


..(v) 
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or 


or 


or 


Since, when r=a, R=A> v=0 i e. /(/) — 0, 

0 =ix(a 2 -A 2 )+B 
B=-p (a*- A*). 

So equation (v) becomes, 

— / 2 (r 2 —a 2 —R 2 + A 2 ) 

P (/) { 7 -^}=^ (efi-r'-A'+R*). -(«) 

Let o be the impulsive pressure at a distance r then 
da = —?v' dr' 

da=- dr' {as ' ' a v '=f <0 

By integrating, we have 

B-'/w+c 

where C is an arbitrary constant. 


But <3 =0. r'=R, then C= P -^-’ 

or Q-P/(o[p-jj] 

which determines the impulsive pressure at any distance r 

The impulsive pressure at any point of the ball where r'=r is, 

o =?/(0 { 7 -^}. 

Substituting the value off (f) from (vi), we have 
If ^la t -r^-A t +R i )\ (l 1\ 

° =p a/{ /r rj 1 

or a=? y ,'nJ{fa'-r'-A t +R t ) ( 7 -^)] 

Hence the impulsive pressure varies as 

J{ (a .- r ,- A ' +P) ( l-L)}. r,o,.d. 

Ex. 2. A sphere of radius a is surrounded by infinite liquid of 
density p, the pressure at infinity being n. The sphere is suddenly 
annihilated. Shew that the pressure at distance r from the centre 

immediately falls to n( /— • 
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. f z£Z* 5£.‘V ~ 

MiWflwf by the surface of the sphere is J[ 6 HP* J • 

I. *»«-«■ «■»**"£ d'LScC 

equation of continuity is 

r r*q=f(t) (constant) 

continuity is 

rV-/( 0- 

I he equation of motion is 

3v' >' I d _P 

aT + 0p par' 


r '2 + ar' p dr 

By integrating with regard to r', we have 

. v n 


{from (i) 




_£ +y 4 ...(SO 

P 

where is an arbitrary constant. 


Since pressure at infinity is n. 

So r'=° o. P= n, v'=*0, 

then from (ii), we have 

0—5+^ 

or . 

Substituting the value of the constant A y we get 

_/lV) +1/ , = n^ . 

When the sphere is suddenly annihilated, we have 
r'=a> v'=0,p=0, 

_o>_5 S. 


— (iii) 
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So just after annihilation, substituting the value of/'(r)m 
(lit), it reduces to 

-f ■ 


or 

or 

or 


an 


{as v'=0 just after annihilation} 


=n-/>. 


Thus pressure at the time of annihilation, since r'=r is 


an 

—=n- P 


Proved. 


then 


or 


da = — p v' dr' 


{ 


Let a be the impulsive pressure at a distance r', 

from the equation of continuity 
r*v«r'*v'=/(/) 

da = - p v ~ dr' 

(where r is the radius of the inner surface and v, the velocity there) 
By integrating, we have 

r t 

Q = £+PV —r 


Now when r'= oo , q= 0 
Then B= 0. 


Thus 


o=pv 


•• (iv) 


(Which determines the impulsive pressure a at a distance r' 
and v, the velocity at the inner surface) 

Since the liquid is brought to rest by impinging on a concentric 

sphere of radius ^ . 

Substituting r= | in (iv), we have 

a 2 


Q=?v — , 
4 r 


— (v) 

Now we shall determine the velocity v at the inner suiface of 
the sphere, p= 0, then from (iii), we have 


/'(/) 


■ i -> 


n 



Equations of Motion 




A3, n 


Since r*v=/ (/) 

or r»f+ 24 =/'(/) 

or r*4+2"*-/' W 


Multiplying by 2r*dr both the sides, we have 
2r*v dv+Wr'dr=— yr'dr 
By integrating, we get 

,V— gf+C 

„ _ 2n . 

Since r=a, v=0; 0=^0* 

or (n»-r*) 

The velocity v at the surface of the sphere of radius a/2 on 
which the liquid strikes is 


, 2X1 a 3 -r* 
v 39 ■ — 

. 2n a s — a*/8 
yl= 3? * "W 
, Mn 
"‘TP- 


put r- 


Substituting the value of v in relation (iv), we get 

° =ip 7iv ")•**? •••<*> 

gives impulsive pressure at a distance r'. 
Substitute r'=|, the relation (vi) gives the impulsive pressure 


at the surface of the sphere of radius r* 


p,„„. 

Ex. 3. . A mass of liquid surrounds a solid sphere of radius a, 
and its outer surface , which is a concentric sphere of radius b, is 
subject to a given constant pressure n, no other force being in 
action on the liquid. The solid sphere suddenly shrinks into a 
concentric sphere ; it is required to determine the subsequent 
motion and the impulsive action on the sphere. 
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Let v' be the velocity at- a distance r' at any time t , and p be 
the pressure there. The equation of continuity is 

r'V=/(/) -(I) 

The equation of motion is 


or 




i ap 


dt 4 

V 37' 

P 3r' 


ru).. a/_ 

i ap 


r'» ^ 

- dr' 

P a r' 

{from (1) 


By integrating with regard to /■'. we have 

_/U0 + .^_e +c 

{Where C is an arbitrary constant}. 

Let r and R be the internal and external radii of the fluid and 
v and V the velocities there at any time /. 

So initially I r'=r, v'=v, p= 0 
II r ’=R. v'=K, p= n. 

Then constant C can be determined with the help of 1 and II 
condition, 

*=C 


and 


r 

fit) 


+»^=-n +c 


(3) 


or 


By subtracting, we have 

-/'(') {r*H 

f Since r*v=R*V - f 1 1) 

1 or r t dr=R % dR=f(t) dt 

Multiplying both the sides by 2/ (r) dt, we have 


= jf(‘) dt 


or 


— 2 /( 0 /' (0 { H }+/‘ (0 r ' dr 

By integrating, we have 
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Initially, when r=a, v=0 i.e.f(t)=0. 

— f * 


4 , 2n 

' »■ (H) 

/r 2n / a 3 -'* 

v= / 37* ,,n 1 

vL V i'- 


ft>—r*=b > —a [ 

r*v=/(0 


a»-r> 


a/L"‘ V'T' -< 4 > 

which determines the velocity of the fluid at a distance r. 

Now we shall determine impulsive pressure on the sphere. 

Let r be the radius of the solid sphere and o be the impulsive 

pressure at distance r # . 


Then 


</a=-P v'dr' 


r*v i • 
-P -75 dr 


f from the eqn. of continuity 
I r 2 v=r' 2 v=f (t) 


By integrating, we have 


B-Pp+A 


When r'=R, o=0, then a= ~~r 
So the impulsive pressure when r'=r is 

Thus impulsive action of the sphere 
= 4^*0 

=4»r*.pr’ v (i-i) 
=47rr’v P fe r ) 


Thus we can calculate the impulsive action of the sphere by 
substituting the value of v from (4). Answer. 

Ex. 4. Two equal closed cylinders , of height c, with their bases 
in the same horizontal plane , are filled , one with water , and the 
other with air of such a density as to support a column h of water , 
h being less than c. If a communication be opened between 
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them at their bases, the height x , to which the water rises , is given 
by the equation 


cx—x 2 +ch log - — -==0. 

-Let P , Q be two cylinders 
containing water and air respec- 
tively. Let K be the cross-section 
of each cylinder before and after 
the communication is set up, the 
air and water are at rest. Thus 
the initial and final kinetic 
energies are zero. The intrinsic 
energies also vanish, because of incompressibility. 

So total work done=change in K. E. 

=zcro 

The potential energy due to position of water in the 
cylinder P is 

V * = \ 0 gP Kz dz =* gp * KcZ ...( 1 ) 

The height x of water rises in cylinder Q and the height 
(c—x) of water will remain in the cylinder P after communication 
is opened. Then the final potential energy is 

V>-\" g9 kzdz + \\ 9 kzdz 

Vb=\g9k ftc-x) 2 +x 2 ) ...(2) 

Loss in potential energy of work done by gravity 
Va—V b =\gtk [c'—fc—xr— a 2 ] 

or V,-V b =£gpk [2cx-;x 2 ]=g?kx ( c-x ) ...(3) 

Let p be the pressure when the water rises to a height r. 

Then g?hkc=pk (c — z) 



i 

Cc-x) 

I 


or 


P= 


ff?hc 

c—z 


Since the air has been compressed, then the work done in 
compressing this air in the cylinder O is 



•Here we have considered the density p of water simply because that 
the density is such as to support a column h of water. 
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or 


oi 


=g?hck [log ( c—z )] o 

=g?hck log (^r). 

Now Total woik done=zero. 

Hence g?kx ( c-x)+g?hck log (^ 7 ^) =°- 

g?k [cx— x*+ch log 


...(4) 


cx — x*~\~ch log c —-^- 


: 0 . 


Proved. 


Ex. 5. A spherical mass of liquid of radius b has a concentric 
spherical cavity of radius a ; which contains gas at pressure p whose 
mass may be neglected ; at every point of the external boundary of 
the liquid an impulsive pressure a per unit area is applied. 
Assuming that the gas obeys Boyle's Law , Shew that when the liquid 
first comes to rest , the radius of the internal spherical surface 
will be 

aex p\- 2 p9f(b—a j}' 

where p is the density of the liquid. 

Let v' be the velocity at a distance r' from the centre of the 
spherical cavity at any time t. Equation of continuity is 

rV-/(t) (Const.) ...(1) 

Let a' be the impulsive pressure at distance r' 

Then da'=*-W'dr' {as W =bW=f (t) from (I) 


or 


d*~P $£* 

By integrating with regard to r', we have 


a'-^+c 


...( 2 ) 

where C is an arbitrary constant. 


Since, when I r'=a y <o'=0 

II r=b, <3 '=G (let) 

Now we shall determine the value of the const. C from (2) 
with the help of the condition I and II. 

0 =^+c 

a 
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a- 


9b'V 


...(3) 


o=P&*k( 1 - 1 ) = p — ( a-b ) 

V b a ) a 

The initial kinetic energy is 
=i J\4»r'*.prfr').v'» 

=2*pb*V* j‘ 

-*-«• (4-rH 9 ?^ 

Since the gas obeys Boyle’s Law, let r be the radius of the 
internal spherical cavity and p x be the pressure of the gas there. 


T- 


T n *- p 


or Pi 


i.e. — nr* . pi 

Total work done 
=j Anr 2 .pidr 

= 4t ra 2 p y dr=4na 2 p log 

Now change in K. E=Total work done 
— (b—a)=4r.a 2 p Jog 


cFp 


...(5) 

{ from (4) and (5) 


or 


loe (?) 


_ 2irpb*V 2 (b-a) 
4 KO i p 

2tz pb* ( b—a ) 
4npa* 
a 2 b 

2ppa 2 (b—a) 


a 2 a 2 


P*fc» [a-b)* 


or 


C Grb \ 

r-oexp.j 2 pPaHb-a) f 


Exercises 

1. Prove that if a be the impulsive pressure, </>, <f>' the velocity 
potentials immediately before and after an impulse acts, V the 
potential of the impulses 

Q-hPJ'+P ^)=Const. 

2. Show that in the absence of extraneous impulses, the impul- 
sive pressure at any point of a liquid satisfies Laplace’s 
Equation. 
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An explosion takes place at a point O at some distance below 
the surface of deep water. If O' is the image of O in he 
free surface. Show that the velocity potential of the initial 
motion at any point P varies as 
1 1 
OP O P * 

Determine the initial velocity of the free surface at any point. 
Find the equations of motion of a perfect fluid under extran- 
eous impulses and impulsive pressure. Deduce that any 
actual irrotational motion of a liquid can be produced 
instantaneously from rest by a set of impulses properly applied. 
A given quantity of liquid moves, under no forces, in a smooth 
conical tube having a small vertical angle, and the distance o 
its nearer and farther extremities from the vertex at the time 
are r and r ' ; prove that 

The pressures at the two surfaces being equal. 

Show also that the preceeding equation results from opposing 
the vis-viva of the mass of liquid lo be constant ; and that the 
velocity of the inner surface is given by the equation 


A. 


2 r 


= 0 , 


V 3 


Cr ' 


.'S__ r3. 


r*(r'-r) ’ 
where C and c being constants. 

Hint Equation to continuity is 
vx 2 tan 2 «=F(/) 

where a is the vertical angle of the cone 
Total K.E. of the liquid 

= i j ^ ttx 2 tan 2 ct dx pv 2 

=y p tan 2 a. F 2 (0 (y “y ) 

Since K.E. is constant, it follows that 

re P tan 2 « |_L — L^=const 

r 4 r 3 f-y7"j = const 


or 


or 




cr 


r 3 (r'-r) 

Since the total mass of the liquid is constant. 
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9 -j tan 2 a (r' 3 — r 3 ) =const. 

r' 3 — ;* 3 =const. 

5. Show that the rate per unit of time at which work is done by 
the internal pressures between the parts of a compressible fluid 
obeying Boyle’s Law is 

SIM Tx + w +d £) dx dy dz 

where p is the pressure and (u, v, w) the velocity at any point, 
and the integration extends through the volume of the fluid. 

Hint : — Let W is the work done, p be the pressure and dv an 
elementary volume. Work done in compressing the fluid is 

p(-dv) (1) 

Rate per unit time of work done is 

We know from the equation of continuity that 

£l +f (^-L+^'Wc 

Dt \dx 8y dz) 

£P +p (£!!+?! +fl v \=o (3) 

Dt P \dx^dy^dz) "•O) 

(as p=?K) 

From (2) and (3), we ha\e 

T^-ill' (l + l + s)* 

Now d\ = dx dy dz 

Thus Rate r*r unit time of work done is given by 

-JfHM +£)*** 


or 
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Here we shall develope special methods for solving the problems 
in two and three dimensions. The flow considered will be wholly 
incompressible which implies that the fluid are of constant density 
throughout the motion. 

§ 3 0. Motion in two dimensions. 

Consider the plane XOY as the fixed plane and C is a point 
in this plane (/. e. Z= 0 plane.) 

Draw a perpendicular CC' to 
the XOY plane (/ e. parallel 
to OZ) where C is the corres- 
ponding point of C in the plane 
X'O'Y' (lying in the fluid). Let 
q be the velocity at C making 
an angle 0 with the axis OK 
then the velocity at C' is equal 
in magnitude and direction to 
the velocity at C. The velocity 
at corresponding point C' is a 
function of x, y and the time t. Thus the velocity q will be a 
function of x , y and t only but not of Z. 

Now it is often useful to consider that the fluid in two 
dimensional motion is confined between two planes parallel 
to the plane of motion at an unit distance apart. The reference 
plane of motion is parallel to and midway between the supposed 
fixed planes. 

Thus the two dimensional motion is defined when the lines of 
motion are parallel to a fixed plane and the velocity at the corres- 
ponding points of all planes parallel to the fixed plane has the 
same magnitude and direction. 



108 


Hydrodynamics 


§ 31. Stream function. 

We know that the velocity q is a function of x, y and t 
in two-dimensional motion, then the differential equation to the 

stream line is 

dx dy 
u ~~ v 

v dx—u dy= 0. •••(*) 

The equation of continuity (in two dimensions) is 
V.q=0 

...( 2 ) 


or 


or 


or 


i.e. 


or 


dx^dy 


Now 0) must be a P erfect differential, d<\> 
v dx — u dy=d4> 

v dx-u dy= d £dx+ f dy 


By comparing, we have 


u =--andT= 0 - 

-jjjen the function * is called the Stream fnnction or Current 
function’ ]ines are g . ven by , he solution of (1)> u . *=cost. 

So the stream function is obtained by taking the equation 
„f continuity and the incompressibility of the fluid. 

The stream function 4- olways exists in all types of two 

dimensional motion : rotational or irrotanonal. 

§ 3 11- Property of stream function. 

Let 0i and 02 be the stream 
functions at, -4 and B respectively 
on the curve AB in the XOY 

plane. 

Consider ds be an element at 
any point P on the curve, where 
the tangent to this point makes 
an angle fl with the axis of X. 

Let u and v be the components 
of velocity parallel to the axis of X and Y respectively. 

Velocity along the inward drawn normal PN, 

=v cos Q—u sin 6. 
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J± „ - 

'dx - ds^dy ’ 


Motion In Two Dimensions 

{Ref. §3M 

dx H dy 

</$“*” Dy'ds , 

Now the flow / across the curve from right to left, is given y 

/=( p q.n ds 

J AB 

-US • Z4 ■ 

-ft* 

7— P (*f/t — *!> i) 

So the difference between the value of stream function at any 
two points of a curve represents the flow across any line joining 
the points. 

§ 3 2. Irrotational motion in two-dimensions 

We know that in an irrotational motion the velocity potentia 


d4> . H 

“—5 and v= ~& 

...d) 

and, if «/• is the stream function, then 


H . H 

and v= Tx 

..(2) 

From (I) and (2), we have 


d±J± 
dx dy 

...(3) 

_00 

and dy dx 

...(4) 


Which are known as Caucby-Riemann’s equation. 

Such functions are called conjugate functions. 

From (3) and (4), we get 

d ± . £+ =0 ...(5) 

- dx * dx-fy dy 

The relation (5) shows the families of curves given by 
<£=const. and «/»= const. 

which intersects orthogonally. Thus the curves of constant velocity 
potential cut the stream lines orthogonally 

Remember. 

(i) The stream function exist whether the motion is 
irrotational or rotational. 
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(ii) The velocity potential <f> exists only in the case of an 
ir rotational motion. 

(Hi) If one part of the fluid is moving ir rot ationally and the other 
part rotationally , then the velocity potential exists only in the 
part having ir rotational motion. 

Again differentiating (3) and (4) with regard to x and y , we 

have 

and 


which gives 


dx 2 dx dy 

- w-o* 


dx dy 


...(6) 


Similarly, we have 


R+S-0 or VV-0 

dx 2 cy % T 


...(7) 

(Condition for irrotational motion) 
The velocity potential and stream function are said to be 
conjugate if they satisfy (5), (6) and (7). 

§ 3 3. Complex potential. 

Since, we have 


ox dy 


dy 


ox 


••(A) 
{Ref. §3-2(4) 


then <£+/« |i must be a function of x-\-iy i.e. z 
or 4>-\-i'P=f (x-^iy) 

Differentiating partially w. r. to x and y respectively. 

te .e+ ,, , , . v 

5T ‘ Tx =f <*+*> 


or 


f +' %—‘f <*+w 


...( 1 ) 

...( 2 ) 

...(3) 


•The equation of continuity is 

^+£=0 

dx dy 


. d<f> c<f> 

Since « = v= — —— 
dx dy 


or 


01 


0*1 3>-j 


or y*^=0. (Laplace’s equation) 

dx* dy 
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£»§-<{£« 1 } 

Separating into real and imaginary parts, we have 
84>__dl 

dx dy dy dx 

which are the same as in relation (A). It follows that 
</>+il>=f (x+iy) or w=f(z) 

i.e. w is a function of z then w is called the complex potential 
and an analytic function of z. 

Converse : Similarly if w is an analytic function of z then the 
velocity potential is the real part and stream function is an 
imaginary part of a irrotational two dimensional fluid motion. 


or 


or 

or 


§ 3 31. Magnitude of the velocity. 

Since w=f (z) 

4>+i*=f(x+iy) 

Differentiating w. r. to x partially, we obtain 

dw 0z__0<£ . 30 C dw_dw 

dz * dx dx 1 dx j dz dz 

'•as w is a function of z only 


dw = fy_ . cty 
dz dx 1 dy 


dw . 

7z = ~ u+iv 


Magnitude of the velocity at any point is given by 



q=(a 2 -fv 2 )i / 2 

When the velocity is zero, the points are called as stagnation 
points. Thus for stagnation points ^^j=0. 

Ex. 1. Prove that there is always a stream function whether 
the motion is rotational or irrotational. 

Equation of continuity in two dimension is 


or 


div. q=0 

P+~=0. 

dx dy 


• • • 


( 1 ) 


The equation to stream line in two dimensions is given by 

dx_dy 


u v 
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or 

or 

and 

which gives 
and 


or v dx—u dy = 0 ,,# ® 

Now (2) roust be a perfect differen'ial dty. Where <]* is the 
stream function. Hence * exists for rotational as well as irrotational 

fluid motion. 

Ex. 2. Prove that the speed is everywhere the same, the 
stream lines are straight. 

The equation to the stream lines are given by 
dx = dy = dz 
u v w 
v dx—u dy = 0 
v dz—w dy = 0 
u dz—w dx=0 

vx—uy= constant, vz—wy = const ant 
uz—wx= constant. 

Thus the intersection of these planes are straight lines. 

Sources and Sinks. 

§ 3 4. Two Dimensional Source. 

If the two-dimensional motion of a liquid consists of outward 
radial flow from a point or fluid is imagined to flow uniformly in 
all directions, then the point is called a simple source. 

A source is a point at which the 
fluid is continuously created. Infact 
source is a purely abstract conception 
which does not occur in nature. 

If Ir.m? is the rate of emission 
of volume per unit time, then -fm is 
called the strength of source* 

A source of negative strength or 

inward radial flow is called a sink or cfr# >noth 

it is a point at which the fluid continuously annihilates. The strength 

of the sink will be — m. 

Let qr be the radial velocity at a disiance r from the source, 
then the amount of fluid or flux out of the circle is 

=2 nr?q r . 



Then, by definition, we have 

2w rpg f =27Tpm _ 

. Somc authors has defined tbe rate of emission ofvolurae per unit time 

asm, then the strength of the source will be 
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or 


qr- 


m 

r 


n, nrnca and sink 'am ,H , pom* «< *■* to nbc,„ 

potential and stream function become infinite. 

§ 3 5. Complex potential for a source. 

Consider a source of strength 
+m at an origin. Let q r be _ ,he 
radial velocity at a .distance r from 
the source, then 

2icrP0f = 2’c? m 


or 


m 

*“7 


Consider u and v be the 
component velocity at the point r. 



Then 

Since 


u 


w 


=? cos 9 
r 


and 


- sin 8 


or 


or 


or 


or 


or 


or 


dw dzJA + i*! 

Jz ‘ dx 0* 0* 

dw_<$_j 
dz dx by 

^=-u+iv 

dz 

(cos 0— i sin 0) 

dz r 
dw 
dz 
dw 
dz 


i 


as 


dw = dw 
dz dz 

w being a function of z only, 


as 


|£=l 

dx 


M ft 
ana ^7— ""57, 


dx 


m 


(Since z=re 


6i 


7z~ re 9i 


m 

z 


By integrating, we have ...(1) 

{integration constant will vanish at the origin} 
which gives the -Plex potential^due to source at origin, 

at the point » then by changing 

the origin, (Dbecomes^^^^ 

Similarly, consider that the sources of strength m, m,... 
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etc. are situated at the points z lt zz , za ... etc., then the complex 
potential is given by 

w=—m 1 log (z— zi)— m % log (z— z,)— m% log (z— z 8 )... 

By separating real. and imaginary parts, we have 
log ri—mz log log ra— ... 

and '\>=—mi 6 i—m 2 d 2 —m 2 d t —... {Since w=<f>-\-i'\> 

where r*= | z— z n | n=l, 2, 3, 

and 0 n =arg. (z— z„) 

§ 3*51. Alternative Method. 

Complex potential for a source. 

Consider a source of strength be situated at the origin. 
Let q r and q» be the radial and transverse velocities at the point P, 


then 

2nrpq r =2iT?m 


or 

m 

q '=T 


or 

_d4>_m 
dr r 

...d) 


By integrating, we have 



Y= — m lOg T 

•••W 

and 

9»= 0 


or 

1 

^ 1 •- 

Sl« 

11 

o 

• 



Since we know from the Cauchy Riemann Equations, that 


34-12* and 124— 

0r r 00 r 00 

JA* 

dr 


_ ... ty_ 1 0+_m 

From (1) 0r f dd r 


or 

SI* 

II 

1 

2 



By integrating, we get 

ip= —m6. 

...(3) 


• t-g g -’-t- 


= \_M l y + W S*\ = l <H 

rVa/ de dx' a e) r ae 




r 00 
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W =<£+i‘r' 

w=-m log 

0f w =-m log («'*)-' then the complex 

potential is given be ^ ^ ]Qg (z __ Zl) . 

§ 3 6 . Doublet in two-dimensions. of strength 

A combination of two equal and op^su _ m) at . 

source of strength +m «*J«4 to be infinitely small 
distance is apart, where 8s ^ producl m g s is finite an 

and M infinitely great, ^ h or double source or d.pole o 

equal to |* (say), « calle<1 

strength!*. _ m t0 +m (i-e- from s,nk t0Wat 

-sSS&k- 

a cink of strength a ^ 

Suppose a sidk u 

m J t he point O (z=a) and a 

an angle 9 with a line 00 parallel 

l ° tb Tht S complex potential is 
given by 

YJ=m log (Z Q) m *nW 

- m log 

»_-» Bog {,-(*+• «-W, ( '- 0)! 


z -a+ba 



or 


or w= 


mliogv-"^ w,/# ~ , *•, 

ri 02 { 2 -(n+j£)hz]28l^ a) l 

-m&M “ 8a J 

^ # Inn / V — 


or 


w=-»^-f fl ['og( z ' fl) M “ 


log {z-(a±Md 2 ii^ 
8a 

=|- log (z-«) 
da 


mSa 


or vv= 


z-a 

m.OPe" 


{Since 8a=OPe 6i 


or : 


z — a 
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or 


w= 


pe 9t 

z—a 


...( 1 ) 

as m.OP=\j 
Strength of the doublet. 


which gives the complex potential of the doublet. 

Let the doublets of strength pu Pt, p% ... etc. are placed at the 
points z=au tfa, <7s» ... etc. and their axes make an angles 
0i. 0*. 0j, ... etc. with the axis of X , then the complex potential 
is given by 


u ._ fh g 9 * 1 , f» i l*» At , 

z—aiZ—02 ^~z—a t 


§ 3 62. Particular Case. Let the doublet of strength ft is 
situated at an origin and the axis of X be its axis, then the 
complex potential is given by 

P JFrom (1) as 0=0 

w ~ z \ and a=0 


or 


*+/*- 



or t+tt—Ze- 9 *, 

Separating real and imaginary parts, we have 

u p 

<£= - cos 0 and 4= — - sin 0 

§ 3 7. Images in two dimensions. 


If a surface S can be drawn in a moving fluid in such a way 
that there is no flow across that surface then any system of sources, 
sinks and doublets on one side of the surface is said to be the 
images of the system of sources, sinks and doublets on the other 
side with regard to S. 

Since there is no flow across the surface then it must be a 
stream line. If we introduce a rigid boundary in place of the 
surface then the fluid motion will remain unaltered and the fluid 
velocity at any point, normal to the rigid boundary must vanish. 

This method of images is used to determine the complex 
potential due to sources , sinks and doublets in the presence of rigid 
boundary . 
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§ 3-8. 1 mage of a source with regard to a line. 

Consider two equal sources of 
strength +m at A and B at an 
equidistant from the plane OP, 
on the opposite side. Then the 
velocity at P due to the source 

of strength +« at A - 

= along AP 



,Ofi,~OB) 


r Since log r 

The velocity* P due to the source of strength +m at B 


along BP . 


Thus the velocity at P along the normal 


jn cos 0-? cos 0 
r r 

=Zero 

r--"- 

to a plane. 

Consider two equal sources 
Of Strength +m at A and B at 
an equidistance from the plane 
OY. The complex potential is 

given by 

log (z-a) 

-m log (*+«) 

»v=— m log (rxi* 8 * ) —m l°g > 

w =—m log {r iri .e‘^} 
w =-m log rirz-im (#1+0*) 

Thus stream lines are given by 
^Constant. 

0 1 +02=Consi. 



or 

or 

or 
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In fact F-axis is a stream line, if P is on F-axis, 

Then 0i+0s=w. 

Thus there is no flow across the straight line OF. 

Therefore the source of strength +m at B is the image of the 
source +m at A with regard to the line OF or the image system of a 
source at A consists an equal source at B. i.e. the optic image of A 
in the plane. 

§ 3 82. Image of a doublet in a straight line. 

We know that the doublet is a combination of two equal and 
opposite sources of strength ±m, and the line drawn from -m to 
+m is called the axis of the doublet. 

Let the axis of the doublet PP' makes an angle 8 with 
the axis of X. Then the in-age system of a source +m and a 
sink -m with regard to a line 
OF consists at an equidistant 
(from OF) a source +m and a 
sink -m of the axis of the 
doublet QQ' (which is anti- q 
parallel to that of the axis of the 
doublet PP') or in other sense 
the image of a doublet at A 
( 2 =a) with its axis PP' inclined at an angle 8 with OX consists an 
equal doublet at B ( z=-a ) inclined with its axis QQ' (anti-parallel 
to that of PP') at an angle (it— 8) with OX. Then the complex 
potential is given by 


ve 9i 

pci*-') ‘ 

W z-a+ 

z+a 


pe~ 9i 

w z—a 

‘ z+a ' 


§ 3 83. Circle Theorem. 

Consider f (z) be the complex potential of a two-dimensional 
irrotational flow of an incompressible inviscid fluid with no rigid 
boundary. (The singularities off (z) are all at a greater distance 
than a from the origin). If a circular cylinder \ z |= a is inserted 
in the field of flow then the complex potential is given by 

w=f(z)+7 (f) • 
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Let C be the cross-section of the circular cylinder | z 


119 


=a. 


Then 


or 


2 = j (on the circle) 
zz=a 2 . 


Thus the complex potential is 

w =f(z)+f(z) will be real quantity. 

i.e. ♦+/+ real. 

So on the circle C *=0 i.e. the circle is a stream line. 

Again, If the point z lies outside the circle, then the point -will 

lie inside the circle C and vice-versa, since all the singularities 

of/(z) are outside to \z \ =a and all the singularities of / (— ) 

are inside | z | =c. In particular 7 (f) has no singularity at 

infinity, since / (z) has none inside the circle. 

Thus w has the same singularities as/(z) outside | z | =a. 

§ 3 84. Image of a source with regard to a circle. 

A source of strength +m is 
placed at the point P outside 
the circle. Let Q is an inverse 
point of the ; point P with regard 
to the circle such that 
OP OQ=a 2 


or 


OQ=j 

{as OP=f (say) 



Consider a source of strength +m at P (z=f) and an equal 
source +’m at an inverse point Q ( z=yj. Then the complex 
potential is given by circle theorem. {Ref- § 3 ' 83 

w=-m log (z-/) -m log [°--f ) — 

By adding a constant term —log (— /), the relation (1) reduces to 

w =-m log (z-/) — « log ( 7 -/ )-« log (“/) 
w =_m log (z-/) —m log ( z-y) +m log z ...( 2 ) 
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which shows that the image system of a source +m placed outside 
the circle consists of 

(i) A source -fm at P (z=f). 

(ii) A source +m at an inverse point Q 



or 


(iii) A sink — m at an origin (z=0). 

Let C be any point on the circle, z=ae 9i (let) 


Substitute z=ae 9i in (2), it reduces to 
»=-m log -/) (««•' -y)}+™ l0 3 

log ^(acos e-f)+ia sin 6 cos B- 

sin 


Equating the imaginary part, we have 


<!>= — m tan -1 


a sin 0 \ 
l a cos 0—f) 


m tan’ 1 


a sin 0 


/» w 

a cos 0— y- 


{ +m0 


or i>=— m tan’ 1 ttan 0)+m0 
or ty—mB+mB 

=Zero * . . . 

The above complex potential shows that the circle is a stream line. 

Thus the image system for a source of strength +m placed outside 
the circle consists of an equal source +m at an inverse point and 
a sink —m at an origin. 

Cor : A source of strength +m inside a circle and an equal 
sink of strength — m at the centre has for image system an equal 
source at an inverse point. 

§ 3 85 Alternative Method : Image of a source with regard to 
a circle. 

We shall dctermire the image 
s>stem due to a source of strength 
+ m placed at A out side the circle. 

Let C be an inverse point of 
A with regard to the circle such 
that 

BC BA=a* . 

(where a is the radius of the circle) 

Let P be any point on the circle and an equal source +m at 
an inverse point C. 
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Velocity at P due to the source of strength -\-m at A 


= + jp along AP - 


Velocity at P due to the source of strength +m at C 


= + along CP - 


Hence normal velocity at P 
m 


m 


_ cos BP A , cp 


cos BPC 


(along BP) 


= — ~~ cos 0 4- cos *• 






since /_BPA=k—G 
and /^BPC= a 


Again 


AN 

cos a- TB 


cos a 


cos a« 


/IP 

/IP4- BP cos 0 AP BP 


AB 


AB + AB 


cos 0 


{ 


B/4 BP df 
Since ~bp~1bc == CP 


from similar triangles BPC and BP A 
Substituting the value of cos a in (>) it reduces to 

m ea ,”tdl. BP 

= — ' . ~ COS 9- 4" /-* r»\ 4 n 


4-^ COS e 


) 


— cos 0+ c p y AB -r AB 

- jp cos e+ rp(rp + Tp C0S 0 ) 


=-Tp c * 0+ bp-'-Tp 


m 


m 


cos 0 


m 

= PP - 

It follows that if we place a sink of strength -m at B, then the 
velocity due to the sink will be ^ along BP. The normal 

velocity of the system along BP vanishes. 

Thus the image system of a source at A outside the circle 

consists of 

(i) A source of strength +m at A. 

(ii) A source of strength +m at an inverse point C. 

(iii) A sink of strength —m at the centre B. 
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§ 3 86. Image of a doublet in a circle. 

Let Q and Q' be the inverse 
points of P and P' with regard 
to the circular boundary, such 

that CP-CQ=a 2 =CP' .CQ' 

(where a is the radius of the 
circle) from similar triangles 
CPP' and CQQ', we have 

CP CQ' 

CP'-CQ • 

Let PP' be the doublet outside the circle with its axis making 
an angle 0 with A'-axis, 22' be the image of the doublet PP' 
with a sink -m at 2 and a source +m at Q , the strength of the 

doublet is given by 

jt'=Strengtb of the doublet 22' ( sa V) 

or p'= fi i t c - (m - ce ' ) 

p = ptp- i m - pp ' cpTcp') 


or 


or 






CP=CP'=c 
p=m.PP' 


as 

strength of the doublet PP'. 

The axis of the doublet 22' >s anti-parallel to the axis of the 

doublet PP\ . 

The image system of a sink -m at P consists ,an equal smk 
_ m at an inverse point Q and an equal source +m at the centre C. 

Again the image system of a source +m at /" consists an 
equal souice +m at an inverse point 2 and an equal sink 
the centre C. 

A source +m and a sink -m vanishes at the centre C. 

Thus the image system of a doublet of strength ^ at a distance 
c from the centre of a circle will give rise to a doublet of strength 

^ at an inverse point, with its ax ; s anti-parallel to that of PP'. 

/>2 
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§ 3 87. Alternative Method : Image of a doublet in a circle. 

Consider a doublet of 
strength /i be placed at z=c , 
its axis makes an angle a with 
the AT-axis. The complex 
potential due to the doublet is 

given by 

Let a circular cylinder | z | -« be inserted, then by the circle 
theorem, the complex potential is given by 

W=/(z)+/(j) 



or 


or 


or 


or 


or 


or 


w 




{in the region | z | ^ a) 


M’s 


w 


fie® 1 f*e* ( «- g) 

,2 


z—c 


a • 

c 

z 


W : 


fie«< . fiz e* (ir - a) 

__a? , fl 2 

fie®* { fie* < *“ g > Z c c 
z — c c 


a ‘ 

z 

c 


iie a< , fitf 2 e* < *"® ) 


I r 

W= +—S • 

Z — C C 2 


.al 


fie- , fifl‘ c_ • 

7 * • z-a*lc 

{Neglecting the remaining terms, being constant} 
If follows that the image system consists of 

(i) A doublet of strength fi at z=c inclined at an angle a 
with the Af-axis. 

(ii) A doublet of strength at an inverse point z= j incli- 
ned at an angle (w— a) to AT- axis. 


Hi 

,i (»-«) 


e < (*-«» 
c 
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§ 3 88. Three-dimensional Source. 

If the motion of a liquid consists of symmetrical radial flow in 
all directions proceeding from a point, then the point is called a 

three-dimensional source. 

If 4nm is the total flow across a small surface surrounding the 
source, then m is called the strength of the source. 

Let q r be the i adial velocity at a distance r from the centre, 

then 

4;ir 2 q r =4nm 

or . {since 9f =-g 

or a7 r* 

By integrating, we have 



A three-dimensional source with negative strength is called a 
three dimensional sink. 

§ 3 89. Three-dimensional Doublet. 

A three-dimensional doublet is a combination of a three- 
dimensional soure +m and a sink -m at a distance bs apart, 
where 85 is taken to be infinitely small and m infinitely great such 
that the product mbs is finite and is equal to (say), is called a 

doublet of strength n 

The line 8s drawn in the sense from — m to +m is known the 
axis of the doublet. 

§ 3 91. Velocity Potential due to a three dimensional doublet. 

Consider AB be the doublet 
with a sink — m at A and a 
source +m at 5- Let P be the 
point at a distance r from A 
and r+8r from B. 

Let <t> be the velocity poten- 
tial of the doublet, then 

T + ,TTr 

* — r{ ‘-( >+>n 



or 
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or 


or 


or 


or 


to first approximation) 






m Sr 


m Ss cos 0 
r 2 

P COS d 


Since 
or Sr 


a 

al 


(i) 


(where y-=m Ss> strength of the doublet.) 

^ . , .. H 2f*cos e 

Radial velocity = —^= 

1 d<l> n sin 9 
Transverse velocity = — — ^ -• 


ar 

a^ 

— 85 cos 0 


cos0=- aF 


§ 3 90. Images in three -dimensions. 

The system of sources , Jinfo doublets on one side of a 
surface S are said to be the image of the sources , 5/hAtj and 
doublets on the other side of it , i/ there is no flow of the fluid 
across the surface. The surface S is a stream surface. 

§ 3 91. Image of a three-dimensional source with regard to 
a sphere. 

Consider a source of 
strength -f-m situated at a 
point A (z—f) out side the 
sphere. Let fa and fa be the 
velocity potential at a point P 
due to the source -fm and the 
sphere respectively. 



Then 


± 

* l ~AP 


or 


A m 

^ l ~(f 2 +r 2 — 2/r cos d)™ 


{ 


*-t( '-7“ se+ P) 


as cos 6- 
- 1/2 


r 2 +f 2 -AP 2 

2/r 


or 
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or 


or 


+-7.l[(r)'H • 

*-f[ 1+ Kt)’™*'] •••“> 

{as ^ 0 (^)=>} 

where P„ is Legendre's coefficient of order if. which exists for all 

Va ' U The^ motion is symmetric about OA and * satisfies the Laplace's 

Equation. Let fa is of the form 

fa=-Z A m -^r Pn 00- ...(ii) 

Again, the velocity normal to the sphere is zero, it follows that 

JL tf l+ fa)=Q at r=a (radius of sphere) 

3 IT 


or 

So 

and 


Z P n 00- | (n+D 00 -0 

^o=0 for n=0 (V values of 0) 

_ nm a"* 1 
A, “ (n+l)/" +r 

Substitutine the value of An in (ii), wc have 

^5Sr-'- w 

oo a«« „ , > “ fi.00 

fa=m 2 Pn M~ m ~ r*n/«+i* „ + l ...(iii) 

Since B is an inverse point of ^ with ^regard to the sphere, 

such that or OB=j=/'det) 

then (iii) can be written as (By adding and subtracting y • £) 




or 


or 




/'" P n(f0 


or 


or 


or 


r Pn ^ / ? r" +1 ' n+l 
r f>\-w mu? /'" ^ (»0 

^,=^(r- 2 4" cos ) -yf T=« * -5+T 




y] 

h=f (r j +/'*-2r /' cos 0) 1 ' 2 / 0 r n+l 

fialj 

DP 


f* Pn f|0 


n+i 


tmalf)_ma% Ml. 

0*““ pp / 0 r ntl * n+1 


•■•(iv) 
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The expression^ is the velocity potential due to a 


BP 
ma 


source of strength +-jr at 

Again the velocity potential due to the source+^ at any point 
on OB distance A from the centre is given by 


ma 

1 


(r*+A 2 ~2rA cos 0)" l/2 


ma S’ A" 


Pn(V-) 


r " +1 

Suppose the line OB formed of source of strength^,, then the 

ma 

velocity potential due to the line source OB of strength ff . 


IS 


ma ( 

~/r\ 



\rJL Pn.dh 

//' ■> 

Jo r -' 1 

ma ~ 

/A"* 1 \f _J_ 

■Tf? 

l^TIo • *•« 


f'* x 


ma m 

the continuous line distribution of sinks of strengths^., or fl 


per unit length extending from O to B. 

Thus the image system of a source placed outside with regard to 

a sphere consists of a source of strength^ at an inverse point 


and a line sink of strength per unit length extending from the 

centre to an inverse point. . 

Cor s In the same manner we can determine the image system 

of a doublet with regard to the sphere. 

(Proceed as in two dimensions case Ref. § 3 86). 

Ex. 1. Find the lines of flow in the two-dimensional fluid 

motion given by 

++i 4 /=~ j n (. x+iy) 2 e 2int 
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Prove or verify that the paths of the particles of the fluid 
(in polar co-ordinates) may be obtained by eliminating t from the 
equations 

r cos {nt+d)— x 0 =r sin ( nt+0)-y o =nt (x 0 —y 0 ) 

Since e ~' nt 

Put x=r cos 0 and ^=rsin 6 

theu ♦+/<!»= — in (r cos Q+ir sin 0 ) 2 e Unt 

or 4>+ty=-\n r 2 e 29l .e 2int =-\ nr 2 e l9 + n, > { 

or <f>+ty=—\nr 2 {cos 2 (0+n/)+* sin 2(0+nt)} 


Separating into real and imaginary parts, we get 
<£ = — i nr 2 cos 2 {B+nt) 
and 4* = — \nr 2 sin 2 (0-\-nt) 

Since the motion is irrotational. The lines of flow are given 
by «J>— const. 

i,e . — \nr 2 sin (20+2nf)=const. 

or r 2 sin (2#-f 2rtf)=const. 

Now, we shall determine the path of the particles of fluid 

...(i) 


= —~=nr cos {20-\-2nt)=nr cos 2A 
dt or 


and 


r~ = — - ~=— nr sin (20-f2rtf)= — nr sin 2A ...(ii) 
a/ r off 

{ where A =0+nt 


From (i), we have 


or 


or 


or 


dr dr d\ 
nr cos 7*=-=^.^ 

dr (dB \ 
nr cos 2A=^ . ) 

nr cos 2A=~ (n—n sin 2A) 
d\ 


\d\_dO 
\dt dt 


+n 


2 dr 2 cos 2A 
r 


d\ 


1— sin 2A 

By integrating, we have 

2 log r= — log (1— sin 2A)-flog C 
r 2 ( 1 —sin 2A)=C where C is a constant 

r 2 {cos 2 A+sin 2 A— 2 cos A sin A} = C 
r 2 (cos A— sin A) 2 =C 

r (cos A— sin A )=D •••(») 

where D is also a constant. 

when f=P, A=0 O > r=r 0 

then D=x 0 -y 0 


or 

or 

or 

or 
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or 


or 


So (iii) reduces to 

r {cos A— sin A}=* 0 — 
r cos (nt+9,-x 0 =r sin (nt+8)-y 0 

Again, a =nt+B 

Q=n-n sin 2 A { from (ii) 
dt 

Separating the variables and integrating, we have 

dx 


...(iv) 


or 


or 


or 


or 


=ndt 

1— sin i A 

dX 

i (cos A— sin A)* 

sec 2 X.dX 

i(l— tan A)* 

1 


s 


n \dt 


n [dt 


1— tan A 
cos A 


= nt-\-B 


Since 


then 


cos A— sin A 
when f=0, A =0 Ot r 
cos 0 o 


nt+B 
ro 


.(v) 


r 0 cos d 0 


x 0 


B cos 0 O — sin 0o r 0 cos 0o—r o sin 0 O x Q —yo 


Substituting the value of the constant B in (v), we have 



cos A . , X 0 


cos A-sin A " 1 x 0 -y 0 


r cos A 2— 

or 

r cos A— r sin A 


{Since r cos A— r 

or 

r cos A , *> 

x 0 — yo xo—yo 

or 

r cos A =nt (x 0 — ^o)+*o 

or 

r cos (nt+0)—xo=nt (x 0 


...(vi) 




l ium ' / — — — * 

r cos (nt—6)~x 0 =r sin (nt+B)— y 0 =nt (xo— y<>) 

Ex 2. In the case of the motion of liquid in a part of a 
plane bounded by a straight line due to a source in the plane, prove 
that if mP is the mass of fluid (of density 9) generated at the 
source per unit of time the pressure on the length 21 of the boundary 
immediately opposite to the source is less than that on on equal 
length at a great distance by 
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Itan-i'—'l where c is the 
2 TZ z lc c l 3 + c* J 

distance of the source from the boundary . 

Consider the axis of yto *y 

be the bounding line. A source Tp 




<-c^> 


of strength — is placed at S ( c t o ) 

Then the image system 
consists of 

(i) A Source of strengh 


^ at 5 (c, a) 

(ii) A Source of strength ~ at S' (— c, 6) 

Lit 

The complex potential w is 


” 2^ ,0g l0g 


H = — — log (z 2 — C 2 ) 
So the velocity is given by 


m 2 z I 

“2tc z 2 -c 2 | 

Velocity at the point P t (Since P is a point on axis of Y t i.e. 

z=iy) 

ml 2iy \ m _y_ 

2tc|— y 2 — c 2 I n *y 2 +c 2 
By Bernoulli theorem, we have 

P=P*-x q t .. . 
p p 

Where p 0 is the pressure on K-axis at a great distance from O. 

\ S 1 m 2 v* C ‘ 

. ~~2 n 2 ’ (>*+c 2 ) 2 ( fFOm (0 
Let be the pressure on the length 21 of the boundary 

i * ’ i ‘i i \ 

P=[ (po-p)dy * ^ « 
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_ , m*P f* >■* dy _ 

P=i V J-.O^+c*)* 


Substitute y=c tan 9 
dy=c sec 2 9 d$ 


tan* O.c sec 1 9 


D . m 1 f c2_ 

t^.scc *0 

pmtftanM^ 

^ * w 2 cj sec* 0 


=i— f 

*ti 2 cJ 


sin 2 9 d9 


{ as y=c tan 9 


p= i^( 9 _sin 9 cos 6) 






\ 

- pm 2 fL a „.j J Proved. 

^^rc tan UJ“"v(c*+/ i )i 

Ex. 3. What arrangement^ of sources and sinks will give nse 

to the function w=log ^ z -j ? 

Draw a rough sketch of the stream lines in this curve and 
prove that two of them sub-divide into the circle r=a and the 

of y- 

The function is 

tv=log ( z- j ) 

Uz-a){z±al\ 

W=l0g ~ j 

(v=log (z-a)+log (z+a)— log z 

The complex potential (i), shows that there are two sinks 

of unit strength at distance z=« and z--« and a source 

strength at origin. / 


or 

or 
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Further since w=4>+ity, we have 

£+ty=log (x+iy-a )+ log (x+iy+a)— log (x+iy) 

4+ty«log {(x-a)+iy}+\og{(x+a)+iy}-\og (x+(y). 

r We know that 


{ 


log (x+i»= llog (x*+>*)-W tan- 1 1 


Equating the imaginary part, we have 

ih — ian”l — — — 4- tan -1 — — — — t 


♦-“n - 1 ^+ ,an ' 1 ^- ,an “x 


x-fl x+a 1 \ y 

=tan 1 —tan - 


x — a x+a 


/ 2xy _y \ 




V + x«-yW x) 

,v(x*+y*+a*) 

* =tanl x (*+*■ =?> 

The lines of flow or the stream lines are given by 
4 <=constant 

const. 

,n xlx‘+y-fl‘l 

y (W^ onst.^fe. ...(iii) 

x (x*+y*-a*) 

I. If the constant k is infinite, then from (ii) 
y(x»+y»+o» ) .. 
x (x»+y*-a*) 
x (x*+y*-a*)=0, 

x=0 and x*+y*=a*. 

So x=0 denotes that the axis of Y is a streamline. 

The equation x'-\-y t =a t or r=a represents the circle with 


centre as angin. 

II. If the constant k is zero, then from (ii) 

We havey=0 implies that axis of X is a stream line. 

Thus the rough sketch of the lines is with a source of unit 
strength at origin and two sinks, of unit strength at the distance 
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where 


(A (a, 0) 

\ B(-a, 0 ) 

10 ( 0 , 0 ) 


Ex. 4. In the case of the two dimensional fluid motion 
produced by a source of strength m placed at a point S outside a 
rigid circular disc of radius a whose centre is O, show that the 
velocity of slip of the fluid in contact with the disc is greatest at 
the point where the lines joining S to the ends of the diameters at 
right angle to OS cut the circle ; and prove that its magnitude at 
these point is 


OS* -a* 


Consider 


let S' be an inverse point of f \ 

S with regard to the circular i V” | T m 

disc. y ^ S 

So OS.OS'=a 2 ^ ^ 

05'=- 

c 

Since a source of strength +m is placed at a point S outside 
the circular disc. Then the image system consists of 


(i) A source of strength +m at S 

(ii) A source of strength -f m at S' 

(iii) A sink of strength — m at O. 

Consider O as origin and OS as real axis. The complex 
potential w for the motion of the fluid element at any point z is 
given by 

z — a c )+/w log z. 


w=—m log (z—c)—m log ( 
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Differentiating with regard to z, we have 
— 

dz z—c 

dw 


Z * 


So 


q= '~dz\ 


m _ m m 
z—c z 

c 


or 


or 


q=m 


q=m 


(r-f)+z (z-c)+(z-c) (?-”-) 


z(z-c)(z--) 
(z—a) (z+a) \ 

■ ( r? )1 


The velocity at any point z=x+iy=ae ,t on the boundary of 
the circular disc is 


or 


or 



(ae 9i —a) (ae 9t +a) 

q=m 

ae u {ae ,, —c) [ae ,, ~ j 

]=mc 

| (e**— 1) (e"+U_| 

|e*‘ tae“-c) (ce"-fl)l 

=mc 

1 <e*»-n | 

\e $i t ae^-c) (ce 9, -a)\ 


2mc sin 0 

r— — r — '«• 




— V 

For q to be maximum or minimum, differentiating (i) w. r. to 
0, we have 

3- 


or 

or 

or 

or 


rln (a 2 +c*-2ac cos 0) cos 0-sin 0 (lac sin 0) 
— =2 me. : (a*+c ,:i; 2flc cos 0> a 

^ cos_0_ r _2gc ==;O . . . !-*. t 

^-2mc.( fl2+c2 __ 2flC cos 0) a 

(a s +c 2 ) cos 0— 2 ac=0 

. lac 
cos 0=- 


i v 




Now 6=0 gives minimum velocity as the expression vanishes 

at this point. 



Motion in Two Dimensions 

The maximum value of q will be obtained to the correspond- 

„ _ 2 ac 

ing value of cos 0= 

From (i) we have, 


'a*+C* 
a 2 —c 2 


q=2mc. 


a 2 4-c* 




4 a % c % 


(as 


sin 0= 


2»-C 2 

a 2 +c 2 


=2 me. 


a 2 +c 2 

a 2 -c a 


or 


{as OS=c 


(fl 2 +c 2 ) 2 - 4fl 2 c 2 
2mc 
c 2 — a 2 
2m. OS 

q ~OS 1 -a 1 ' . 

The velocity will be along the direction of the tangent to the 
boundary and is equal to the velocity of slip as the boundary of 

the circular disc is a stream line. 

Ex. 5. A source Sand a sink T of equal strengths m are 
situated with in the space bounded by a circle whose centre is O. 
If Sand Tare at equal distances from O on 0 P p0 f es ' d “?J 
and on the same diameter AOB, Shew that the velocity of the liquid 

a, any point P is 

OS 


2m, 


PA PB 


PSPS' . PTPT 

where S' and T are the inverse points of S and T with regard to 
the circle. 

Consider OS=OT=f 
let S' and V be the inverse 
points of S and T with 
regard to the circle, such 
that 

os.os'=or.or=a # 



or 


os'=or=j 


Since a source of strength +m and a sink of strength -m are 
placed at the points S and T with in the circle. Then the image 
system consists of, 

(i) A source of strength -\-m at S (/, o) 

(ii) A source of strength +m at S' 

(iii) A sink of strength -mat the origin O. 



136 


Hydrodynamics 


(iv) A sink of strength — m at T (- f o) 

(v) A sink of strength -m at 7' j , o ^ 

(vi) A source of strength at the origin O. 

The source and sink of same strength cancel each other at 
the origin. The complex potential w is given by 

w=—m log (z-f)—m log ^z— y j 

-f m log (z-f/)+m log ^z+ j j 
Differentiating w. r. to z, we have 


dw 1 

“T- = — m. — > — m 
dz z — f 


1 


a* 

z ~f 


fm- 


1 


*+/ 


m- 


Z+ f 


The velocity at any point P, is given by 

-H 

1 . 1 


q=m 


1 


t 


1 


z-/ a 2 z+f- a; 

I V 


q=m 






a* 

L — 

J 

=2 m. 


z «-‘- 

z2 -/* 1 z »_“ 4 
z ^ 

z« 

-cP 

i 


or q=2m. 


f 

/»+a« 

/ 


(z— a) (z+a'l 


or 9=2 


P~f > <*+/)(*“*) ( z +/) 

I z-a 1 1 z+a I 


or q=2m. 


OS 2 +OA 2 


-'IMb/ib- 

PA- PB 


OS ‘PSPS’ .FT FT 


Proved. 


Ex. 6. FmJ the velocity potential when there is a source and 
an equal sink inside a circular cavity and show that one of the 
stream lines is an arc of the circle which passes through the source 
and sink and cuts orthogonally the boundary of the cavity . 
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Consider the source of strength +m and a sink of strength 
— m be placed at the point A 
and B with in the circular 
cavity with centre at origin. 

The dynamical configuration 
does n t alter by placing a 
source of strength -f m and a 
sink of strength — m at O. 

Now a source of strength -f m at A and a sink of strength — m 
at O will give rise to a source of strength m at an inverse point A 

Again a sink of strength - m at 5 and a source of strength 
4 . m at the origin O will give rise to a sink of strength m at an 
inverse point B'. Thus the image system consists of 

(i) A source of strength +m at A (c t 0) 

(ii) A source of strength at A' 0 ^ 

(iii) A sink of strength — m at B ( b , <x) i e. z=be ai 

C Here OB=b 
l and /_BoA=a. 

(iv) A sink of strength — m at B' 

i.e. at z=*j- e 94 
o 

{Here B' is an inverse pt. of B with regard to 0} 

Hence the complex potential w is given by 


w 


—m log (z—c)—m log^z— j 

log (z— be?*)+m log f z— ^ e* ^ 

( z -^)( z -pxl ) 

(«-e )(*- f) 


w=m log 


Equating real and imaginary parts we get the velocity potential 
and stream function, as follows 

U (z-be*) (bz-cfie*')\ 

++'* =m l0S [b ■ (z-c) (c z-a>) ]• 
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Since the point, A, A', B and S are concyclic points, 
as OA.OA'=OB.OB'=a 2 thus the circle through these four 

points meet the original circle in P and Q. 

Since OA.OA'=a*=OP 1 (Being radius of the circle) 

Therefore OP is a tangent at P to the circle through P and Q, 
hence two circles cuts orthogonally. The circle A'B PQ passes 
through A and B ; hence it must be a stream line. 

We can represent in other way also that the stream lines are 
circles for a source and an equal sink, so the circle through the 
above four points is a stream line and P and Q are known 
stagnation points. 

Ex. 7. In a region by a fixed quadrant al arc and its radii , 
deduce the motion due to a source and an equal sink situated at 
the ends of one of the bounding radii, show that the stream line 
leaving either end at an angle a with the radius is 
r 2 sin (0+a)=a 2 sin (a-0) 

Consider a source of strength Q 

+ m at P\ The image system 


source of strength 
source of strength 



at 

consists of 

(1) A 
(+m) at P 

(2) A 
H -m) at P' 

(3) A sink of strength (-m) at 0 

The complex potential w for the motion of the fluid element 
at any point z is given by 

H’=— m log (z-a)-m log (z+a)+m log z 

n =— m log 


or 


or 


or 


a 2 

z 

z 


-i-ie+W 

m 


in ®) _ “( 


j Since z=re 91 
cos 0—1 sin 0 j 


(r cos 0+/ sin 

= e -* lm (cos sinM 

\ m m/ 

Seperating into real and imaginary parts, we have 
/ r— - \ COS 6 = e~+l m cos - 
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KH- — *■ 


or 


tan 


\ tan 0 

r®--* 


At r=a or 0="/2 ; ^=- n / 2 

and 6=0 gives *=0- the arc P2 are the 

Thus OP is the stream line +-W. 
nnt 

"r-i - — — — 

quadrant. . * 

For a point very near to 0, 
we have 

0,=O, 9i=w and 0-« 

then !»=— m (w— *) , . , 

ie for the stream line which 

leaves the point O making an 

angle a with OP 

• A /\ 



PO. 


0!=it — a. 0i=O and 0=0 

2^ makt 

at O and at P L „, 

tan (*—“)’ 


r*+n l 


So 


2 tan 0 


—tan a 


tan 0 


(f i +fl *)sin0cosa=-(r*-n*)sin^ se 

\ - "r; riS 

" 1L" "» - <** /ro ” 
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A in the direction making an angle p with OA follows the path 
whose polar equation is 

r=a sin 1/2 20 [cot p+V{cot 2 n+cosec 2 20 }] 1 ' 2 
the positive sign being taken for alt the square-roots. 

Since there is a production 
of liquid at the point A of the 
quadrant. Then the image 
system of the source at A with 
regard to the circular boundary 
consists of 

(i) A source of strength 

+ T* atA - 

(ii) A source of strength 

+ at A (since the point A 
2.TZ 

is an inverse point of itself). 

(iii) A sink of strength — at the origin O. 

The image system of the source at A with regard to the circular 
boundary and the radii OA and OB will give rise to 

(i) Two sources of equal strength + at A i.e. a source 

Ztt 

of strength + — at A. 

IT 

(ii) Two sources of strength -f each at /\ i.e. a 
source of strength + - at A' (This is the image of the source at A). 

(iii) A sink of strength — at the origin O. 

Similarly there is an absorption of liquid at the point B of the 
quadrant. Then the image system of the sink at B with regard to 
the circular boundary consists of 

(i) A sink of strength — at B 

2.TI 

(ii) A sink of strength — ^ at B (since the point B is 
an inverse point of itself). 
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(iii) A source of strength at the origin O. 

Then the image system of the sink at 3 with regard to the 
circular boundary and the radii OA and OB will give rise to 

(i) Two sinks of equal strength at B i.e. a sink of 
strength — ~ at B. 

7C 

(it) Two sinks of equal strength at B' i.e. a sink of 

strength - — at B' (This is the image of the sink at B). 

7C 

(Hi) A source of strength + j^*t the origin O. 

Now a source of strength + and a sink of stiength— ^ at 

the origin O neutralize each other. Hence the image system 
consists of 

(i) A source of strength -f™ at A. 

(at a distance z=a i.e. on real axis). 

(ii) A source of strength + ™ at A' 

(at a distance z=—a i.e. on real axis). 

(iii) A sink of strength — ^ at B. 

(at a distance z=ai that is on imaginary axis). 

(iv) A sink o strength—™ at B. 

(at a distance z=—ai i.e. on imaginary axis). 
Let P (z=x+i» be any point in the fluid. The complex 
potential w at P due to the above system is 

w=— - log (z— a )— — log (z-f-fl)-l- — log (z—ai) 

TZ 7C n < 

+ — log (z+ai) 

• 7T 

or w=~— log (z*-a*)+— log (z 2 +o*). ...(1) 

7T 7Z 
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To determine the velocity potential of the motion, equating 
the real part from both the sides, 

log | Z -0 | -J log | z+a | +J log | z-al | 

+ - log 1 z+ai I 

7C 

log AP-% log A-P+ % log BP+ f log B'P 

^=2 [log BP.BP-\o& AP.A'P] 

m , IB P.B'P \ Auswer. 

l0g \AP.A P1 

Since P (z=x+'» be any P oint in the fluid ’ substltutlng 
z=re ,t in (1). we have 

or ^—2 log (r*e s, ‘— a’)+ J log (r*e«‘+n s ) 

or 4, + i^-” log Ur* cos 29-0*)+*'* sin 29} 

+” log {(/•' cos 29+0*)+/'* sin 29)} 

. ,.u «, J _... sin 20 

tan' 1 tan r 2 

7U 

r 


or 


m 

71 

m , .i r«sin 29 _ .g 
tan r * cos 29— a* « 


or 


m . 
»- tan 1 


lan r 2 cos 20+ a* 

r* si n 20 r % sin 70 
* cos 20+Q* r 2 cos 20 Q 2 _ 
r 2 sin 20 _ r 2 sin 20 

1 + r 2 cos 20+a 2 * r* cos 20 fl 2 


jsince log (*+/>)=4 log (x s +>*)+' tan' 1 

, m /2rf£sinJ9\ ...(2) 

4— ~ „ tan \ r*—a* I 

Since the stream line that leaves A at an inclination p with 
OA, is 


or 


m 


From (2), we have 


m 2a*r* sin 29 m u 

-- tan P 

or r *_2o*r* sin 29 cot n-o*=0. 

or r i=a 2 sin 29 cot n±V «* sin 2 29 col* j*+«')- 


SKIK 
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NegKing .he .*»<«&» H« »*•> t~». “ ^ 

the relation r a < 0 8 . 

So r= fl (sin2fl)>»[cot^+v/{Ccoi l (‘+coses 29)}] • pf0Ted 

Ex. 9. Within a rigid boundary in thefo rm of the circle 
(x+a.) t +(y-d») t =Sa. t 

there is liquid motion due to a double, of strength , at the pom 
,0, 3«) with its axis along the axis ofY. Show that the veloaty 

potential is x _ ia y-3 a _1 

Y'fx-iaJH? x*+(y-3*J 2 ) 

Equation to the rigid 
boundary is given by, 

(x+«) 2 +(y-4a)*=8a 2 

whose centre is (—a, 4a) and 
radius 2 y/2 «• 

The inverse point of 
P (0, 3a) with regard to the 
circle of centre C is Q (3a, 0). 

The distance between two 
points C and Q 

C(2=V{(-«-3a)*+(4a-0) 2 
=W2 a.. 

So CP.CQ= 8a>. (By the def. of the inverse points) 
or CP.(CP+PQ)= 8a 1 j Since Ci > =V{(-a-0)*+(4a-3a) 2 } 

or aV2.(aV2+PQ)=8a* \ =«V2. 

or PQ= 3-/2a. - 

or PQ= 3a sec ... 

The point Q lies on the AT-axis whose coordinates are (3a, 0). 

3a— 4a 



Oct.o) 


Again gradiant of the line PC , tan q . a ' 


■1 


or 


3 * 

tan i)/=tan -j 


or ' 



which shows that the line PC makes an angle w/4 with the vertical 
axis OF. 

Now the image of the doublet • of strength f* at P with regard 
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to a circle is a doublet of strength fi' (let) at an inverse point Q. 
The axis of Q will make an angle 7t/4 with PQ and will therefore 
be parallel to Af-axis. 

Then p' = Strength of the doublet at Q. 

(Radius) 2 
_fl (CPf 


or 


8a 2 

, **'2a* =4 * 4 


The complex potential function is 


...( 2 ) 

{ from (1) 


»v= — 


l»V # 


z — 3/a z— 3a 


or 


or 


or 


w 


J' 


■ + 


4fie 




^+iV=fi 


z— 3/a z— 3a 

r 1 




{From (2) 


x+i <>-3a) (x-3«)+o^ 
i { x-i (y — 3 a)} , 4 {(x — 3a) iy} “\ 
x 2 -FO'-3a) 2 (x-3a) 2 +.y 2 J’ 


By equating the real part both the sides, we have the velocity 
potential as 


T (y — 3a) 4 (x— 3a) 1 

* =#A U*+(y-5S? V«3a) 2 +y 2 J 


ov 


4 




-3«) 


.+ 


-3a)*+^« x’+O’ 
Ex. 10. Shew that the velocity potential 


y- 3 * 1 

fO-Sa, 1 ]' 


Proved. 




gives a possible motion. Determine the form of stream lines and 
curves of equal speed. 

Since we have 

f , . (x4 -a)*+y* 

* =i log 

84> 


or 


and 




x— a 


Again 


dx (x+0) i +J ’ 2 (x— aj*+X t 

2^ = Z 

a>- (x+tf) 2 +J^ (x-af+y* 

8u_ d_ f 
sx 9x 1 ax j 

[ x— a x+a 

3xhx-a)*+^ (x+aj J +y* 




{ 


...(A) 
• (B) 

3S U= - 
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and 


^-(x-a)* _ £=( x ±°£- 
-[U^) 2 +y 2 ] 2 U*+«) , +-» , i* 

3 v B i|. 8*\ 

dy 8y \ dy) 


-.L\ : 

dy U* _l 


] 


C 84- 

[ as v= ~Ty 


■a ) 2 +y 2 (x+a) 2 +.y 
^-a) 2 -/ (x+a) 2 -y 2 _ 

""[(^ap+yT [(x+ap+y*]* 

Thus !“+®l=0. /.*■ equation of continuity in two dimensions 
An ax dy 

¥T . , w (£±£l!±2L gives a possible motion, 

is satisfied. Hence log S lv F 

Now for stream lines, we have 

...d) 

(property of conjugate functions). 
3<b x+a *H a 

—I = T. ! 5 / ~ _ „\2 


H 94* A W 

dx dy an dy dx 


or 


cy ^ i ~ - • 

e£ - (x+a) 2 +y* (x-a) 2 +y 
By integrating with regard to y, we have 

*=tan- 2 7=-a +f{x) 

Now we shall determine /(x). 

Differentiating (2) w. r. to x, we have 

04- y .+ ^-r-1+f' (X) 

Tx (x+a)‘+> 2 (x-a)-+y 2 

. W, d ± 

• ‘ 0x 9y 

so r w-° 

or /( x )=Const., which can be neglected. 

J * * 


...(2) 


forom (B) 


or 


or 


or 


i^=tan -1 


x+a 


■tan 


X — Q 


r jl-jl- 

i/i=tan -1 1 *. +« * =*- | 

L >+-^J 


, f -2 ay \ 
v|;=tan" 1 [ x z +y 2 =#y 

The lines of flow can be obtained by Const. 
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° f ,an ‘ 1 {" !?W=* }= c °nst. 

or -* 2ay 9 a =tan k=D— Const. 

a*— x 2 — y 2 

If D= 0 (hen the stream line is y= 0 /. e. real axis. 

If D= oo then the stream line is x 2 +y 2 =a 2 i 9 e. a circle. 

Answer. 


or 


or 

or 

So 

or 


Again w=f+i4> 

=i log {(x+a) 2 +y 2 }- \ log {( x-a) 2 +y *}) 

+aan - i _^__ /tan - i _2- 

{from the given function. 

log {(x+a) 2 +> s }+i tan- 1 ^^ j 

-[i log {(x— a)*+y*)+tan -1 

w=log {(x+a)+i»— log {(x— a)+iy) 

iv=log (z+a)- log (z-a) {where z=x+iy 



9= 


fiHsr£l 


2a 


|z+a| | z-a | 


(Speed) 


"where i z+a |=r',| z-a |=r 

r' and r are the distances 
from (—a, 0) and (a, 0) 


Now curves of equal speeds are given by 


?f?=Const. or rr'=Const. 
rr 


which are Cassini Ovals. 

Ex. 11. If the fluid fill the region of spaces on the positive 
side of X-axis, which is a rigid boundary , and if there be a source 
m at the point (0 , a) and an equal sink at (0, b), and if the 
pressure on the negative side of the boundary, be the same as 
the pressure of the fluid at infinity. Shew that the resultant 
pressure on the boundary is 

0m , (a-W 
npm -ab(a+bj- ' 


where 9 is the density of the fluid. 
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Since a source of strength 
-fm is placed at the point 
(0, a) i. e. on the positive 
side of the Y axis and a sink 
of strength —m at the point 
(0, b) on the same side. 
Hence the image system con- 
sists of 


Y* 


4-m 


B(0,b) 

A (0,a) P 

U =*+£</) 


0 


-m 


A (O.-a) 
B' C 0,-b) 


(i) A source of strength + m at the point A (0, a) /. e. at 
distance z=ai from O. 

(ii) A source of strength -f m at the other side of the surface 
at A' (0, — a ) /. e . at a distance z=—ai from O. 

(iii) A sink of strength — m at the point B (0, b) i. e. at a 
distance z=bi from O. 


(iv) A sink of strength — m at the other side of the surface 
at B' (0, — b) i. e. at a distance z=—bi from O. 

Thus the complex potentials is given by 

w=—m log (z— ai) —m log (z+ai)+m log (, z—bi ) 

+m log (z+bi) 

w= — m log (z , -f-a a )-f m log (z 2 +b 2 ). 

dw 2 z . 2 z 

+m . 


dz~ W, z 2 +a 2 


or 


<7= 


IM 


z 2 +h 2 

4 2 


2 m\ 


z*+a 2 z 2 +fc J 
z (a 2 — 6*) 


. (z 2 +a 2 )(z 2 +Z> 2 ) I •••(>) 

Consider a point i? (x, 0) on the A - axis. Let q be the velocity 
at the point R, then substituting z=x in (i), we have 

q= 2m (cP-b 2 ) | U 2 +fl * ) (* 2+^1 
=2m (a 2 — i> 2 ) 

By Bernoulli’s theorem, the pressure/* at any point is 
£=C— \q 2 (where C is a constant). 


Let Poo =/>o. 9=° ‘hen 
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Po-P 


Thus the resultant pressure on the boundary is 

1 00 

(Po-P) dx 


P = $P \ q 2 dx 

J - OO 


i-fr.w-y r\Z. 

(«*-w > |" 

a 2 _ b* 1 , 

(^ +fl 2 )2 ( X *+vn ax 

By integrating, we have 

p i W+* / n — T '\— n — n 1 

P ~ 4m p \2a 2ft) 4a 4b J 


=7tP '” J 5+5)* 

Ex. 12. Prove that for liquid circulating irrotationally in part 
of the plane between two non-intersecting circles the curves of 
constant velocity are Cassini's Ovals. 

Let the line of centres of ^ ^ 

the circles be CC\ also A ^ 

and B be the inverse points f C A/ — C ; 

with regard to both the V J V > 

circles. 

Consider a point P on one of the circles, such that 
PA=r and PB=r l 

Since CA.CB=CP 2 

The triangles CPA and CPB are similar 

SO g-3— — - 

i e ~=constant. 

fi 

Thus the equations of two circles are 

-=C, and - =C% ■ (let) 
ri ri 


( a-b )* 


C A 
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Since these two circles are the two stream lines, thus the stream 
function + must be of the form / (r,)’ bu,/ (r i ) ‘ S * ^ 


harmonic, 
then 


log - 


f because log r is the only function 
) of r which is plane harmonic. 


. x V. 

Let 9 is the conjugate harmonic for log r then </• contains log 
function. So the complex potential must be of the form 

( The ex P ression is . an 

r \ analytic function of z as ^ is a 

w =c log - +ic (9-9 1 ) I conjugate harmonic of <1». 
w=c [log r+i6)-c [log n+iOi) 


r i 


or 

or 

or 

or 


w=clog (^r) 

l z +a\ y Taking A to be (-a, 0) 
H«clog^— ] [ and 5 as (a, 0) 


q ~\dz\ C \ z+a z-a| 


=2 ac 


1 


2 ac 


| (z+fl) (z-o ) I I 2 +a || z-a | 
2 ac 


Hence the curves of equal velocities are given by 


<y=constant 

?^£=constant 

or rri 

or rr^ constant 

which is known as Cassini’s Ovals. 


Proved. 


§ 3*92. Conformal Representation. 

Consider the two curves Ci, C, in the domain D intersect at 
the point P(x 0 y 0 ) at an angle a, and if the two corresponding 
curves A, T» in the domain D' intersect at P («„ v 0 ) at the same 
angle a,, the transformation is said to be isogonal. 

If the sense of rotation as well as the magnitude of the angle 
is preserved then the transformation is said to be conformal. 


§ 3*93. Mapping. 

Consider/(z) be a function of z(=x+i», which is analytic 
inside and upon a simple closed contour C in the Z-plane. 



Hydrodynamics 

Let the relation is 

S=/(z) •••© 

where K=Z+h- 



With the help of the relation (i) with in or upon the curve 
in Z-plane there corresponds one point in the C-plane, since /(z) 
being analytic and one valued. Thus the points of the curve 
in Z-plane and its interior are mapped into certain points in the 
C-plane. 

§ 3 95. Application to Hydrodynamics. 

Consider there is a two-dimensional source of strength at 

the point z=z 0 . Let the transformation be 

C-/W 

and Co be the image of z 0 .‘ [ Ref - Figure § 3*93] 

Let C be the curve in the Z-plane surrounding the point z 0 . 
Then C is mapped onto a closed curve C in the C- plane. The 
complex pontential »v, is given by 

w~4>+ity (Z- plane) 

wmt+'+W (C : plane) 



But at corresponding points ^ 



Then 

\c d *n c - dv 

^ ' •* 


Since 

1 w= — m log (z— z„) 

(in Z plane) 



dz 


or 


dw=-m -- z — - 
z— Zo 




f ’ V f dz 

C Since 

or 


\ C dw — m \ C z-zo 

\ dw=d<l> + idty 

or 


df>+id<l>=—2nmi 

• 

or 


j di>=—2izm 

•„*- a*.* 
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„>d \c d *'— um 

If C' surrounds the point So only once, then there is a source 
.f strength +m at the points So- 

If C' sorrounds the point n times, then there is a source of 
strength +J at the point So- 

Vx 13 Use the method of images to prove that if there be a 

* !L ,o,n, » In . m -» - 

0=*, the solution is 

3 f+itysz—m log {(z 3 — *o 3 ) (z 3 — zo 3 )} 

z,-*»+0’o and z *' =x <> ~ iy * u . 

Changing the motion from z-plane to t-plane by the 

transformation. „.(i) 

t—z z Viet) 

Equating the real and imaginary parts, we have 
R=r z and <f>=30 

Thus the boundaries 8=0 and in z-plane transforms to 

<£=0 and <I>=‘tt in /-plane 

Since a source of strength 
+m is placed at the point z 0 in 
z-plane bounded by the line 0=0 

and 0=w/3, which corresponds | * 

by transformation to the points - H * 

/ 0 =r 0 * bounded by the real axis 
<f>=0 and <f>=n in /-plane. Then 
the image system consists of 

(i) a source of strength +m at / 0 =Zo 3 

(ii) a source of strength +m at /o'=z 0 '. 3 
Thus the complex potential is 

w =-m log (/— zo 3 )— m log (/-z 0 ' 3 ) 
or M ,= -mlog(z 3 -z o 3)-mlog(z 3 -z 0 /3 ) 

or log {(z*-z.») (**-*»'*)}• Proved. 

Ex 14 Between the fixed boundaries 8=n/4 and 8 =-k/ 4, 
there is a two dimensional liquid motion due to a source of strength 


• 

Q + ™ 

T' 

to = z 0 

* 1 

-4 -m x 

P # to = z Q 

4> =7T 0 

<t> = o 
t- plane 
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m at the point r=a> 6=0 and an equal sink at the point r=b y 9=0. 
Use the method of images to show that the stream function is 


— m tan' 1 




r 4 (a 4 — b*) sin 49 


•r 4 (a 4 +6 4 ) cos 49+a*b* 
Shew also that the velocity at ( r, 9) is 


} 


4m (a*—b l ) r 3 

(r*—2a*r 4 cos* ( 0+a 4 ) 1 ' 2 (r*-2b*r* cos 4 9+b V /2 
Let the transformation be 

t=z 2 where t=Re+ l and z=re 91 
or Re*'=r 2 e 2 " 

which gives R=r 2 and <f>=29 

Then the boundaries 9-— n/4 and 9=— n/i in Z-plane trans- 
formed to an imaginary axis <f>=n/2 and «^ = — tt/ 2 in /-plane. 


Since there is a source of 
strength +m at {r=a, 9=0) 
and a sink of strength — m at 
( r=b , 9=0) in Z-plane which 
corresponds by the trans- 
formation (t=z-) to a source 
of strength +m at (R=c 2 t 4>= 0) 
and a sink of strength — m at 
( R=b 2 y <f>= 0) in /-plane. Now 
the image system consists of 



k 

k 

+ -m 

> 

b 

-m +tti 

(-a\o) l-b',0) 

(6 (i) (ii) (iii) (iv) * * * * * x ,o) l*\o) 


t -/a/one 




or 

or 

or 


(i) A source of strength -f m at (a 2 , 0) 

(ii) A source of strength +m at (—a 2 , 0) 

(iii) A sink of strength — m at (b 2 > 0) 

(iv) A sink of strength — m at (— b 2 , 0) 

Thus the complex potential is 

w=- m log (/— a 2 )— m log (t+a 2 )+m log (/— b 2 ) 

+m log (/ 4-6 2 ) 

w=—m log (z 2 —a 2 )—m log (z 2 +a 2 )+m log (z 2 —b 2 ) 

+ m log (z 2 + 6 2 ) 

w= —m log (z 4 — a*)+m log (z 4 -6 4 ) .. (i) 

dw 4 1 3 4 z 3 

dz z 4 — a 4 z 4 — 6 4 


or 

or 


dw . 
- r = -4m 
dz 


2 4 6 4 



dw_ 4m (a 4 — b*) z 3 
dz~ — (z 4 — a*)(z A — b A ) 
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Then ^ (* 4 -*) I ( 15=?,lii=jr,| - (ii) 

Since P (z=x-f-/>»=re #/ ) be a point in the plane, then by substituting 
z=re 91 in (ii), we can determine the velocity at the point (r, 0) 

I r 3 e 39i 

?=4#w(<a»— (f4 e ui_ a t ) (fTiui-bij | 

„ . / t 14, r» (cos 30+/ sin 39) 

9 ' ; ((r« cos 49-a«) + i r‘ sin 49] [tr* cos 49 

— b*)+ i r 4 sin 40] 

4m (o 4 — 6 4 ) r 3 

^ tr 8 — 2aV 4 cos 40 + a 8 ) 1 ' 2 (r 8 — 26V 4 cos 40 + 6 8 ) ,/2 

Proved. 

Again from (i), substituting z=r e 8/ 

m log (r 4 f 4,/ -fl 4 )+w log W 8/ — 6 4 ) 
or log {(r 4 cos r x s j n 4#} 

+m log {(r 4 cos 40— 6 4 )-f / r 4 sin 40} 
Equating the imaginary part, we have 

r4 sin 40 , , sin ^0 

r 4 cos 40-a 4 + tan r * cos 40-6 4 


sin 40 


r 4 sin 40 


or 0= -« tan' 1 'jcwy-g* r« cos 49-fr> I 

] ! _i_ r sm 40 r si n 40 I 
(. + r 4 cos 40— a 4 ' r 4 cos 40— 6 4 J 

or 0 tan- 1 f- * fr*-* 4 ) sinjg 1 

\r*—r* (<a 4 -t-6 4 ) cos 40 + a 4 6 4 J Proved. 

Ex. 15. Between the fixed boundaries 0=^/6 and 0= — tc/5, 
there is a two dimensional liquid motion due to a source at the 
point (r=c y 0= *) and a sink at the origin , absorbing water at the 
same rate as the source produces it. Find the stream function , and 
•s//e»v that one of the stream lines is a part of the curve 

r 3 sin 3<x =c 3 sin 30. 


Let the transformation be 

t = Z 3 

where t = P e* 1 

and z=re 9i 

or ?e* i =r 3 e 39i 

So p=r 3 and <£=30 
Now the boundaries 0=7 t/o 
and 0= — w /6 in Z-plane trans- 
forms into 4>=k/2 and <f>= — tt/ 2 
i.e. an imaginary axis in r-plane 
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. (r-r in Z- plane transforms to 

A source at the pomt (r-c, ) P ^ a sink a t the 

a source at the pomt (P-c , a sink at the origin in f-plane. 

origin in Z-plane corres^nds .o a s nk a of th e S ink 

ss i-J: s — - same) - The 

'—JZ source of strength + . - - point (c 3 , 3. 

is an equal source of strength +* at {c . (« “»■ a 

(ii) The image of a sink of strength -«• ■** g 
sink of strength -m at the same point (t.e. at or.g )• 

:z 2 z log i=T-?i og «■+*-■> 

i et /> (z=re 91 ) be a point in Z-plane, then 

iw.— . (h.— *«££, 

or **,*-«* Oog r+«>-« 'og ('* **> 

or 4+W=6m (log r+ei) . 

>»« «-• “ 6,+2 j;r si ^» n - 2 vJ» 3 . « 3« 

Equating the imaginary parls, we have 

r r 6 sin 60-2c V» sin 3a cos 
^=6m0-m tan- 1 < cos <,«+2c 3 / 3 sin 30 sin 3a 

Now one of the stream lines is when *-0, gives 

f r» sin 60 -2c 3 /- 1 sinJacos_30_J =O- 
6m9—nt tan -1 cos 60+2cV* sin 30 sin 3a-c J 

r* si n 60-2cV 3 sin 3a cos 30 _^ 
tan 60= r s cos 60^2^ sin 30 sin 3a -c 

S in 60 /* cin sin 3a cos 30 

cos~60 = r s cos 60+2c*r* sin 30 sin 3a-c 

r « sin 60 cos 69+2cV* sin 30 sin 3a sin 60-c« sin 60 

=r® sin 6 0 cos 69-2c*r 3 sin 3a cos 30 co* 60 

c « sin 6o=2r 3 c 3 sin 3a [cos 60 cos 30+sin 60 sin 30] 
c* sin 60=2r 3 c 3 sin 3a cos (60—30) 

2c 6 sin 30 cos 30=2/- 3 c 3 sin 3a cos 30 
2 c 3 cos 30 [/ 3 sin 3a— c 3 sin 30]=O. 


*-c* 5 


or 

or 

or 

or 

or 

or 

or 
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either cos 30=0, 8' ves 30=±*/2 or 
which are the given boundaries. 
or r 3 sin 3a- c 3 sin 30=0 

r 3 sin 3a=c 3 sin 30 

or . Proved, 

which is the required equation of curve. 

l ZZar disc a, res, in , he plane of , he source ,s 

2iz9m 2 a z 

pressure ? 

Since OA=r. 

Let A 1 be an inverse point of 
A situated at a distance r from 
the centre with regard to the 

circular disc. 

So OA OA'=a* 

or OAt- y 

point A ■ and a sink of strength -m at the origin O. 

The complex potential due to the above image system, » 
given by 



ij ^ 

w=—m log (z—r)—m log ^ 2 y >°8 2 


or 


dw 

__= —m . - 
dz 2 


1 


—m. 


1 

d 2 

2 r 


1 

+ m# T 




The components of the forces are given by If 

X and Y are the components parallel to the axes of the forces that 

act on the disc, then 
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X—iY=\i? ^27t/xSum of the residues of with in the 
contour L e. the circular disc j ...(2) 
Now from (1), we have 


©'-"■r^ 4 n^v + ^ + 


( 1 r ) 


~>K) 


2 

z(z — r) 


■( t)j 

+ F# Z7 ) + ? 7 "#^ +7 ^ + ^ 

The poles inside the circular disc (contour) are 


z=0 and z = — . 

r 


So the sum of the residues can be obtained by equating the 
coefficient of i and 

r 

Now residue at z= 0 i. e. equating the coeff. of -j 

[t + ?] 

and residue at z=y can be obtained by equating the coefficients 
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Sum of the residues 
=2m» 

„ , T a*-r*+»* 1_ _ 2m2 ^- 

_2m L> (o'-'-’T' J ' 


(a* 

Then from (2) we have 


or 


T 2 mV 1 

*- nr- iip.2m. J 

2icPmV _ 

Ar- ' r_ r (r*— a*) 


H- X- ^ - «■ 

Thus the circular disc is attracted towards the source and the 
pressure will be greater on the opposite side of the disc to thirty 

the source. . 

Ex. 17. Within a circular boundary of radius a there is 
two dimensional liquid motion due to a source producing liquid at 
the rate m, at a distance f from the centre and an equal sink at the 
centre. Find the velocity potential, and show that the resultan f 
the pressure on the boundary is 

?m*P 

2 a%(a 2 -/ 1 ) 
where p is the density . Deduce , 
due to the doublet at a centre . 

Let S be an inverse point of 
S' with regard to the circular 
boundary, such that 
or OS.OS'=a* 

OS= a j {as OS'-/ 

Since the rate of emission of the liquid is m, then the strength 


as a 


limit , the velocity potential 


or 



. m 

of the source is 

The image of the source of strength £ at S' give rise to an equal 

source at an inverse point S and an equal sink at the origin O. 
Also the image of sink at origin give rise to a sink at an inverse 
point of O which is at infinity and an equal source at the origin. 
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The source and the sink of equal strength at the origin O 
neutralize. Hence the image system consists of 


(i) A source of strength at S' 


(ii) 


A source of strength at S. 


or 


or 


(iii) A sink of strength—^ at O. 

Thus the complex potential is given by 

*— S 108 Tn 108 108 : 

* + , ^ = Sr{ l0g 2_l0g ( z- j)} 

Equating the real part from both the sides, we have 

HE * "ME ^ S ^ W 

m , S'P.SP 

+ = ~2 n'°*-OT 

Again differentiating (1) w. r. to z, we have 

dw_m fl 1 \ 1 

dz 2 k \z z-f z-a*if\ 


...( 1 ) 


Answer. 


...(2) 


Let X and Y are the components, parallel to the axes of the 
force that acts on the circular boundary, then by Blasius’s Theorem, 
we have 

x-ir-H* f c (s)‘ * 

{ / dw \ ® 

27ti x Sum of the residues of 1^1 with in the 

contour i.e. the circular boundary j 

So from (2), we have 


fl , 1 ■ L_ 

\7z) ~i 


2(2 /) 


2 ( z “ t) (z_/) ( z "7)l 



159 


Motion in Two Dimensions 


or 


\Tz) 47C 2 


! 1 2 + 2_ 

(WT* + ^_^) 2 f(z ' fl zf 


^K) + 4 V '>K) 

VtHt-OJ 

The poles inside. the circular boundary are *-0 and < /• So 
the residue at Z =0 (equating the coefficients of - from (3)) 

and the residue at z=f (equating the coefficients of ^ 
from (3)) 


...(3) 


2 _ 2 

'J=*U f 

. 2 / 2 

7^ / 


/ 1 _i_ \ is 

Hence the sum of the residues ye. coeff- of - and z _y j 

_m 2 f 2 i 2/ I 2/ _2 1 

_ 47 2 l7 + a a 




2 / 


4?* «•(/•-<*•) 


2 /- 

So A'-»T=1/P.2w/.^- JT(/s_6*)’ 

Pm?f 3 

So X-tY^l^-^zpy 
w'f' 


Hence X 


(a 2 -/* ) and y= °' Proved. 

Now we shall determine the velocity potential due to a doublet 
at the centre of the circular boundary. # 

The combination forms a doublet if/ tends to zero or j tends 
:o infinity. Such that 

s'- 
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Hence from (1), we have 



m . 

H'= — | 0 g 

Ln 

(- 

4)- 


m f 

/ _ 

f 2 

or 

—sr 

z 

2z 2 

or 

M if. 

W= T, lT + 

M 


or 

p.pz 
w = - + 




l if> 


a 2 If 2 {d* If)* 


~ 1 


{ as 


* In 


or 


or 


f+tysmt (cos 0—/ sin 0) + jr (cos 0+/ sin 0) 


Hence the velocity potential is, (equating the real part form 
both the sides) 

<£=- cos 0+ ** [ cos 0 
r a 2 

C0S 9 Answer. 

Ex. 18. A line source is in the presence of on infinite plane 
on which is placed a semi circular cylindrical boss ; the direction 
of the source is parallel to the axis of the boss , the source is at 
distance c from the plane and the axis of the boss t whose radius 
is a. Show that the radius to the point on the boss at which the 
velocity is a maximum makes an angle 0 with the radius to the 
source where _ 

a'+c* \ 

y 1 2 (a*+c*j)y 
Let R be the inverse point of P with regard to the circular 

boundary, such that 

OR.OP=a 2 


6= cos 


-£ 


or 


a 2 

OR= - 
c 

Since 


OP=c (Given) 
ON=a 


OR = - 
c 


The image of a source of 
stiength +//J at P will give rise 
to an equal source of strength 
-f m at an inverse point R and a 
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sink of strength -m at the origin with regard to the cylindrical 
boundary. 

Again the image of source of strength -\-m at P in the line 
x=0 will give rise to a source of strength -fm at Q (z=—c), a 

source of strength +m at S [z=— and a sink of strength — m 

at the origin. 

Hence the complex potential is given by 
w=2m log z—m log (z—c)—m log (z+c) 

-m log (?-"-)-« log (z+f) 

or w=2m log z—m log (z t —c t )—m log^z 2 — j 
dw . l 2 z 2 z 

or Tz =2m -z- m -*=h*- m -*=T <* W 

dw - f 1 z z 7 
0r dz~ m \z z 2 —c 2 z 1 — 6 4 /c 2 J 

(z 4 -a 4 ) 


or 


dw__ _ 

dz~ m z ( z 2 —c *) (z 2 —a 4 /c 2 )' 

The velocity at any point N on the circular boundary 

z 4 -* 4 


q \dz ~ 2m \ z (z*-c 2 ) (z'-tfi/c 2 ) 
Substituting z=ae 4, t we have 




dw\ 

dz 


2 mo 4 1 e 4#/ — 1 1 

I ae 91 (tfePt—c*) (aW—tf/c 2 ) \ 

| (cos 40— l)-fi sin 40 


2 ma 4 c 2 . , 

or q ~ a 3 ' Ucos0+/sin0H«J i cos20-c*)+/a»sin20)} 

{(c* cos 20— a 2 ) + ic 2 sin 20} | 

4mac 2 .sin 20 

or q ~a*+c i —2a*c* cos 20 


or 


4mac 2 n 4 + c 4 - 2a 2 c* cos 20 


sin 20 


1 


If q is maximum then — must be minimum 


i. e. P=(a 4 -\-c 4 ) cosec 20— 2a 2 c 2 cot 20 


{ 


Let 


4 mac 2 


or 


~=— 2 (a 4 +c 4 ) cosec 20 cot 2 0-\-4a 2 c 2 cosec* 20. 
dO 


= a 
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and W~ =4 ( fl4+c4 ) cosec e (cosec 2 20+cot 2 20) 

— 8 a 2 c 2 cosec 2 20 cot 20 
=4 cosec 0 {(a 2 cosec 0— c 2 cot 0) 2 +a 4 cot 2 0 

-fc 4 cosec 2 0) 

z/2 ■» 

Since 0 < tc/ 2 then so that p should be minimum, 

then q (i. e. velocity) will be maximum. 

From(l), ^=0, we have 


(f^+c 4 ) cosec 20 cot 20=2a 2 c 2 cosec 2 20 

cos 20=-^! 
a 4 +c 4 


2 cos 2 0-1 = 


2a 2 c 2 


cos 2 0 = 


cos 0= 


Proved. 


a 4 +c 4 

i -*- sa SS K 

or cos 6 = -ftf. . ■ 

(o*+c 4 ) 

° r e= c ° s " 1 { v(2 a, (i+ < 4 )) } pr ° vcd 

Ex 19. An area A is bounded by that part of the X-axis 
for which x > a and by that branch of x 2 —y 2 =a z which is in the 
positive quadrant. There is a two dimensional unit source at ( a , 0) 
which sends out liquid uniformly in all direction. Shew by means 
of the transformation w=log (z 2 — a 2 ) that in steady motion the 
stream lines of the liquid within the area A are portions of rectan- 
gular hyperbolas. Determine the stream lines corresponding to 
ty=0, tz/4 and n/2. If 9 1 and 9i are the distance of a point P 
within the fluid from the points (±a, 0). Shew that the velocity 

20 P 

of the fluid at P is measured by O being the origin. 

Since w=log (z 2 —a 2 ) ...(1) 

or ^+i+=iOg {(jf+OO 1 — a 2 } {as z=x+iy 

or 4> + #=log {(x J — y*— a*)+2ixy). 

To determine the stream function, equating the imaginary 
parts, we have 


of the fluid at P is measured by 


O being the origin. 
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or 


0=tan _1 
tan 0 = 


2 xy 


x 2_y2_ a 2 

2 xy 


i. e. 


x*-y*-a* 

So stream lines are given by 0=Const. 
2 xy 


...( 2 ) 


= Const. = A: (let). 


x *-y*-a 2 

If k is zero, the stream lines will be 
xy=0=>x=0 and y= 0. 

If k is infinite, the stream lines will be 
x *—y*-a*=0 
x 2 -y 2 =a 2 . 

Thus the liquid flows in the area A bounded by x=0, >>=0, 
and x 2 —y 2 =a 2 i. e. the portion of rectangular hyperbola in the 
positive quadrant. 

Again (I) can be written as 

w=Iog (z— a)+log (z+a). 

Which shows that there is a unit source at the point ( a , 0) 
and the unit source at the point (— a, 0) will be the image of the 
source at (a, 0) with regard to Y-axis. Proved. 

The velocity of the fluid at any point 

1.11 


f -W 

I dw 
\dz 


I z— a ^ z+a 


<Jl 


I z-a\ | z+a | 
2 OP 


Proved. 


| dz\ PiPi 

Again, the stream lines corresponding to 0=0 are, 


tan 0= 


2 xy 


or 


or 


x 2 —y 2 —a 2 
2 xy 


=0 


x 2 —y 2 —a 2 

2xy=0 

Which gives x=0 and >>=0. 

Also, the stream lines corresponding to i|/=7c/ 4 are 

2*>> 


{from (2) 


x 2 -y 2 -a 2 


tan 7 t/4=1. 


or 


x 2 — y 2 — a 2 =2xy 
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and the Stream lines Corresponding to >p=n;2 are 


or 

or 


2xy 


x*-y*-a 2 
x 2 —y 2 — a 2 =0 


=tan 7r/2 = cc 


r2 — ' 


a 2 . 


Answer. 


Ex. 20. The space on one side of an infinite plane wall y—0 , 
is filled with inviscid, incompressible fluid y moving at infinity with 
velocity U in the direction of the axis of X. The motion of the fluid 
is wholly two-dimensional y in the (x, y) plane. A doublet of 
strength \i is at a distance a from the wall and points in the negative 
direction of the axis of X. Shew that if \l is less than 4a 2 U, the 
pressure of the fluid on the wall is a maximum at points distant 
V 3a from O t the foot of the perpendicular from the doublet on the 
wall, and is minimum at O. 

If n is equal to 4a 2 U y find the points where the velocity of the 
fluid is zeroy and shew that the stream lines include the circle 

x l -\-(y—a) 2 =4a 2 . 


where the origin is taken at O. 

We know that the complex 
potential for a doublet of 
strength p at z=Zo inclined at 
an angle a to the real axis is 
given by 

/a 

Z — Zo 

w=e 



The doublet points in the negative direction of the axis of X t 
it will make an angle iz with the Af-axis. Since a doublet of 
strength /* is placed at a distance a from the real axis, then the 
image system consists of an eq ial doublet on the other side of that 
axis. 

The complex potential for the system 
z—ia z+ia 


or 


w-- 


?PZ 


Uz 


dz 




z 2 + a 2 

(a*-z 2 ) 


(0 2 + Z 2 ) 


...d) 
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Then ,-g- 


u+ 


2p ( a 2 —z 2 


’i 


I**., , (a 2 +z 2 F , . , . 

Consider p be any point on the wall, substitute z-x (real 
axis), we have • - 

- 

By Bernoullis theorem, we get 

£>y$ 2 =Const. 

Let n=n, q=U. Then Const.=^- + Y^* 


or 


or 


or 




2=*— <*•-»*> 

p 


So 


_ , (a*-x»)» 2llU J*r_xL_ 

2(1 -<*+x'^ 2 * U (a'+x'r 

Since pressure will be maximum or minimum if ^=0. 

_ . Hxtifl-x*) 8 x(a»-jc») »1 
2v - + (a’+x 2 ) 5 ; 

+2 uu[ _2x_ + 4 ^t£i)l=0 

+Z, ^U*+xy + (a 2 +x 2 ) 2 J 


or 4px [2f* (a 2 -x 2 )+ U (a 2 +* 2 )’] 

either x (3a 2 — x*)=0 
o r 2p (a*-x*)+U (a 2 +x 2 ) 2 =0 

If x (3a 2 — x 2 )=0 

Then x=0, V3a, — \/3a. 

Now on the wall (y=0) at x=-fV r 3a 

dw r r 2fi(a 2 -3a 2 ) 

5 ““ (a 2 +3a 2 ) 2 

dz 16a 2 4a 2 


If ^ < 4a 2 then the value of is negative. Thus 

the pressure of the fluid at the wall is maximum. Also ( d -P % ^ 
is positive, then the pressure at the wall is minimum. 



166 


Hydrodynamics 


If ii=4a 2 3 U, 


, dw _ 
we have —r =0. 
dz 


Then from (2), we have 

a 2 —z 2 

8 a 2 U 


+ U=0. 


( a 2 +z 2 >* 
or z 4 — 6a 2 z 2 +9a i =0. 

or (z 2 -3fl 2 ) 2 =0. or z=±fl\/3- 

The stagnation points are (<rv^3, 0) (— ay/3, 0). 

Again to determine the stream function, equating 
imaginary part from (1) and substitute \i=4a 2 U, we have 

2 p (*+}>-*) 


the 


or 


4>' 


(x 2 +y 2 ) 2 +2a 2 (x’-j^+fl 4 
8 a 2 Uy <x 2 +y 2 -a 2 ) 


Uy 


Uy 


or 

or 

or 


(x 2 +y 2 ) 2 +2a* (x 2 -y 2 )+a* 

The stream lines are given by ip= 0, we have 
-y {(x 2 +.y 2 ) 2 +2a 2 (x*— p)+*)+%*y (x 2 +y 2 -n’)= 
(x 2 +y 2 ) 2 — 6a 2 x 2 — 1 0a 2 y 2 + 9a 4 = 0. 
(x 2 +y'-2ay-3a 2 ) (x 2 +y 2 +2^-3fl 2 )=0. 
Obviously which includes the circle 

x 2 +y 2 — lay — 3a* = 0 
x 2 -H>»— a) ,= 4a 2 . 

Exercises 


0 


Proved. 


1 . Prove that in two dimensions : 

(i) There is always a stream function whether the motion 
is irrotational or rotational. 

(ii) If the speed is everywhere the same, the stream lines 
are straight. 

2. If A denotes a variable parameter, and /a given function ; 
find the condition that/(x,.y, A)=0 should be a possible 
system of stream lines for steady irrotational motion in 
two dimensions. 

3. Two sources, each of strength m, placed at the points 
(±a, 0) and a sink of strength 2m is placed at the origin. 
Shew that the stream lines are the curves, 
{x 2 +y 2 ) 2 =a*(x 2 —y 2 +\xy) where A is a variable parameter. 

4. Parallel line sources (perp. to ATT— plane) of equal 
strength m are placed at the points z=nia where 

n= — 2, — 1, 0, 1, 2, 3, 
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Prove that the complex potential is w= — m log sinh - z. 

Hence, shew that the complex potential for two dimensional 
doublets (line doublets), with their axes parallel to the 
AT-axis, of strength y at the same points is given by 


w=y coth - z 
a 

Hint : Sources are given 
at the points 

z=0 y ia, — ia % 2ia , — 2ia ... 
and so on. 

The complex potential is 
given by 

w=—m log z—m log (z—ai) 

—m log (z+ai)— m log ( z—2ai)—m log (z+2ai) 

or w=— m logz ( z 2 +a 2 ) (z*-f-2 2 a 2 ) (z 2 +3 l a 2 )...(z t -\rri l a 2 ) 


-2 to. o 


va ziQ, 




or 


—m log ^ (2V) (i 3 a*) | 


or w=—m log sinh ^z+ Const. 

The complex potential for the doublets at the same points 



5. With in a circular boundary of radius a there is a source 
of strength m at a distance / from the centre and an equal 
sink at the centre. Determine the resultant thurst on the 
boundary. 

6. In two dimensional irrotational fluid motion show that, if 
the stream lines are confocal ellipses 

0 2 +A + Z> 2 +A 

l=A log {V , (a a + \)+V(b 2 +\)}+B and the velocity at 
any point is inversely proportional to the square root of 
the rectangle under the focal radii of the point. 

Hint : Let the conformal transformation be z=c cos w. 
or x+iy=c cos (<f>+ity) 
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or x+iy=c cos <f> cosh *p+i c sin <f> sink */» 

By eliminating 4>, we have 

X* y 1 ...d) 

c % cosh 2 <|/ * c* sinh* 0 

Stream lines will be obtained by tp = Const.> which are 
confocal ellipses. Comparing (1) with original equation 
of confocal ellipses 

c* cosh* 0=o*+A, c a sinh* +=b 2 + A f ora 2 -b 2 =c 2 - 

Also v/(a*+A)+V(6 2 +A)=c(<w/t ++sinh 0)1 and ae=c 
or V(a 2 +X)+V(b 2 +\)=ce+ 
or ip=log {V (<**+*) +V(b 2 +\)}— log c 

7. Shew that the force per unit length exerted on a circular 
cylinder, radius a t due to a source of strength rn, at a 
distance c from the axes is 


2npm 2 a* 

8. Prove that in two-dimensional liquid motion due to any 
number of sources at different points on a circle, the circle 
is a stream line provided that there is no boundarv and 
that the algebraic sum of the strengths of the sources is 
zero. 


9. If a homogeneous liquid is acted on by a repulsive force 
from the origin, the magnitude of which at a distance r 
from the origin is pr per unit mass. Shew that it is 
possible for the liquid to move steadily, without being 
contained by any boundaries, in the space between one 
branch of the hyperbola x*—y*=a 2 and the asymptotes. 
Also find the velocity potential. 

10. A source and a sink, each of strength f*, exist in an infinite 
liquid on opposite sides of, and at equal distances c from 
the centre of a rigid sphere of radius a. Shew that the 
velocity potential V may be expressed in the form 



2r.+ l 
2n+2 




0 being the vectorial angle measured from the diameter of 
the sphere on which the source and sink lie, and r < c ; 
and find an expression for V whfen r > c. 
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Hint : Let <h be the velocity potential due to a source of 
strength n at A and sink of strength at B, and <f> 2 be 
the velocity potential due to sphere, then 

r=<t> i +*2 - (l) 


/X \L 

Since <f>i= Jp~ gp 


<£ 1=/ a (r«+c 2 — 2rc cos (r*+c*+2rc cos 6 ) 

*-?{(»- 1,1 

_(l+^cos*+p) ' ] 

*.=;[{ 1 + f 7 " /> - (cos( ”} 

_£l + S "Pn (COS 9) | 

*‘ = ??(c) ,n * 1/W (cos 9) { forr<c - • 


-1 H 


Let />. (cos 9) 


( 2 ) 


(3) 


or 


(The velocity potential <j>% vanishes at infinity and satisfies 
Laplace’s Equation). 

Again the velocity normal to the sphere is zero, 

? V 

— =0 where r=a. 
or 

(d6i d<t>t\ „ 

(aT+aT,),..- 0 - 


or ayOS+U cos />. (cos .,-o 

Equating to zero the coefficient of P where 

/<2«=0 V values of tt 

. . 2n+2 2 ± (2n+ 1 ) a? "_n 

and ^ 2 nfi fl 2„+3 — c c ;«,i 

ft (2n+l) c 4n+s 
or A*,*- tw-i-l) 


Since (l-2xz+z*)- ,, *=^ P - M *" 


•-J 


oo 


= 1 +ZP. (x) z“ 
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or 


. H 2 / 2+ 1 

Therefore fa= £ - . 2 ” * | ft B+1 (cos 0) 


o a 


Substituting the values of fa and <f>% in (1), we have 




2/1+1 

2n+2 


• sgri 


/ > 2n+ 1 (COS d) 

Proved. 


Similarly when r > c, we have 
2m 00 /c \ 2n+1 

rfi- T z , W / Wi< cos #> 


and 


oo 

*»-x 


_fin 

r «+l 


Pn (COS 0). 


Answer. 



4 


General Theory of Irrotational Motion 


Here we shall discuss the nature of the irrotational motion 
and the conditions under which it produces. At the first instance 
we shall consider, in general terms, the motion of a small fluid 
element. 

§4*1. Consider (w, v, w) be the components of velocity of 
the fluid particle P (x, y t z) then the components of relative 
velocities at an infinitely near point Q (x+8x, y + $y> z+Sz) are 
given by 


! ' + 5 »+£ 
*>+£ * 
»-l *+g »+S 



Assuming 



The relation (i) can be written with the help of (ii), 
$u=a%x+h$y+g%z+ri$z— ®y 
8v=/;8x+%+/<$z+S$x-$$z 
and 8w=g8x+f$y+c$z+&y—yZx 
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Thus the motion of a small fluid element (having the point 
P (x y z) as its centre) consists of three parts. 

The first part, whose components are w, v, w is a motion of 
translation of the fluid element. 

The second part is represented by the first three terms on the 
R. H. S. of (lii), a motion in the direction of the normal to the 
surface (quadric of the system) 

a [8x) 2 +b {8y) 2 + c (8z) 2 -t-2/8>-8z + 2g SzSx+2h 8x5y=const. 

...(iv) 

Let the equation to the surface (iv) referred to its principal 
axis, then the corresponding parts of the velocities parallel to these 
coordinate axes be 

8u'=a'8x\ 8v'=6'8/ and 8>v'=c'8z' 

If a ' (8a 'f+b' (8/) 2 +c' (5z') 2 =const. ...(v) 

where a\ b\ c' are the time-rates of elongation of lines parallel to the 
axes X\ Y\ Z' at a uniform rate. Such a motion is called pure 
strain and the principal axes of the surface (iv) are called the axes 
of the strain If there is no change of volume, then a\ b\ c can not 
be independent (as in liquid), we have 

a' -\-b' +• ' =a-\-b-\-c 

= , 3y , c-vv 

dx By oz 
=zero. 

• Also the third part is represented by the last two terms on the 
R. H. S of (iii), a rotation of which the component angular 
velocities are The vector whose components are the 

angular velocities are called vorticity of the medium at the points 
(.v, y , z). 

1 hus the most general motion of a fluid element consists of 
a pure strain together with a rotation and this resolution of a 
motion is unique. 

Now Cyy *0, ? are the components of spin, when through out the 
finite portion of a fluid mass these components (£, C) all vanish 
then the motion is said to be rotational and the relative displacement 
of a fluid element consists of a pure strain only. 
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§ 4 2. Flow and Circulation. 

Consider A and B be any two points in the fluid then the value 
of the integral 


i 


B 


udx+vdy+wdz 


taken along any line from A to B, is called the flow of the fluid 
from A to B along that line. 

When velocity potential exists, then the flow from A to B is 
given by 

~j:&***+8* 

If A and B coincide, so that the curve along which the integra- 
tion takes place is a closed curve, this line integral is called the 
circulation round the closed curve. 

Consider a closed curved T in the 
moving fluid. Let q be the velocity 
at an arbitrary point P on the curve 
and n a unit vector drawn in the direc- 
tion of the tangent at P . Consider a 
point Q on the curve, adjacent to P 
such that the arc PQ is of infinitesimal 
length 8s. 

The scalar product at the point P= q 8s 

Similarly we can form the products at Q, R ... and so on round 
the curve and back again to P. Thus the circulation of the velocity 
vector round the curve f is given by 



or 


Lt 2 q 8s= ( qt/5 
os-+ o J r 

Circ r= j*^q q dr 


i. e. we can determine the circulation of any vector round a 
closed curve. 

v 

If the circulation vanishes round any closed curve then the 
velocity potential , <f > , must be a single valued function. 
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§ 4 3. Stoke’s Theorem. 

Stoke' s theorem states that the circulation round any closed 
curve r drawn in a fluid is equal to the surface integral S of the 
normal component of spin taken over any surface , provided the 
surface lies wholly in the fluid. 

ir qc/s= Is n ( Vxq) ds 

where n is the unit normal vector at any point of S drawn in the 
sense in which a right handed screw could move when rotated in 
which r is described. 

Since any surface can be divided into 
small meshes by drawing a net work of 
lines across it, then the sum of the cir- 
culations round each mesh of the suiface 
is equal to the circulation round the 
boundary T. 

Any mesh can be divided into triangles, now we shall prove 
the theorem for a single triangular mesh ABC whose sides are of 
infinitesimal length. Let P, Q, R are the middle points of the 
sides of the triangle and O its centroid. 

Let q* represents the value of q at 
any point N. 

Then 1 q ds=*AB qp-{-BC q@ 

J ADC 

+TTAq R 
= aq p -f-bqe 
— («-fb) q* 

q</s=a (qp-q*) + b (q 0 - 

J ABC 

we know that 

qp=qo+(OP V) q 0 
q*=q 0 +(O* V) qo 
qp-q K =(OP-OR.V) q, 

=(fl>.V)q 0 
= -* (b.V) q 0 

qo=qo+(OQ V) q n 

q/?=qo+(0/? V) q 0 


or 


and 
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or q <2 — qR={OQ — OR V) qo 

= {RQ V) qo 
= )(a V) qo 
Thus (1) reduces to, 

Lfsc q [ a (b V)-b <a V) ] 

= i[(axb)xV] qo -U) 

Since n ^/y= J (axb) where ds is the area of ABC 

then n ( V X q) ds = } (a X b) ( V x q 0 ) 

= J [ axb)x V] q 0 •••(3) 

from (2) and (3), we have 

Lc q ' /s= L n(vxq) * 

Hence the theorem is proved for an infinitesimal triangle, 
which is the particular case of Stoke’s theorem, in general, we can 
determine as follow 

“•*£■) X -L XJ '- 

Where X is any scalar or vector function and ds is the directed 
element of arc of T. 


Since J **--». (»£)*+*(•£)* 

{as in equation (2) 

Again direct area of the mesh = £ axb 
So 

Thus (4) and (5) are equal which proves the Stoke's theorem 
in general. 


Cor. This theorem is also true 
for a surface which is bounded by 
more than one closed curve e. g. 
the shaded area in the figure, consi- 
dering the boundary as a continuous 
curve, the total flow along AB and 
BA is zero. 
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§ 4 31. Deduction from Stoke’s theorem. 

(i) We know by Stoke’s theorem that 

^qJs=|^(nx V) q ds —(O 

=j^n (Vxq) ds 
=j^ n £ </$= 

Where £ is the vorticity. In other words, we can define that 
the circulation of the velocity in any circuit is equal to the integral 
of the normal component of the vorticity over any surface which 
encloses the circuit. 

(ii> J r <Ms=J 5 (nxV)*<fr 

§ 4 32. Irrotational Motion. 

Let O be a fixed point and P an 
arbitrary point in a simply connected* 
region. Join O and B by two paths 
OAB and OCB , i.e. OABCO is a closed 
circuit, then by Stoke’s theorem, we 
have 

f q c/s = f n (V X q) ds 

J OABCO J S 

where S is any surface lying wholly in 



... 0 ) 


the fluid. 

I q ds + f Q ^ s== [ n IV x q) ds 
J oab H J bco h is 

Since the motion is irrotational, so V Xq=0. 

I e . the circulation round any closed cuive is zero, provided the 
closed curve can be regarded as the boundary of a surfaces every 
part of which lies within the fluid. Then from (1), we have 

fl q</s+ j flCO qt/s=_ ^ B (let) '" (2) 

Wnere 4°* l s a scalar function whose value depends on the 
position of B and not on the path from O to B. 

Consider a point Q near to B such that the velocity vector 
q is nearly constant along BQ. Let q be the position vector ot Q 
with regard to B. 


• A region in which every closed curve can be contracted to a point 
without passing out of the region is called a simply connected region. 
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— r l V <t>= — {let app. 

or — V V 4>= I q <fc=q rj 

J BQ 

or q=— V 4> 

So the motion is irrotational, the velocity vector is the gradient 
of scalar function of position — <f > . This scalar function is known 
the velocity potential. Thus when the motion is irrotational the 
single valued velocity potential necessarily exists, the motion is 
called Acyclic Irrotational Motion. 

Converse. Let the velocity potential exists, 
then q= - V </> 

But VXq =— Vx(V^) {Since the curl of the grad, 

or curl q=0 (of a scalar point function 

=> the motion is irrotational. is zero. 

§ 44 . Kelvin's Circulation theorem. 


Kelvin's theorem states that the constancy of circulation in a 
circuit moving with the fluid in an inviscid fluid in which the density 
is either constant or is a function of the pressure. 

Let T be the closed circuit which moves with the fluid i.e. a 
circuit which always consists of the same fluid particles, then the 
circulation is given by 

1 r qdt 

or -77 (circulation^— f q dr 

at dt Jr 

= ir -0) 

The equation of motion is 


da 1 

_=_ vn __ V/ , ... (2) 

{Since F=—yn as the external forces are conservative 
from (1) and (2), we have 

J- (circulation) = J r {( -VQ-Jv/» ^.dr+q.dq } 

{ as H£ 
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as q.q=<?‘ 


~ (circulation) = j r — ^ -dr+q-dq 
^-(circulation) = j r -dn-^+q-dq 
J- (circulation) = — d jn+ \^~2 [ 

(circulation) = — ^ n + \~f~2 9 *}r 

— (circulation)=0 or circ. T=constant 

L. .h. circuit i, dosed. Thereto the Cta. r is mdcpcodcn. 

— r." 

from a single valued potential, an p ™ f irroiational remain 
only, then the motion of an inviscd fluid if once 

£«».»«. .. », - » ° th " m,ds 
for every closed circuit circulation is zero, then 

c-f ,.*-(( (vx,).* (By Stoke’s theorem) 

w- r >1*- “ss 

is irrotational, VXQ— 0 ^ c 
permanent. 

- - sarziz £ 

srz, 1 tii ^ 7— ■—* ■*• w *• 

region interior to a sphere is connected- 




(11V 

are connected. 

In both the figures the circuit ABCD is reducible but the 
circuit PQRS is irreducible as it cannot be made smaller than 
circumference of the inner cylinder. 
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Thus a region in which every circuit is reducible is said to be 
simply connected region (e g. region interior to a sphere, region 
exterior to a sphere, region between two concentric spheres etc), 
otherwise the sphere is multiply-connected. 

Since the region between the concentric cylinders contains 
irreducible circuits, so it is not simply connected. We can make 
this region simply connected by 
inserting a barrier or boundary. When 
ihe barrier is inserted, every circuit in 
the modified region is reducible and the 
modified region is known as simply 
connected. 

A region is said to be doubly 
connected, if it can be made simply 
connected by the insertion of one barrier. A region is said to be 
n-ply connected or of connectivity n if by the insertion of (n— I) 
barriers it can be made simply connected. The path joining two 
points P and g of a region are said to be reconcilable or 
Irreconcilable according as it can or cannot be deformed so as to 
coincide with one another without going out of the region. In 
simple connected space all circuits are reconcilable and reducible. 
Two reconcilable paths taken together constitute a reducible circuit. 
In the above figure the path ABC and ADC are reconcilable. 

The above properties of regions are termed Topological rather 
than geometrical as they donot depend on the particular shapes of 
the boundaries. 

§ 4 51. Acyclic and cyclic motion. 

When the region occupied by the fluid moving irrotationally is 
simply connected, the velocity potential will be single-valued. So 
velocity potential at B is {Ref. § 4*32} 

4>b=— f q dr. {V paths from O to B } 

JOAB 

Thus the motion in which the velocity potential is single valued 
is called acyclic. In simply connected region the only possible 
irrotational motion is acyclic. # 

When the velocity potential is not single-valued the motion is 
said to be cyclic i.e. it is not possible to assign to every point of 
the original region a unique and definite value of </>. 
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cTboth^Zl^alued and continuously differentiable 
scalar point functions such that W-W « ■*" «•'“* 
differentiable , //ien ^ , 

f ^ (V*-V« *=-J K *V**-*-J 5 + s7, ^ 

vvAere 5 is a closed surface bounding any simply-connected region , 
t is an e'emen, of, he norma, a, any point on the boundary dra W n 
into the region and V is the volume enclosed by i. 

We know by Vector Calculus, 

V.(*a)«a(V*)+*<Va) . f ,.~ w 

where * is a scalar point function and a is a vector point function. 
Substituting for a in (i), we have 

v .(tvt)-v* IV*)+* (V m 

By integrating, it reduces to 

f *(V.V*)*+] r V*.V**- 

J*' J K ...(ii) 

By Gauss divergence theorem*, (ii) becomes 

_J s „.(*v« dS= l W* dv+ f V*.V* * 

or } r V*-V+ * ( K m dv-\ $ n.(W)dS 

= _ | ^v^dv-| s ^(n.V'/ , )^ s 

or f r V*.V#*— f r +V***-I/i rfS - (iii) 


(as 


_ , 0 «|» 
n - v ^=&7. 


By interchanging 4> and «/», we have 

f v+.V**— f - (iv * 

Jh j Proved. 

which is known as Green’s theorem or Green's first identity. 

§ 4 61. An application to Green’s theorem. 

(j) Let * is constant and V^=0 then from (...) and (.v)^ 


•Gauss divergence theorem 

[ div F dv=—^ s F n dS. 
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we have 

L *Z ds =\,*t ds - 

Since <|; is constant. So ~=0 and V¥= 0. 

on 

Th “’ LI"- 0 - -w 

{as 4 ,=co °stant.} 

If follows that the total flow of liquid into any closed region 
at any instant is zero. 

(li) We shall determine the value 
of 4> at any interior point in terms of 
its values on the boundary. The 
potential <f> P at the point P in a mass 
of liquid moving irrotationaliy with in 
the boundary is given by 

where r is the distance of P from the element of area dS. 



Proof. Let P be any point with in the region, consider «/»=- 

r 

then W=V 2 ^=0. . : 

Since at P <p = co as r tends to zero, thus enclosing the point 
P by a sphere S' of radius X (small quantity), such that S' lies 
entirely within S. By Green’s Reciprocal theorem, we have 



Consider X so small that </>=<f> P on the whole of the surface S', 

=4n<f>p (app.) 


then 
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then (vi) becomes, as A-^-0 

- (£)}“■ 
§ 4-62. Kinetic energy of finite fluid. 

The kinetic energy T is given by 


T= l iPq 2 dv 




where V is the volume occupied by the fluid when the motion is 

irrotational, then ...(ii) 

q=— V<£- f 

Contideting the fuid « b. the «.»■>»” 

continuity is „ „ vV _„. 

Then fo, . .imply connected "#*• * ^ 
we have 

( div a dv= l a.dS ...(iv) 

where a is a vector point function and S is a closed surface enclosing 
a volume V 

Lct a=tf> V<t> then from (iv), we have.. 

^(W+Vf.v*) dv= -\ s * (V * )n dS 

\ y M)'*—\ s +Tn dS 

{where n is the unit inward drawn normal to area dS) 
From (i), since 

T =\ y \ P (V*)* * 

r= _i P ( 

or T V } s r 0 n 

2W=ir 

the motion of the boundaries only. 

Cor if d l =0 on the boundary 

dn v 


or 


or 
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Thus q vanishes everywhere in V. So the irrotational motion 
is not possible in a closed simply connected region with fixed 
boundaries. 


§ 4 63. Kinetic energy of infinite liquid. 
Consider the liquid moving irrotationally 
at rest at infinity, and bounded 
internally by a solid S and externally by 
a large surface i\ the velocity potential <f> 
is single-valued. 

Kinetic energy of the finite liquid 
contained in the region between the solid 
S and surface T. 




Let P be the rate at which the mass flows into any surface v 
through the boundary is 

P=i P q.n dy [where n is the unit normal 

(drawn into the surface 

P= ~fy P dn dy {as q = -V^=~n^ 

Since there is no flow into the region across S, the equation of 
continuity is of the form 




Multiplying (ii) by \c (constant) and subtracting from (!) 
we have ° w> 


ii— 

where c is any constant. v v 

Now from (ii), we have 

\to dr “ independent of T i.e. equal to zero. Since for a solid 

boundary dS=Q. 

)on 

r J!f-: D f nity f, !f ndS t0 a 000513111 lhen enla rge the surface 
i indefinitely in all directions, we have 


i 


r «-'>S‘ ,r =0 
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then (iii) reduce to 


ri =-§? 

T '—» \ s*fn dS ‘ 


§ 4-64 Kelvin’s minimum energy theorem. 

The irrotational motion of a liquid occupying a simple connected 
region has less kinetic energy than any other motion consistent 
with the same normal velocity of the boundary. 

Let T be the kinetic energy of the irrotational motion of which 
is the velocity potential and q the fluid velocity, then 

q = -V* ~ U) 

Again, let q„ be the fluid velocity of any other motion consis- 
tent with the same normal velocity of the boundary whose kinetic 
energy be Jo. 

Then n.qo=n.q 

or n.(q 0 -q)=0 

n.u=0. 


{where u=q 0 — q 


Also, the equation of continuity is given by 
Vqo=0=Vq 

or V.(qo-q)=° 

or V.u=0. 

Then T,= i Pqo* * 

p(q+“) J dv 

or r 0 =i | ( ,pi9*+“*+ 2 q- u ) </v 

Since V.W«)=V*. u+^V-u 

=V<M 

So | V4>.ndv= \^y.(<fru)dv 
or T 0 = | j ^ dv + \ PMv + j K P (q.«) * 
or To=T + l ttfdv- ? 


...(iii) 


[from (iii) 
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| = | <£n.u dS 


or 


Thus 

r 0 -r=i 


>0 

/. e. 

T 0 -T> 0 


T<T 0 


=Zero. 

pu 2 dv 


{ 
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(By Gauss Theorem 
Since u = <[o — <1 on 
the surface S 


Hence tor an irrotationai ' ■ ' r mo(ion 

connected region has less kinetic energy than any other motion 

consistent with the same normal velocity of the boundary. 

§ 4-7. Mean value of the velocity potential over a spherical 

region lying wholly in the liquid be bounded by a spherical 
surface the mean value of the velocity potential over the surjace 
equal to its value at the centre of the sphere. 

Consider liquid at rest at infinity bounded 
internally by a closed surface R and 
unbounded externally. Describe a sphere S 
with P as centre of radius r large enough to 
enclose R. Let and 4>r denote the value 
of the velocity potential at P and the mean 
value of </> over a sphere S of radius r. 

Let dto be the solid angle subtended at the centre of the 
sphere by an element of area dS such that 
dS 



r_l 

l 2 


• 7 -=— or 

quj 


. dS 

du>=-7- 


Now 


<f>R = 




.. (1) 

J Since the other concentric 
1 sphere is of unit radius. 


or 


<I>R 


-hi 


dS 


6r 


dco=~r~ ( 4> duj 
4tt )r 


Then 


Hr _ 1 

dr 4 7T 


r dr 


__ 1 f H 
A nr 2 J 5 dr 


dS 


Since 




...(2 
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V 2 <f> dv 


Thus 


f a* 

Js dr 


=0 
dS= 0. 


(By divergence theorem) 
{Since V 2 </>=0 


...(3) 


From (2) and (3), we have 

=0, it follows that <f>R is independent of r. 


i. e. 4 >r= Constant. 

When S approaches to the point P. 

Then 

Thus the mean value of the velocity potential ^ over the 
surface is equal to the value at the centre of the sphere. 

Cor I. In an ir rotational motion the maximum values of the 
speed must occur on the boundary. 

Consider a point P to the fluid as origin and Q be any point 
nearer to P. Let q and qi are the speeds at the points P and Q. 
Let the direction of motion at the point P be the X-axis. 

Theng 2 =^^-j at the point P 

)' al ,he point Q - 

since (&)-£ (VV)=0 - 

Now satisfies the Laplace’s Equation. So there cannot be 
a maximum or minimum at P. 


Thus there are points in the neighbourhood of P> such as Q, 
at which 

(E>(d: 

So q^ 1 > q 2 . 

Hence the velocity q at the point P cannot be maximum inside 
the fluid and its maximum value, if any, must occur on the 
boundary. Also q 2 may be minimum in the interior on the fluid, 
for < 7=0 at stagnation points. 

Cor. II. In steady irrotational motion the hydro dynamical 
pressure has its minimum values on the boundary. 
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We know by Bernoulli's Theorem 

"p*-f T q 2 =Constant. 

f as ^-=0 being steady motion and the effect of body force 

lare neglected. 

Thus q i is greatest when the pressure p must be least, but this 
condition is not satisfied inside the fluid. Hence the minimum 
value of the pressure p occur on the boundary and the maximum 
value of p occur at the stagnation point. 

Cor III. The mean value of 4> over any spherical surface , is 
equal to the value of 4> at the centre of the sphere throughout whose 
interior V 2 <f>=0. 

Describe a sphere S of radius r about P as centre. Then 

*= — -[ ( — ) dS+~- [JrdS at the point P 

4jrJS dr\r] Anr\sdr 

fRef § 4-6 (ii) 

But the second integral vanishes. 1 Ref § 4 0 (i) 

Thus +—£!** I(r) dS 

Cor. IV. <f> cannot be a maximum or minimum in the interior 
of any region throughout which V 2 <t>=0 . 

If the velocity potential </> at the point P is maximum, then it 
will be greater than all the values of <f> at the points of a small 
sphere of radius A (where A is small) with the same centre P. 
Thus the mean value of the velocity potential must be less than 
the velocity potential at P f which contradicts the above theorem. 
Hence </> at the point P cannot be maximum or. minimum in the 
interior of any regions. 

§ 4 8. Uniqueness Theorem. 

Here we shall discuss some cases of acyclic irrotational motion 
of a liquid /. e. the motion in which the velocity potential is single- 
valued. 

We know that the kinetic energy is given by 
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Cor I. Acyclic ir rotational motion is impossible in a liquid 
bounded wholly by fixed rigid walls. 

Since ~=0 at every points of the boundary, then 
cn 

q 2 dv= 0. 

Now q 2 cannot be negative, <7=0 everywhere and the liquid 
is at rest. 

Cor II. There cannot be two different forms of acyclic 
ir rotational motion for a given confined mass of liquid whose 
boundaries have prescribed velocities. 

Consider <t> l and <f> t be the velocity potential of two different 
motions subject to the conditions 

(at every points of the boundary) 

cn on 

Let 4>=<t>\—<f>i 
or V 2 «£=V 2 «£i-^ 2 = 0 . 

Then <f> is solution of Laplace’s Equation and represents a 
possible form of irrotational motion in which 

on cn dn 

= 0 . 

Hence q= 0 => 2 =Const. 

Thus the motion considered by <f>\ and <f>z are essentially the 
sarr.e So an acyclic irrotational motion is determined uniquely 
when the boundaries have prescribed velocities. 

Cor. III. There cannot be two different forms of irrotational 
motion for a given confined mass of inviscid fluid whose boundaries 
are subjt ct to given impulse. 

Let 4 > i and fc be the velocity potential of two different liquid 
motions in a region bounded by the surface S. The impulsive 
pressure for these motions are and pfc. 

Then i=t<k (at each point of the boundary). 

N as fa sati? fles Laplace’s equation and is *the velocity 

pc tential of a possible irrotational motion, such that 4>= 0 at every 
point of the boundary. 

r<t>=P (4>i—4>z) 

=0 (on the surface S) 


i c. 



General Theory of Irrotational Motion 


189 


Then q = 0 at each point of the region => that (<f> 1 —^ 2 ) is 
constant. Hence the two motions are essentially the same. 

Cor. IV. The acyclic irrotational motion of a li /uid , at rest 
at infinity , due to the prescribed motion of an immersed solid . is 
uniquely determined by the motion of the solid. 

Let fa and <f > 2 be the velocity potentials of two different motions. 
The boundary conditions are 

( a ) ^ at lhe sur ^ ace the so,ic1 )* 

(b) q l= g t — 0 ( at i n fi n iiy). 

Thus <{>2 is the velocity potential of a possible motion. 

Since V 2 ^=V¥i-V 2 ^2=0 
, d(f> dtf> 1 dd>t 

and dn~dn~ bn^®' at the sur ^ ace lhe soJicl * ?=0 al infinity. 
Thus fa— ^a=Constant. 

Hence the motions are essentially the same. 

Ex. 1. Shew that in the motion of a fluid in two dimensions 
if the coordinates (x, y) of an element at any time be expressed in 
terms of the initial coordinates (a b) and the time, the motion is 
irrotational if 

d(*x) d(?y) 
d (a b)~*~d (ab) 

Since the motion is in two dimensions. Consider u and v are 
the components of velocity parallel to coordinate axes. 


...(I) 


then al= -j-=u 
dt 


and 


v=^=v 
y dt 


Again I?*". |5 + «“ . & 

da dx ba^dy da 

dx du by 

db dx # db + dy ‘ db 



dx 

d* 

d (36 x) 

da 

db 

d (a b) 

dx 

dx 


da 

db 


Similarly for 


da 



dx dx_dx dx 

da db db * oa 

(du dx_du dx\ 
\da db db * da) 


Now 
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ay 

ey 


a (v >-> 

aa 

ob 


a (a b ) 

ay 

8y 1 



aa 

db 1 



/3v 

ay 

av 

ss 

V * 

aa' 

"aa 


and 


oar m . * 

jon the motion is irrotational, 11 
Hence irom me given wuv.won, me 

3 (a bf a (a *) 

Ida dx 8u toc\ Ito 1 

'at aa ' aaj + \aa oa sb da) 

-a 5 • l + l • «-=lf • i m 

aycav dx to . g+J. . 

+»TlS • a^+ay • a*J *»l«* db dy db > 
ito a „uax 

= yax ay j^aa aa aa aaj 

<a» a«\ d(x.y) 

= \dx~dy) a («.*) 

So 8 J*2L=fci 0 since x and y are independent, by Lagrangian 
b0 at ab)^ 
equation of continuity. 

TU e >j±x) a (?y) _ n 
Thus a (a 6) + a ta 8) 

_ 8 l3=0 

^ ax ay 

. n Yn— 0 => the motion is irrotational. 

E I X , q «*»/*« if he velocity potential of on irrota, tonal 

motion is etpta, to A (5) * ^ 

«* ° n ,he series ;!+; f i7^» (x*+/r 

The velocity potential is 

4,=A &+f+*T m -* lan “ (x) 

Let (r 9 cl* ) be the spherical coordinates, 

Then ^.Ji- rco s 0 " 
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Let u , v, w be the components of velocity along the coordinate 
axes respectively 

d4> 2 Aco cos 0 

u= — r— = r 

dr r 3 

(}<l> Aco sin 9 
V= rd9~ r 3 


and 




1 




r sin 0 d<o 

The differential equation to the lines of flow is given by 
dr rd9 r sin 9dco 


u 


or 


or 


dr 


w 

rd9 


r sin 9 dco 


2 Aco cos 9 aco sin 9 A cot 9 


r »' 
r* dr 


r 4 d9 r 4 sin 9 dco 


2 co cos 9 co sin 9 —cot 9 
I II III 

From I and II, we get 

r*dr __ r 4 dO 
co cos 9~~2<o sin 9 


or — = cot 0 dO 

By integrating, we have 

log r=2 log sin 0-f-log k 2 



(where k is 

an arbitrary constant). 

or 

r=k 2 sin 2 0 

or 

r*=k*r* sin 2 0 


or 

(x 2 +y*+z*)*'*=k 2 (x*+y*) 

{ 

as r 2 =x 2 +y 2 +z 2 
and r 2 sin 2 0=x 2 -F>' 2 

or 

x-+y’ t +z 2 =k 2ls (x*+y*)U* 



Ex. 3. A thin stratum of incompressible fluid is contained 
between two concentric spheres ; shew that the velocity at any point 
is equivalent to the components 

I_ d± cl 

sin 9 dco ' dO 

along the meridian and parallel respectively. Also if the fluid be 
homogeneous and the motion irrotational , prove that 

1 d<P 1 dd> dip 

89 ~~ sin 9 dco' sin 9 dco = 89 * 

and deduce that 4+i*Jt=F(ei<* tan \9) 

Since the fluid is incompressible then p is constant. There 
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is no motion along the radius vector, the equation of continuity 
reduce to 


£(. sin «+£-° 




{Ref. equation of continuity in polar sp. coordinates 
Now (i) is the condition that 

v sin 0 d<o—w dQ = 0, is an exact differential — dty (Let), 
or v sin 9 dio— wdd=— dty 

or v sin 9 d u>—wdO=— j 

Compating the coefficients of doj and dd y we have 

fl = and w ~Te 


v sin 


1 cty . ^ 

-r 1 and >v= — 

sin Ocu) atf 


determine the components of the velocity at any point 

The differential equation to the lines of flow is 
aaB _ a sin 9d*» 
v 


...(iii) 

Proved. 


dd 

or — = 
v 


w 

sin _0duj 
w 


[ consider an elementary element 
aSO on the surface of the sphere. 


or v sin 0 dtu—ndd=0. 
which gives from (ii) 

</+- c 

«A=const. 

Thus is a stream function for the motion, Proved. 

Since the motion is irrotational hence the velocity potential 
<!> will exist. 

i d* 


v= _g and „____ 

then from (iii) and (iv), we have 
<'*=_>_£* and ?* = - 1 


dO sin 0 doj 


c9 


sin $ 


?u> 


...(iv) 


...(v) 

Proved. 


Also rr- (t + ity) 


1 


sin 0 do> 


(♦— #) 




1 ,4(*-w 


sin 6 do> 


{from (v) 
{let 


K 

dd 


i K 


sin 9 do) 


or 
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or 


or 14-L.2i« 0 
30 sin 0 do> 

Let the auxiliary equation is of the form 
dd _da>__dZ 
sin 0 i 0 

cosec 0 dO=—i d<o and d£= 0 

i.e. £= Const. 

By integrating, we have 

log tan 0/2 4-/°*= Const. 


Const. 


or 


...(vi) 
•••( vii) 


tan 0/2. e ,m = Const. 

Then from (vi) and (vii). we have 

4>+fy-*F (e<* tkn l 0). 

Ex. 4. In the case of irrotational motion in two-dimensions 
on the surface of a sphere , shew that the velocity potential is of the 
form 


Proved. 




r being the radius of the sphere and x,y, z the coordinates of a point 
referred to rectangular axes through the centre of the sphere. 

As in Ex. 3, we proved that 
f+ity=f ( tan 0/2. e 4w ) 

or $+i$=f (tan 0/2 cos a>+ / tan 0/2 sin <o). 

and <£—/</'=/( tan 0/2 cos «*>— / tan 0^2 sin to ). . % 

(Conjugate function of (1) 

By adding (1) and (2), we have 

2^=/ {tan 0/2 (cos c o+i sin w)}-f/{tan 0/2 (cos w— / sin o>)} 

We have / •••W 

, ^4- » _ r sin 0 cos sic 0 sin a> 

r+z 


r+r cos 0 


i 


as x=r sin 0 cos 
^=r sin 0 sin c* 
• z=r cos 0 


or 


or 


*-H>_sin 0 (cos qj+ / sin oj) 
r+z l+cos0-. 

r=tan y (cos a>+sin w) 


-..( 4 ) 



194 


Hydrodynamics 


Similarly 


x—iy 0 , ... 

=tap 2 ( cos 0) ~ l sm **) 


...(5) 


Hence (3) becomes with the help of (4) and (5) 

MSMSD- 

Thus velocity potential is of the form 


/(y±)+/p=M 


Proved 


r +z i 

Ex. 5. Prove that if 

fdv 3m\ /3m dw\ 

A= aF- v U'^) +M, fe"3i) 

and ii\ v are two similar expressions , then X dx+pdy+vdz is a 
perfect differential , if the forces are conservative and the density is 
constant. 

Consider V be the potential function of the conservative force. 
Let p be the density of the fluid and p its pressure at any point 
P (*» y> z) at time t. 

The Euler’s hydro-dynamical equations are, 

Z>w = __3P_J3£ 

Dt dx p dx •••(*) 

- Z>y = _3 V_\dp 
Dt 3 y p 3 y 

£m' = _ 3F_1 0p 

, • Dt dz p dz ° ...(iii) 

Multiplying (i), (ii) and (iii) by dx , and respectively and 
adding, we have 

dy+ m dz= ~ d { v+ i) 


...(ii) 


Z)u . 

Bi^+BT 


— (iv) 


Since A= 


or 


or 


k 3« /3v 3 ii\ /3 m 3w\ 

l= ar- v fe-0?J +w te-aj) 

/3m 3m 3m 3m \ ( 3m , 3v 3»v\ 

x= (s7 +u r^ v Ty +w ^r( u Tx +V v x +w Tx) 

. A=^-^(9*) {where 9 »=u l +v 2 +w* 

Therefore 


4 u t 
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[ Du Dv , . Dw ,1 l\d . .. , 

- d x+ - d y+- dz^-^Wdx 

+£«>*+ a 4 <«*>*] 

= -rf [ K+|] -i [ 9 »] 

it follows that A dx+ pdy+vdz is a perfect differential. 

Ex. 6. In irrotational motion in two dimensions , prove that 

(EHir-™ 

Since the motion is irrotational thus velocity potential will 
exist and satisfies the Laplace Equation 

V 2 *=0 


or 


^+^-0 rn 

We know that, if q be the velocity at a point 

- 

Differentiating (2) partially with regard to x and y respectively 

...(3) 


dqjd± fH_ 

^ dx dx' dx 2 dy' 3 xdy 


dq = ty. d 2 J> 

^ 3 y dx dxdy dy' dy 2 


(4) 


Differentiating (2) partially w.j\ to x and (4) w. r. to>% 
we have 

a &i u( d J¥=l d v\\ d + &*+(*'* V, m 

q dx 2 \3x/ \dx 2 ) dx * 3x 3 \dxdy) dy ’ dx 2 dy 

j n V4+(ZR\ 2 =lW-\ 2 + d A &L+IWV .a* av 

and q 9r\9y) \ax3yj ^dx dxdy 2 ^\dy 2 ) + dy 3> 3 
By adding these two, we get 

• m+gw-® « (sot 

Hence (5) reduces to with the help of (1), 
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...(7) 


'•MG9 ,+ ffin-(S9 , «©r + ®r 

-> Gsr« m 

l as 

l dx* dy* 

- ‘M(gNg)W(sr + ©r} ■■« 

Squaring and adding (3) and (4), we have 

’■[©■ + («) 1 -(S)‘{(S)' + (a)] 

a* fa«* + «rt 

w/ IW>W Uv j + a»V 0xa>- tax 2 a^j 

|from (1) 

- «+(|)V {($•+©)'} 

- (8r+er-©r+(ar 

From (6) and (7), we have 

0r qV ' q= (S) ,+ (|)' Proved. 

Ex. 7. Show that the theorem that under certain conditions 
the motion of a frictionless fluid, if once irrotational , will always 
be so, is true also when each particle is acted on by a resistance 
varying as the velocity. 

Consider a point P (x, y, z) and a point Q in its neighbour- 
hood such that PQ=8S. 

flow along PQ=u8x+v8y+wdz 
therefore — (flow along PQ)=^ (u8x+v8y+ w8z) 

b„, E(“W- fa £+*§>»« 

=$* fif+u8u 

Components of the forces along the axes are 

( — Aw, — Av f —Aw) 
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from the equation of motion, we have 
55— ??-i etc. 


Dt 


dx p dx 


or 


or 


Fr(" 8x)=8x ["^-?H + “ 8 " 

si < flow along t ~%r\ f x ~ Xu ] 


k dV 1 dp y 1 
+ ^ P ^ V ] 

+8z f— - ^-Awl+(u«u+vSv+wSiv) 
l 3z P W J 

= — SF— ^+i S (u’+v'+H'*)— A (uSx+v^y+H’Sz) 

P 

Let T be the circulation along APA 
T=j^ (uSx+v8j’+w8z) 

^£=|-F- j^+i^-A (u8x +•»«>- + h-8z) 

= -A r 

r=r 0 e - * 1 where T 0 is independent of f. 

If, initially 5=0, >?=0, 5=0 then T =0 when f=0. 
r o =0, thus r=o 

Hence by Stoke’s theorem, we have 

(/5+mtj+nO ^5=0 always 

therefore 5=0, ^7=0, 5=0 always. Proved. 

Ex. 8. A rigid envelope is filled with homogeneous frictionless 
liquid ; Show that it is not possible , by any movements applied to 
the envelope , to set its contents into motion which will persist after 
the envelope has come to rest . 

The liquid motion is produced by the movements on the 
boundary. Equations of motion are 


or 


or 


i.e . 


ii 


, 1 dco 

U ~ U -~~p dx 

, 1 dco 

v v ~ P a y 

, 1 dco 

W — W=— - TT 
P dz 


...d) 


Where co is the impulsive pressure. Here the components of 
the velocity w, v, w are zero. 
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So u'dx+vdy+w'dz= — ^ dui=—d(f> (let) 

when the density is constant, thus the motion is irrotational. Since 
the pressure at any point is single valued, <f> is single valued, then 
motion is acyclic. 

or \^q*dxdydz=-\^t- ^dS 

If — =0 on the boundary =* q is zero every where. In other 
?n 

sense the liquid comes to rest. 

Ex. 9. Deduce from the principle that the kinetic energy set 
up is a minimum that , if a mass of incompressible liquid be given 
at rest, completely filling a closed vessel of any shape and if any 
motion of the liquid be produced suddenly by giving arbitrarily 
prescribed normal velocities at all points of its bounding surface 

subject to the condition of constant volume, the motion produced 

is irrotational. 

Let u, v, w be the components of velocity at any point and T be 
the kinetic energy. 

Then T=i HI (n‘+v»+u-») dx dy dz ...(1) 

Since T is minimum, 8T=0 


So | ^ uSu + v8 v + w'Sw = 0 

on the boundary lu+mv+nw is prescribed 
thus .. /8u-bm8v-bn8>v=0 

w 

Equation of continuity is 


du.dv ,dw 
'ox dy dz 


(2) 
.. 0) 


S- 8>v— 0. 

dx oy dz. 

every where with in the liquid. 

So HI* [h Zu+ h 8v+ i 8 * ] Wz=0 - 

or [J|[^ (&“) +f y <**)+ f z W*"*] dxd > dz 


..-(4) 


"III [ &u %c +Sv ?y+ Sw t] dxdyd2=() - 
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— j [l$u+m$v+n 8 w] dS 

-Si! [8 ! “+i s,+ 5 s ' ]***-° 

S S 1 [I ! “ + i ! ' + S 8 '] - (5 » 


Adding (2) and (5), we have 


i S I [K S) ! “ + ( ,+ l) !,+ h I) H *** =0 


Hence 


“+!-»■ -+1- 0 - 


i.e. u,v, w are derivable from <f> hence the motion is irrotational. 

Ex. 10. If p denote the pressure , V the potential of the 
external forces and q the velocity of a homogeneous liquid moving 
ir rot at tonally. Shew that V V is positive and V 2 P is negative 
provided V 2 V=0. Hence prove that the velocity cannot have a 
maximum value and the pressure cannot have a minimum value at 
a point in the interior of the liquid. 

Since the motion is irrotational, hence velocity potential <t> 
exists. 

Now v* (UV)=V v’ u+uyv 

,~tdu dv.du iv zu a^\ 

+2 \3x‘ dx + dy' dy tfz ' dzj 


V’(g )-sW-o. 


- v w+m+m 

= Positive 

Thus \*q % is positive. 

f-^+i q'+V=f(t) 

v (f)-| mw+rM 

But v , ^=o=v , f' 


Proved, 
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= Negative 

Thus V*P is negative. 

From Green’s theorem, we have 

Jjw+.K+.IW dS= JJJ [g+g' +g] A** 


Proved. 


Consider 


u= d A v=— iv = — 

dx 9 by 9 dz 


Let r t >=e i 1 

,heD 11^ (,,) dxdydz 

Using this relation in the case of a liquid contained with in a 
small sphere, we have 

JJ— dS= (negative) (as V 2 ? 1 is positive) 

but 8 n=-8r 

A ^ 5 = positive 

If 9 1 is maximum at a point within the sphere then is 

or 

negative on the surface of a sphere surrounding that point, 
or J|* dS= negative 

which is contrary to our previous result, hence q 1 cannot have a 
maximum within the liquid. It can be maximum only on the 
boundary. 

Similarly substitute 4 =p 


\%dS=- \\\V' P dxdydz 
= positive. 

So p cannot have a maximum at a point with in the liquid ; 
the point of minimum pressure. It can occur only on the 
boundary. 


Ex. 11 . A space is bounded by an ideal fixed surface S drawn 
in a homogeneous incompressible fluid, satisfying the conditions for 
the continued existence of a velocity potential <f> under conservative 
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forces. Prove that the rate per unit time at which energy flows 
across S into the space bounded by S is 

_p [ * dS 

J )dt dn 

where ? is the density and dn an element of the normal to dS draw n 
into the space considered. 

Ideal surface is a surface which is free from any hydrodynamical 
singularity i.e , it is free from sources, sinks, doublets in the region 
enclosed by the surface. 

Since the fluid is incompressible then the energy stored in the 
fluid by compression i.e. intrinsic energy vanishes. 

The total energy is 

=K. E + P. E.-f Intrinsic Energy. — ^ 

Let Q be the force potential 

te. F=-VH and |p=0. U-e. fi is independent of /). 

Potential Engergy= j Pfi d v 
From (1), we have 
Total Energy= 

(Since p is constant) 

or IfJr** A ’ +P Mr 0 * -(2) 

where V is the volume bounded over fixed surface S. 

Differentiating (2) partially w. r. to /, we have 

T,-- s JWrir'w-™* 

| Second integral vanish as fi is independent of t 

or |f= p Sii ,cw.v*>* ... (3) 

l where 


l 


Again V (^i. 

= V* • V<f>+hV 2 4 >= V 

{But y 2 ^=0, by the equation of continuity.} 


..•( 4 ) 
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From (3) and (4), we have 

jf_ P Jjj r v.<*w 

P {rt=inwaid drawn normal} 

Hence rate per unit time at which energy flows across the 

surface= — p f \jr, m jrdS 

j ) ot On Proved. 

Ex. 12. Shew that if *£= — J ( ax 2 +by 2 +cz 2 ) 

V=l < lx*+my'+nz 2 ) 

where a, b, c ; /, m t n are functions of time and a+b-\-c=0 , 
ir rotational motion is possible with a free surface of equi-pressure 

if 

( l+at+a ) e 2 S a dt ; (m+b*+b) e 2 S b dt ; (n+c*+c ) e 2 ^ cdt 
are constants. 

Since «£=— \ (ax*+by*+cz 2 ) 

dd> 

^ —-(ax+by+cz) 


y£ % =-(a+b+c) 


So 


V*^=— (a+6+c) 

=0. (Given). 

Thus, the irrotational motion is possible as velocity potential 
exists. 

The equation of pressure for non-steady irrotational fluid 
motion is 

+w+y=FU) 


or 


or 


or 


~=F(t )~ i ( a x*+i> >■*+«*)— J (A'+iy+cV) 


— 1 


i (lx*+my 2 +nz 2 ) 
P -=F(t)-i [(/+d»+a) x*+( m+bt+b)y*+{n+c*+c) z a ] 

For a free surface of equi-pressure, p=const, i.e. ^=0. 

at 
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or F (t) — 2 (/+2a a+a) x 2 — § (m+2b b+b)y 2 
— i ( n+2c c+c) z 2 —ax* (l+a 2 +a) 

— by 8 (m-\-b 2 +b)— cz 2 (w + c 2 -f c)=0 


F(t)=}x 2 {{a+2a a+})+2a (/+**+*)} 


+ ly 2 {(b+2b b+m)+2b (m+b*+ b)> 

+ Jz 2 {(c+2c c+n)+2c ( n-\-c 2 +c )}. 
This equation is true for all values of / ; So coefficients of 
x 2 t y 2 and z 2 and the constant must vanish individualy, we have 

(a+2a a+/)+2a (/+a 2 +a)=0 ...0) 

(b+2b b+m)+2b (m+b 2 +‘b)= 0 ...(ii) 

(e+2e c+n)+2c (/i+c 2 -f-c) = 0 . ...(iii) 

From (i), we have 


(a-\-2a a+l) _ 

a+a 2 +l 
By integrating, we have 

log (/+ 0 a +*)+J 2 at dt = constant 

(l+a 2 +a) e ^ 2at dt =constant. 

Similarly other results can be obtained from (ii) and (iii). 

* . Proved. 


Ex. 13. Prove that if the velocity potential at any instant be 
Xxyzj the velocity at any point (x+Z, y+i\, z+Z) relative to the 
fluid at the point (x, y , z) where »), £ are small , is normal to the 
quadric x*iZ+yKR+z%Q= const ant with centre at ( x , y , z). 

Let q (w, v, w) and q' («', v', w') be the components of velocity 
of the fluid particle at the points P (x y z) and Q (x+5> y+H> *+£)• 
Since ' t= A xy z 


then 


dt 

U= -Tx = ~* yz ' 



xz 


and 


dt 

w= — r- = A xy 
dz 
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Also 


and 




du_ ~ du 
dy dz 


where u =u — A Coz+OO 
v =v — A Kx+U) 
w'=w — A (Zy+vx) 


} 



Velocity of Q relative to P is 

( u ' —u ; v'— v, w—w') 

i.e. {—A {iz+Zy) ; —A (Cx-Kz) —A ; (5>>-f *)*)} ...(iii) 

{from (i) and (ii)} 

Now the quadric is 

F=x r&+y K+z fc?=constant. ...(iv) 


The direction ratios of the normal at the point 
Q (*+£, y+v, z+?) are 
/a_F d_F d_F\ 

U ’ 37* KJ 


ie. (yt+zv, *S+z£, xtH-^ 5) ...(iii) 

By comparing (iii) and (iv), we have that the velocity of Q 
relative to P is along the normal to the quadric (iv). Proved. 

Ex. 14. Prove that in a cyclic irrotional motion of a homo - 
geneous fluid the total momentum of the fluid contained within the 
sphere of any radius is equivalent to a single vector through the 
centre of the sphere. 

Consider a spherical surface S enclosing the volume V of the 
fluid of density p. Let q be the fluid velocity and M the momen- 
tum contained by the fluid sphere. 


or 


M=[ P q dV. 

K , •••(>) 

Moment of Momentum about the centre of the sphere is 
/4 = JprX? dV 

A=? l rXV^ dV 

J ...(ii) 

{ Since the motion is irrotational, 
then q= — y<f>. 

Again r x V«£=V X(<£r) 

=<£V Xr-fV^Xr 
=0— rx V<t> 
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Hence (ii) becomes 


-4=pj V X dV |/z=inward drawn normal 

A =P nx(4>r) dS 

{ as nxr= 0 

on the surface of the sphere 

=zero. 

Thus moment of momentum A about the centre of the sphere 
is zero. Hence M passes through the centre of the sphere. 

Proved. 

Ex. 15. Incompressible fluid of density p is contained between 
two co-axial circular cylinders , af radii a and b (a < b), and 
between two rigid planes perpendicular to the axis at a distance 
l apart. The cylinders are at rest and the fluid is circulating in 
irrotational motion , its velocity being V at the surface of the inner 
cylinder . 

Prove that the kinetic energy is 

TCP / V* log (A). 

For irrotational two-dimensional fluid motion, we have 

V * d r* + r ■ 8r+r* Off* U ’ 

Since tp is a function of r only, 

*• Sfr-* 

then (i) reduces to 

23.1 

dr 2 r dr U * 

0+ c 

or a7=r ...(H) 


...(ii) 

(Transverse velocity). 


Now radial velocity is zero as ' . 


Since 


V when r=a f as v is the velocity at the 
\ surface of cylinder r=a. 


From (ii), we have V=- or c=aV, 

a 


Thus 



206 


Hydrodynamics 


or 


or 


or 


Hence the kinetic energy of the fluid 

*«.(£)* 

T=izlp a z V* J‘ i dr 

T=nlp cPV 1 ^log r j 

T=nPla*V* log g). 


Ex. 16. Liquid of density ? is flowing in two dimensions 
between the oval curves r\r t =a 2 * * * * * y r\r 2 =b 2 where r\ y ra are the 
distances measured from two fixed points ; if the motion is 
irrotational and quantity q per unit time crosses any line joining 
the bounding curves , then the kinetic energy is 


nPq* I log g) . 


The two-dimensional irrotational motion occurs in a doubly 
connected region. The equation to the curves are, 

rir 2 =a 2 constant) and rifi*^ (4=constant). 

Assuming the complex potential w is of the form 
w=iA log (z— zi) (z— za) 

or 4+10 — iA log {rie ,0 > .rae /0> } 


■iA log {rie ,e » .rae 10 *} f as z— Zi=r 1 e ,0 » 
iA log {far, .e*( 0 i+°a)} jand z— za— r*« /0i 


= M {log /v-,+1 (0i+0*)} 

Separating into real and imaginary parts, we have 
<f>=—A (0i+0 2 )» ty=A log rjra 
q=<Pb—'Pa 


Now 


or 


or 


q=A log b 2 -A log a 2 =A log log ^ 


2 log (-) 

Since the region is doubly connected then 

£ = (circulation)=.4 (27t+27r)=4Tr^ 

(difference on two sides of barrier) 

as decrease in 4 on describing the 

circuit completely once. 


{ 
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Thus kinetic energy of cyclic irrotational motion is given by 

T — »'f*S 


T= 2tc A 9 dy 

A? (■£-*.) 
T- 


{-J'Z 

Una ripid 




dS= 0 


n?q 2 


,og fc) 


on a rigid boundary 


Proved. 


Ex. 17. Show that the curvature of a stream line in steady 

motion is ^ + *here p, 9, q are the pressure, density 

and velocity of the liquid, V the potential of the external forces, 
and 8v is an ’ element of the principal normal to the stream line , 
and hence obtain the velocity potential of the two dimensional 
itrotational motion for which the stream line are confocal ellipse. 
Let r is the radius of curvature of the stream line at the point 

q2 

P. The normal acceleration of the fluid element at P Equating 

the external forces along the normal to the stream line, we have 

q_ 2 = __ dp 

r dv p dv 

» -H ^(f +K ) 

which gives the curvature of a stream line in steady motion. 

We know that 


~dS 9 


.. (i) 


where 8S is an element of length of the stream line passing through 
the point. 

Equation to the confocal ellipse is, 
a* 

The velocity at the point P is 

=A {(a— ex) (a+ex)}~ 112 

where A is an arbitrary constant and e is the eccentricity of 
the ellipse. 

From (i), we have 
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4>= — A | 
<t> = —A ( 


‘ dS 
i V{a 2 —e*x 2 ) 

_ 1 ds 

V(fl 2 -e*jc-) 40 # 
V (a 2 — e 2 a 2 cos 2 0) 


6 = -A f V±a 2 -e 2 a 2 cos 2 9) 
)V(a 2 —e 9 a 2 cos 9) 

{Since the coordinates of a point on the ellipse is 

A V t * 


( a cos 0, 6 sin 0)} 


4> = -A9 
<f>=—A tan 


\bx) 


* ^ 

which gives the velocity potential of the two dimensional irrotational 
motion for which the stream line are confocal ellipse. 

Exercise 

1. Prove that a motion under conservative system of forces, 
once rotational will always remains so. 


2. Obtain the formula for circulating kinetic energy of a 
mass of homogeneous liquid moving irrotationally in a 
finite simply-connected space in the form 



3. Liquid moves irrotationally in two dimensions under the 
action of conservative forces whose potential ft satisfies 
V 2 ^=0. Prove that the pressure satisfy the equation 
V 2 log (V 2 p)=0. 
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Motion oi Cylinders 
Elliptic Cylinders 

(Problems of IrroUtlonal Motion In Two Dimensions) 


s <5 0 The two-dimensional motion is defined by the fact 
that the stream lines are parallel to a fixed plane and the velocity 
at corresponding points of all planes parallel to 'he fixed plane has 
the same magnitude and direction. Here we shall discuss the 
two-dimensional irrotational motion produced by the motion of a 
cylinder in an infinite mass of liquid at rest at infinity or when 
a cylinder is inserted in a steady stream, the stream is disturbed 
by its presence and remains uniform only at a great distance from 
j t For convenience we shall consider the cylinder is of unit length 
and the liquid aud the cylinder to be confined between two parallel 
planes at right angles to the generator of the cylinder. 

§ 51 . Boundary condition for the stream function. 

The stream function * is to be determined by satisfying the 
following conditions : 

(1) The stream function f satisfies the Laplace s equation 
^ 72 ^= 0 , at all points of the liquid. 


The boundary conditions are : 

(i) Since the liquid is at rest at infinity i.e. the liquid will 
remain undisturbed at infinity so that 

3^=0 and — =0 at infinity. 
dx 3 y 

(ii) At any fixed boundary the normal velocity must vanish 
i, e . -|j=0 or *=c°nst. 

so the boundary must coincide with a stream line *=const. 

(iii) The normal component of the velocity of the liquid 
must be equal to the normal component of the velocity of the 
cylinder, at the boundary of the moving cylinder. 
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§ 5‘2 General motion of a cylinder in two dimensions. 


Consider a point of the 
cross-section of the cylinder 
as origin. Let a cylinder of 
any I [section be moving at 
right angles to the generators 
such that U and V are the velo- 
cities parallel to axes of X and 
Y and w is the angular velocity 
of rotation of the cylinder. 
The cylinder is surrounded by 
incompressible inviscid liquid at 
rest at infinity. 



be a °y P 01 *nt on the boundary of the cylinder and 
0 be tbe mc,,na tion of the tangent with axis of X. The velocity 
components of the point P is given by 




then 

and 


Since x=r cos 0 and y=r sin 9 
dx .. . jo 
dt 


•• • . av 

jJ r sin 0 — = —rio sin 9= —yaj 


dy _ rrnc0 de 

“77 =r cos 6 -r- 
dt dt 


roj cos 9=xoj 


Thus the velocity components of the point P are 

U—<oy t V+ xco 

The outward normal velocity at P (. x , y) on the surface of the 
cylinder (resolving the velocity component along the normal q N ). 

=(U—ojy) cos ^ 9 — (F-fcox) cos (w— 9) 

= {U—coy) sin 9—(V+cux) cos 9 

=(£/— wy) “(K+wx) ~ as cos 

* sin 9=~p 
as 


Also the normal velocity of the fluid at P (x y y) on 
of the cylinder 



the surface 
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We know that the normal component of the velocity of the 
liquid must be equal to the normal component of the velocity of 
the cylinder at the boundary of the moving cylinder, 

-g_«7- w ) |-(F+«) | 

or -3 t,=(U dy-Vdx)- o> ( y dy+x dx) 

By integrating, we have 

i/i=Vx—\Jy+l(u (x , +> |, )+const. -(0 

which determines the current function for the most general type of 
motion of the cylinder, 

§5 21. If there is no rotation then o>=0 and K==0, so (1) 
reduces to 

0=const—Uy. 

§ 5 22. If there is pore rotation then U=K=0, so (1) reduces to 
4>=\a> (x a +y*)+ const. 

§ 5 3. Motion of a circular cylinder in a uniform stream. 

To determine the motion of a circular cylinder in an infinite 
mass of the liquid at rest at infinity , with velocity U along the 

X axis. 

Consider the irrotational 
motion, originated from rest, 

The velocity potential <t> will be 
single valued. Let the origin 
be taken in the axis of the 
circular cylinder and the co- 
ordinate axes be in a plane 

perpendicular to its length. 

We know that 

(I) The velocity potential <f> 

satisfies the Laplace’s equation 

(Considering in Spherical polar coordinates in two dimensions) 

,1 ^+1^=0 

dr 2 r dr r 2 d$* 

Where the plane harmonics in polar form are r» cos n9> 
r n sin nO for positive or negative integral values of n- 

(II) The normal velocity of any point of the cylinder is equal 
to the normal velocity of the liquid at that point. 
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i.e. — —=£/ cos 9 

(III) The liquid is at rest at infinity 

(SL.-° 

From the above conditions, consider the suitable form of the 
velocity potential <f> as 


D 

<f>=Ar cos 0+- cos 0 


..( 1 ) 


(where A and B are two arbitrary constants) 

or %F = ( A ~ r>) C0S 6 -(2) 

from (2) and the boundary condition (II), we have 

U cos 0— cos 9 “* (3) 

(on the surface of the cylinder r=a) 
Also from (2) and the boundary condition (III), we have 
A cos 0=0 

=> 6^tzI 2 hence A=0 
So from (3), we have 


(as 0^n/2) 


g 

U cos 6=- cos 0 
a? 

or B=Ua 2 

Then (1) reduces to 

. V* 

6 = — cos 0 
r 

, Ua% • a 

hence 4'= J~ sin 0 

Thus the complex potential will be 
w=<f>+i'P 

w= cos 0+J sin 6 
r r 

n w= V— (cos 0—i sin 0) 


or 


or 


or 


or 


t/a 2 . 
w= — e 
r 


•#< 


w= 


Ua a 


{as z=re 


a 
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The stream lines •/'—const, 
gives the circles 
Ua 2 
~ r 


he. 


sin 0= const. 


or 


r sin r 1 



(Stream lines 4»=const.) 


(where A: is a constant) 
or x*+f-ky~0 

which represent the circles a 

t0UC § , ?4 Ar Liquid streaming past circular 

„ j;, r " »?= - - - *• ’ ub 

velocity U along the X axis is 




U* 

z 

Consider a stream flowing 
with uniform velocity U in the 
negative direction of the Af-axis, 
so that the complex potential 
will be, 

dz 

or w '= Uz 


...d) 



..(2) 


r 


J±=-u 

dx 


dy 


=0 


2 ,he V-axis on the cylinder as well as to the hqmd. 

The complex potential will be 

W=W 1 +H* t 

Ua% fas w=<f>+i'P 

w=Uz+— _ (3) \ z = r (cos 6 

+f sin 0 

! t A 

- (r cos 0+1- sin 0)+— ( cos sin 6) 

Equating real and imaginary parts, we get 

t-v(r+f) 


or 


or 


cog 0 
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and 


sin 9 


*=C/(r-^ si. 

So the equation ^r — ^ sin 0=const. 


represent the stream 


lines relative to the cylinder. 
Maximum velocity. 

The velocity distribution on a 


i.e. 


at r=a, z=ae 0i 



point of the circular cylinder 


or 

"o' 1 

1 

II 




- * -1 2* 1 


{from (3) 

or 

q=\U\ | l—e~ u< | 


or 

9= 1 V | | (l-cos20)+isin20 | 


or 

q=\U\ {(1-cos 2 0)*+(sin 20) ! }''« 


or 

9=2 | U | sin B 


...(4) 


Which shows that the fluid velocity vanishes at 0=0 or 9=n. 
These points are called stagnation points of the flow or the 
critical points. 


So the maximum value of the velocity on the surface of the 
cylinder can be determined for 9=± tz/2 
gmcz=2 I U I 

=2 x velocity of free stream. 

Pressure on the boundary of the cylinder. 

We know from Bernoulli’s Theorem, that 

p + iP q 1 =A (const.) 
since at infinity p=U t q—U 

then A=n+\p C/ 1 

or P+iP^n+iPf/* 

or p-n=iP ( U 2 -q *) 

or P- n=i P C/*( 1 — 4 sin 2 0) ...(5) {from (4) 

Since the liquid will remain in contact with the boundary of 
the circular cylinder so long as the pressure at every point on it 
is positive it follows that the liquid cannot sustain a negative 
pressure. If the pressure is negative then the cavitation will occur 
which is opposite to our theory. The formation of a vacuous space 
in a fluid is called cavitation. So for p to be positive always at 
every point, we have 


p > 0 
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or 

or 

or 


n+iP l/ a (I— 4 sin*0) >0 
n— | pt/'>0 


2 n 

U*< w 


{at 6= ±*12 
(on the sides). 


If U exceeds the above value then the liquid will cavitate at the 

s'des of the cybnd , inder moves uniformly in a given 

straight line fn an infinite /,**/, * **> of any potni » the fluid 
is given by the equations ^ <fe . Kfll 

dt~(z'- vT? ’ dt (Z-Vt)* 

„ y— ve iocity of cylinder, a its radius, and z, z’ are x+iy, x ly 

I SwsTw-rjr-tsisis: 

time/, we have x== Vt,y= 0 

Thus the complex potential is given by 

A ...(0 

(where A is an arbitrary constant.) 
• Let z—Vt=re"‘ 


w 


(2~Vt) 


or 


or 


or 


w 


A e“ #l 

r 


(cos 0—i sin 0) 
(cos 0—i sin 0) 

Equating the real part, we get 
«£=- cos 0 


or 


d<t>__A 


cos 0 


...(ii) * 


We know that the normal velocity of the cylinder at its surface 
(=Kcos^) is equal to the velocity of the fluid at that point along 

the normal of the cylinder. 


or 

or 


V cos 0—- i cos 0 


A=a 2 V, cos 0^=0 
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From (i), we get 


z— Vt 

Differentiating (iii) w. r. to z, we have 
dw _ Va 2 

dz (z-Vt)* 

, . Fa 2 

: Va 2 

u - ,v -(I=n? 


...(iii) 


u — iv 


since w=<fr-\-iip 
dw d<t> | .cty 
dz~~dx ±l d x 


dx dy 

dt dt~(z 


Va 2 ( 

-Vt ) 2 j 


d, . x Fa* 


Since u • 


...(iv) 


= — M+lV 
= dx/dt 

= dy/dt 

since z=x-f /> 
and z'=x—iy 


5T (x+, » 


Proved. 


(z- K/)* ^ and z=x-/y 

or . d ~T = : V( £ t Proved. 

dt (z—Vt) 2 

Substituting — i for i in the equation (iv), we have 
dr,., Va 2 

2F (x+,y)= (7=FF? 

f/z Fa 1 . 

° r 5F=(73P?F . Proved. 

Ex. 2. a circular cylinder of radius a moves in a 

straight line at right angles to its length in liquid at rest at infinity , 
shew that when a particle of liquid in the plane of symmetry , 
initially at distance b in advance of \the axis of the cylinder , has 
moved through a distance c, then the cylinder has moved through a 
distance 

b 2 -o 2 


c+a coth - 
a 


Consider a line perpendicular 
to the line of motion as the 
cowdinate axes. Let the cylinder 
moves with velocity V and P 
(x, y) be any point on it. After 
any time t it has described a 
distance 

x=Vt,y= 0. 
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' Thus the complex potential at z=x+iy=Vt is given by 

Vd 2 
w= 


...0) 


z-Vt 
Va * 


or 


or 


or 


w= 


t Ai * 
az 


Vo 2 


Va » 

r since h—^+W 


— M+/V=» — 


(z-^) 2 

Ko* 

(z-Vt) 2 

Va 2 


(x+iy-Vtf 
Substituting >=0, the 
velocity along the real axis, is 
given by 

Va 2 


or 

or 


dvs_Hj_i d A 
dx~dx dx 
d*’_fy i .• ^ 
dz~dx dx 


dz . 

as 5T 1 


^ =-u+,V 

dz 


u 


or 


(x-Vt) 2 
dx Va 1 
dt~~(x-Vt) 2 


Let x-Vt = \ 


d\ 


dx T/ , 

or n =v+ di 


or 


or 


v+ d -±- v - 

V +dt~ A* 

;</A ,Ka 2 „ s 
A* 


A 1 . 


pr 

* \\ 


or 




A* 


a»-A» 


</A 




-{i+ ^=r a t} 


d\ 


By integrating, we have 


or 


or 


or 


{ i a , '-A— a\ 

A+ 2 108 *+"4 

C a. x—Vt—a\ 

Vl+A =-{x-P <+2 '°g x _rr+fl' j 
x+^-- 2 l° g x -vt+a 

a ‘ b— Q 

Since x=b, t= 0, then 6+^=- 2 l0g b+“ 

a . b—a 
A=—b— j 
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or 

or 

or 

or 

or 

or 


or 


Substituting the value of the constant A , we have 
, flC. x— Vt—a . n b — fll 

^-6 = _^, og ____ ,og _J 

Again, when x=b+c at any time /, we have 
2c b+c— Vt— a . b—a 

a ' {0 H+ c -Vt+a l0g fc+a 
_ lnc ^+ fl ) {( b-a)+c-Vt } 
a *{b-a){(b+a)+c-Vt) 

{b 2 -a 2 )+(b+a) ( c-Vt ) 

( b*+a')+{b-a)(c-Vt ) 

1 +*-*•/■ (6 J -fl*)+6(c-Kr) 
l_e- 2 e/a- -fl(c-K/) 


a. 


c*/°-e-/ fl "Kr-c 

aC o lh --y^-b 

lc\ b'-a 2 
b+a coth (- 1=7737 


Vt=c+ 


P-a 2 


b+a coth - 
a 


Proved 


Ex- 3. A stream of water of great depth is flowing with 
uniform velocity V over a plane level bottom. An infinite cylinder , 
of which the cross-section is a semi-circle of radius a, lies on its 
flat side with its generating lines making an angle a with the 
undisturbed stream lines. Prove that the resultant fluid pressure 
per unit length on the curved surface is 

2flII— a V 2 sin 2 a 

where n is the fluid pressure at a great distance from the cylinder. 

Since V is the velocity of 
the stream over a plane level. 

The components of the velocity 
are V cos a along the generator 
and V sin a perpendicular to 
the generator of the cylinder. 

The component V cos « will 
exert no pressure being parallel 
to the generator of the cylinder. 


wfVCoaot 
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The component V sin a will give rise a velocity potential 4>. 

^=Ksina(r+;-)cos fl {Here V- V sin « 

or ^=Ksin«(l-£)cosO 

^=-Ksin «(r+ f) sin 0. 

If q be the velocity at the point (r, 9) 
then <?*= (§*) +(7 %) 

9*= jFsina(l-“‘)cos<> J 

+ | -V sin a^l + Ti^sin 0 j 

q ^=V' sin* a [l+ £-7? (cos* 0-sin* 0) } 

f 2a* o* 1 

or 9 *=K*sin*a|l- 7, cos 20+ - t J 

The pressure at any point is 




or 


£_C— sin* a jl- ^cos 20+p,|. 


...(«) 


Since p=n at a great distance i.e. r is infinite then from (i), 
we have 

5=C— JK 2 sin* a 
P 

or C="+iK*sin*a. 

So ^=3 + $K*sin*a 

r 9/7* fl 4 7 

-|K* sin* a jl- -^COS 20+ - 4 j 

or p=n+i?K*sin*« |^cos 20-“ 4 | -OO 

The pressure at a point (r, 0) on the cylinder, is given by 
substituting r=a in (ii), we have 

p=n-bJpK 2 sin 2 a {2 cos 20—1} 
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or 


p=Tl + lpV 2 sin* a {4 cos* 0—3} 
p=n- J.?V* sin 2 a+2? F 2 sin 2 a cos 2 0 



Now the component p cos 0 
neutralize each other, as the 
pressure exerted on the curved 
surface of semi-circular cylinder 
is equal. 

Now we shall determine the total resultant pressure on the 
semi-circular cylinder per unit length. Consider an elementary 
element a 50 on the surface 

then P= io PSiD °' a ^ 

=ap |* ^L-lv* sin* <x + 2K*sin*acos J 9 ) sin B dd 

=<7 P (t“ t vt sin * a ){ -cos # }* 

=flp( j- j V * sin ** ) (2)+2K* sin’a (-y) 

=2all pa V* sin 1 *. Proyed. 

Ex. 4. A circular cylinder of radius a is moving with velocity 
U along the axis of X ; Shew that the motion produced by the 
cylinder in a mass of fluid at rest is given by the complex potential 


w=4>+i* 


a*U 
z-Ut 


where z=x+iy. 


Find the magnitude and direction of the velocity in the fluid 
and deduce that for a marked particle of the fluid, whose polar 
coordinates are (r, 6) referred to the centre of the cylinder as 

° g 1 dr + and 

Tdt + dt r*\r* ) 

^ r— sin~0=b. 

Hence prove that the path of such a particle is the elastic 

curve given by . 

p(y-\b)=W- 

where P is the radius of curvature of the path 
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Again, differentiating w. r. to z, we have 


Ua\_ 
(z—Ut) 2 
Ua 2 


or 


let 


then 


dw 
dz 

Ua* 

w— IV= 


r Since w=f+N t 

dw__W,M 

T. »v T av 


</z ax * 'ax 

= — 11 + iv 


r 2 e wi 


M— IV 


(cos 2a—/ sin 20). 


Equating teal and imaginary parts, we have 

u= ^r- cos 28 and v=—r- 
r 2 f 

Magnitude of the velocity =-/(«’ +v*) 

_ Ua 2 

r 2 

and the direction of the velocity is given by 


sin 20. 


or 


tan «= — =tan 20 

a=20. 


(i) 


Answer. 


Answer. 


Th, complex po.cn, ini of .he motion .. t (r, ») relative ® "* 
cylinder is 


w=C/z+ 


l/a 1 


++i*=U (x+iy)+££yx t*-W 

. (/a*x 

^=f/x+ 


So 


x*+y* 
= t/r cos 0+ 


Ua ! cos 0 


..(ii) 
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and 


</»= Uy- 


Ua*y 


x 2 +y* 

rr a Uq1 sin 0 

= Ur sin 0 


The line of flow through P is 
+= constant 
then from (iii), we have 


{ 


...(iii) 
as x=r cos 0 
y=r sin 0 


sin 0=constant 
sin 0=B 


O, ,i 

where B is any constant. 

Again, we know that 

dr__ ?* C 
d, 07=“|^cos 8- 

= -t/( l-£)cos 0 


. • «(iv) 

Proved. 


Ua % cos 0 


} 


and 


then 

or 


f rr . Q Ua* sin 07 

r df 7 i W—rr Urua 6 r | 

-t/(l+^)sine 

1 dr d0 _ U / a 2 \ t/ / a 2 \ . 

r dt +l dt 7\ 1 ~) COse+i r\ l+ ^) Sm 8 

r 5/ +l <JT =_ r [ (cos e ~ isin e ) - p" (“ s ®+^sin 0)J 


Proved. 


Let (x, .y) be the coordinates of the point P referred to O as 
origin and the origin is at z=Ut 9 the coordinates of the fluid 
particle are 

x= r cos 0-f Ut , y=r sin 0 


We know that p 


ds 

Tx 


{ Si 


Since oc=20 


or 


\_dx_da dy _dx 

9~~ ds~dy* 5?”3y- s,nct 

1 </( 20 ) . _ 
or ~=—j — .sin 20 
P dy * 

or J-=2 sin 20 4^. 
P 


...( v) 
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Since from (iv), we have 


fr-yj sin 0= 


r sin 0 ^.sin* e=B 

r siD 0 

y-- sin 2 0=B. 

y 

Differentiating w. r. to y, we have 

l+;-l sin* 0-y sin 0 cos 0 ^=0, 

sin 2 <, | = M i + V ) {from(vi) 

Thus from (v) and (vi), we have 


...(vi) 


2 H 1 2 '- 4 ’ 

-w- 


Proved. 


Ex. 5. In the case of two-dimensional motion of a liquid 
streaming past a fixed circular disc , the velocity at infinity is u 
in a fixed direction where u is variable. Shew that the maximum 
value of the velocity at any point of the fluid is 2u. Prove that 

the force necessary to hold the disc at rest is 2mu t where m is the 
mass of the liquid displaced by the disc. 

The velocity potential of a liquid streaming past a fixed 
circular disc is given by 

<j>=u cos 0 

0r ? r =“( l- £) C0S9 

or sin 0 

If q be the velocity at the point P (r, 0), then 

■««****« . 

.bmn<l ~\ to) \ r dOj 
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or 


or 


q'=u 3 (l-*!)* «** 6 + u ’ ( 1+ ^1) Sin * 9 
9 S =“* £ ! — ~T cos 


Now q is maximum with regard to 9 when cos 20— — 1 
or 2 9=n 


then 


or 


-('+$r 
( ■+?.) 


J = M 


•••(*) 


Again, q is maximum with regard to r, when r is minimum 
i e. substituting r=a in (i) 

max. value of q r -a=u f l+^J = 2w. 

Thus the maximum value of the velocity at any point of the 

fluid is 2u. Proved - 

• We know that 


p r m~w+f t 


or 


f— /(O-iu* COS 20+ £} + « (r+*) COS 9 

At the boundary of the disc. r=a, we have 

P = f (/)— 2u 2 sin* 9+u 2 a cos 9 

Thus resultant pressure on the disc is 

ri. A M/t C Since a 80 is an element 

P=\ a (-p cos 6) a dd (let) | Qn (he surface of , he disc . 


/>=— paj** | /(f)— 2u* sin* 9+u* 2a cos oj cos 9 


d6 


. f 1 * 

p=— 2pa a M j cos* 0 d9 

• 

P= — 2na % pu 
P=-2 (itd 1 p) u 

P=—2mu 


f where m=ita 2 ?, mass of 
l the circular disc. 


Hence the force necessary to hold the disc at rest is 2 mu. 

Proved. 
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§5 5. Two coaxial cylinders (Problem of initial motion) 


To determine the velocity 
potential and stream function 
at any point of a liquid 
contained between two co-axial 
cylinders of radii a and b 
(a < b), when the cylinders 
are moving suddenly parallel to 
themselve in directions at right 
angle with velocities U and V 
respectively . 

Consider two co-axial cylinders of radii a and b (a < b), the 
space between the cylinders being filled with liquid of density p. 
Let the cylinders are to be moved with velocities U and V 
respectively. 

The boundary conditions for the velocity potential 4> y are 

(I) When r=a, ~^=U cos 6 

d6 

(II) When r=b, -~ = V s ia 6 



So 4> should be of the form such that — contains cos 0 and 

sin 0 both and 4> is also a solution of Laplace’s equation. To 
satisfy above conditions, assuming that 


Ar+j^ cos 0+^ Cr+- j sin d 
where A , B, C and D are arbitrary constants. 

« t-( A -?) “■ *+ ( c -$ ™ * 

from. (I) and (ii), we have 

-U cos «=(4-|) cos 
~ Also from (II) and (ii), we get 

-r sM=(^-g)cos «+(c-g) 

These being true for all values of 0, we have 


sin $ 


sin 0 








or 
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and 

C—~=Q, and C-£=-V 
a 2 tr 

given 

( Ua* n UaW 

A p-a* b*-a 2 

and 

W D Va*b» 

C b 2 —a 2 ’ b 2 -a 2 


Substituting the value of the constants in (i), we have 

*=^K) -t&K)- 

Since is a conjugate function of <j > , then 


or 

then 


W = ±W_ 

dr r 39 


sh&(-w ■—&(«-«- 

( r ~r) siD 0+ sK> ( r ~ r ) cos 0 


which determines the velocity potential and stream function at any 
point of a liquid contained in an intervening space of the coaxial 
cylinders. These equations are valid iff the Cylinders are coaxial. 


Ex. 6. The space between two infinitely long co-axial cylinders 
of radii a and b respective\y is filled with homogeneous liquid of 
density p and the inner cylinder is suddenly moved with velocity V 
perpendicular to the axis , the outer one being kept fixed. Shew 
that the resultant impulsive pressure on a length l of the inner 
cylinder is 


’"S' S-. u 


Liquid of density p is filled bet- 
ween the intervening space of two 
coaxial cylinder. The inner cylinder 
suddenly moves with velocity U 
pcpendicular to the axis and the 
outer cylinder being kept fixed. The 
velocity potential <f>, must satisfy the 
Laplace’s equation and the^ boundary 
conditions. 



i.e. 


SJ*<f>=0 (Laplace’s equation in two dimensions) 

/ a*\ 


rr 
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<«> (-!L-° 

Let the form of the potential be 

<f>=^Ar+ cos 0 + (cr+ ^ 


sin 0 
r / 

where A, B, C and Z) are arbitrary constants. 
or £?=(-<-!)«» <,+ ( c_ ?) si 


— (ii) 


sin 0 


••(Hi) 

Now equation (iii) reduces to with the help of initial conditions 
1 and II. 


— Z7 cos 0 


4-J) 

-K) 


cos 

sin 0 

...(iv) 

cos «+(c-g) 

sin 0 

...(v) 


The equation (iv) and (v) hold for all values of 0 , we have 


A ~i-° > 


*4 


0 


c—.— — o 


which gives -4 


Ua 2 






, C=Z)=0. 


substituting the value of the constants ^4, B f C and D in (i) we get 

hSW)- 

The impulsive pressure on a point (a, 0) of the inner cylinder 

=(p^)f-. 

Ua* f . b*\ 

= p ^r*[ a +ai C0&e 

9 Ua (a*+P) a . 

= — — 008 ®=^(say) 

The total impulsive pressure on 
the cylinder of length / 

=|o Fcos d.a d0 l 


=P JMW^)J- cosl , ^ 

6 2 +a 2 ° 


=Jt Pa 2 / C/ 


b*—a* 



Proved. 
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Ex. 7. An infinite cylinder of radius a and density <r is 
surrounded by a fixed concentric cylinder of rad, us b, and the 
intervening space is filled with liquid of density P- Prove that the 
impulse per unit length necessary to start the inner cylinder with 

velocity V is ^ 

*-£?{ <*+<■> ‘•-c-*”’! v 



The velocity potential <f> must 
satisfy the Laplace’s equation 
and the boundary condi- 
tions. ^ 

(i) r=a, -% r VcosO 

(ii) r=b, -f r =0 
To satisfy the conditions, consider 

*=(,4r+®)cosfl+(cr+£) sin 9 

where A, B, C, D are arbitrary constants. 

f r ( A -f t )cose+{c- 7t ) sin 9 

By initial boundary conditions, we have 

-Ecos9=^-^] cos 9+ ( C- ^) S1 ' 

0= (•<-!) c°s < ’ + ( C_ F>) Sin0 

These equations being true for all values of 9, we have 

. B y C--= 0 

A ~a'~ ' a 1 


... 0 ) 


sin 9 


or 


A-!-', 


c-fr- 


Va* , „ n 

or and 

Substituting the values of the constant in (i), we have 

( r+ r') °° S 9 

The impulsive pressure at a point on the inner cylmder, 
putting r=a • 

a=e +=ltt{ a+ a) C ° s9 
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, PVa (b 2 +a 2 ) 

a=9< f ,= -jp ~z) cos e=p ( sa y) 


The total impulsive force due to 
pressure on the cylinder in AT-direction 
is 

f 2 * 

= — J P cos 6. a dO 

9 Va cos 0 > cos 6 


-a 


b 2 -a 2 
PVa 2 (b 2 +a 2 ) 


- 


.add 



► X 


.7T 


f Since there is no compo- 
(b 2 —a 2 ) ’ [nent perp. to AT-axis. 

Also the impulse required to move the inner cylinder with a 
velocity K=mass of cylinder X V 
= ira*aV 
We know that 

Change in momentum = Sum of Impulsive force 

7ra 2 o(V— 0)=I+P f where / represents the 

[impulsive force. 


or 


or 


7 


or 


l=«a'o y+'J*l£+*> 

o*—cr 


| a (6*-a»)+p (A»+a*) J 
! fc Tz5{ (<,+p ) «*} 


Proved. 


§ 5*6. Circulation about a circular cylinder. 

Since the liquid occupies a doubly 
connected region, the cyclic motion is 
possible in an irrotational motion. 

Choosing a suitable form of the velocity 
potential which may be obtained by 
equating to K (circulation round a 
circle), such that 

~r and -ff-0 

(where .AT is the constant circulation about the cylinder) 
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from (i), we get 

3 *__ £ 

d0 2n 

By integrating, we have 

9 2tc 

Since <j> and *p are conjugate functions, then 

. K . 

* = 2tc 108 r 

Thus the complex potential due to the circulation about a 
circular cylinder is given by 
w=<t>+i>p 


{Since z=re 9i 


§ 5 7. Streaming and circulation for a fixed circular cylinder. 
We know that the streaming motion past a circular cylinder 
of radius a with velocity U is given by the complex potential, 


or 

— 

log r 

or 

K ’=^{ ,08r+ '' 9 ] 

iK 

~2n 


/AT, 


or 

w= s 108 z 



h >x=Uz+Uj ...(1) 

{Ref. § 5-4 

Also the complex potential due to the circulation of strength k 
about the cylinder is 

log z ...(2) 


ik . 

w '-r* 108 z 


Hence the complex potential for the combined motion is 

tt>=l/(z+ ^-)+^ log z ...(3) 

<f>+if=U |(r cos 8+ir sin 0)+-y (cos 8—i sin 8) j 


*=t/(r+ y'j cos 8- ~8 
'P=U (r- sin 0+ ~ log 


(log r+8i) 
...(4) 


...( 5 ) 
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The velocity will be tangential at the boundary of the cylinder. 
Its magnitude is 

?= 

1 1 0^i 

or 0= |- ^ (Tangential velocity at r=a). 

or ?= | 2f/sin;0+-^| {from (4 > 

If there is no circulation, the stagnation points are given by 
0=0 and 0=? t. 

The stagnation points in the presence of circulation are 

sin 8= — ...(6) 

!• The relation (6) will exist only if | k | < AnaU 

(as | sin 0 | cannot be greater than unity.) 

The stagnation points lie on the cylinder and on a line below 
the centre parallel to the Jf-axis. 

H; When | k | > AitaU, there exist no stagnation points on 
the cylinder. In this case the stagnation points are inverse points 
on the imaginary axis, therefore one is inside the cylinder and does 
not belong to the motion. 

III. When / k | =4i vaU. In this case the stagnation points 
coincide at the bottom P, of the cylinder. 

The stream lines in three different cases are given as follows : 
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t 




So any point on the circular cylinder can be made a stagnation 

k 

point by the proper choice of jj. 

Ex. 8. A circular cylinder is fixed across a stream of velocity 
U with circulation k round the cylinder. Shew that the maximum 

k 

velocity in the liquid is 2 U+~ q , where a is the radius of the 
cylinder. 

The complex potential for the motion of the liquid streaming 
past a fixed circular cylinder of radius a with circulation k round 
the cylinder is given by 


r; , Ua * . * , 
w=Uz +— +— log z 

Z Zrt 

e-*‘+ £ log (re") 

T /.TZ 

Ua • 


Since z=x+ iy 
=re 91 


Ur (cos 0+i sin 0)-f- — (cos 0— i sin 0) 

^ ,0g 


or 


<f>=Ur cos 0+ —cos 6—~. 

r 2 .tz 

If q be the velocity, then ; 

nm ar 


or 


or 


H £ '( 1_ ?)“ 8 F + { £ '( 1+ ?) !l ”’ + 5-'} 

a+ t)+^{ t * ?) si " #+ 5S 


4w a r* 

...d) 
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Now the velocity q will be maximum when r is 
i.e. at r=a (1) reduces to 

4 t=U * d-2 cos 29+l) + g^ (1 + 1) S in 9+ 
or 9*=4 £/* sin* 0+i^ sin 9+ 

W0 471*0* 


or 


*■" ( 2t,!i ” #+ sr)" 


minimum 

k 2 
4n 2 a 2 


or q=2Usine+ JL m 

2na 

Now 9 Will be maximum when 9 =tt/2 t.e. sin 9=1. 

Hence q mtx =2U+f. 

2na 


Hence the maximum velocity in the liquid is 2 {/+ — 

2iza 

Proved. 

Ex. 9. The space between two fixed coaxial circular cylinders 
o] radii a and b , and between t»o planes perpendicular to the axes 
and distant c apart , is occupied by liquid of density p. Shew that 
the velocity potential of a motion whose kinetic energy shall equal 
to a given quantity T is given by Ad, where iz?A 2 c log (b/a)^T 
The liquid moves in the intervening space between the two 
fixed co-axial circular cylinders, the motion is purely of circulation. 
So. we have 

<f>=A0 (where A is an arbitrary const.) . . .(i) 

Let T be the kinetic energy of the liquid. 

T =i J (2irrdrpc),q 2 


T=irpc J rq 2 dr 




or 

t b A 2 

T=irPc -r-r dr 


ia r*. 

or 

T=n?cA 2 ( - dr 


Jo r 

or 

T=irpcA 2 (log b — log a) 

or 

T=n?cA 2 log (-). 



Proved. 
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§ 5*8. To determine the pressure at points on the cylinder. 

If the circulation in a circuit is 2nk, then k is known as the 
strength of the circulation. 

-- ~2nr=2nk and -^=0 {Ref. § 5*6 

r od vr 


By integrating, we have 

<f>= — kd and <\>=k log r. 

So w=t+ity=ik log z 

The complex potential for a streaming and circulation of a 
fixed circular cylinder is 


w=u(z+f}+ik log z 

o- 

The pole inside the circular boundary is at z= 0, so we shall 
calculate the sum of residues at z=0. Equating the coefficients of 


1 jzy we have 2 

| </ z =27t/x(sum of residues at z=0) 

Jc(J) ’*=2*/ (2ikU)=-<nkU 
By Blasius Theorem, we have 

= —2nipkU 


Gives X=0 and Y=2npkX. 

Thus the cylinder experiences a force 2*pA:£/. This force is 
usually called the lift. 

§ 5 81. Equation of motion of a circular cylinder. 


A cylinder is moving in a 
liquid at rest at infinity, we 
shall calculate the forces acting 
on the cylinder owing to the 
presence of the liquid. 

Let the centre of the cross- 
section be anc * ^ be 

the components of velocity of 
the cylinder. 
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Then U=~^=x 0 


and 


v= d l°—i 
dt ~ y » 


f Since z=x+iy 

Also *-, 0=O/ >. e . W , ^ and 2 »=*»+'>» 

.yi k “° Wthatthenormalcom Ponenl of velocity of the liquid 
cylinder at the point ‘° ““ D ° rraal COm »° a ' a ' of velocity of the 

ThCn ( - J?L 0 =(t ' cos *+ Fsin ») 

©L, 

Assuming the velocity potential of the form 

^=( Ar+fj cos ff+( Cr+f ) sin 9 

I?’ = ( A ~J t) cos &+(c-p.) sin 9 
From (i) and (iv), we get 

" •+^n-(A-*) c. + (c-|). in, 

Again from (ii) and (iv), we get 

0=^ cos 0+C sin B 

These relations hold for all values of 9, we get 


or 


— (i) 
...(ii) 

...(iii) 

...(iv) 

...(v) 

- (vi) 


c-£— r 

A=0 and C= 0. 

So B=a 2 U and D=a 2 V. 

By substituting rte value of the constants, (iii) reduce to. 

cos 6 + v s 'n «) 

Since ^ and * are conjugate functions, then 
*=7 (~^sin 0-f Fcos 
The complex potential is given by 

» '=4+i* 

w =~ {(V cos 9+ V sin 6)+i (-Osin e+F cos 9)J 
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i= aUU±iV) = ^(U±jV} f z _ Zo=f£ .. 
re 01 z—z © l 

...(vii) 


Again z 0 =xo+i yo 

i 0 =*o+ifo=U+iV 

Differentiating (vii) w. r. to r, we have 

3w _ a'{U+iV) . JiU+i V)' 
cl z-z 0 (r-r 0 )* 

? A+i Q=— ( U+i V) (cos 6-i sin 0) 

+°* W+ tv * (cos 26— i sin 26) 
Equating real and imaginary parts, we have 

Q= — (U cos 0+^ Sin 6) 

ot r 


-^j-|(C/*— V*) cos 2B+2VV sin 20 j 


(?^ =o (U cos 0+ V sin 0) 

+( t/a_K*) cos 20+21/K sin 20 
Also differentiating (vii) w.r. to z, we have 
d»_ _ flMt/+iT) __a , ((/+fjO 
dz (z-zo)‘“ 

(U+iV) (cos 20— i sin 20) 

dz r* 

d »=-?L\(Ucos 20+ K sin 20) 
dz r* I 


...(viii) 


+i(Pcos20 


— 1/ sin 20) ^ 


then 


U/w* I flMC/+/K) 

« 2= Z “I U-ro7“ 


a 4 (i/»- f y») 

r 4 

Neglecting the extraneous forces, Bernoulli’s equation 
reduces to 


i-w+tr*' 


...(ix) 
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Let P ( a t 0) be any point on 
the cylinder, p be the pressure and 
X, Y are the components of forces 
on the cylinder. 


and 



as components of the pressure along the axes 
are — p cos 0 and —p sin 0 


Then X=—j pcos0.ad0 

f 2 * 

Y=— I psin0.ad0 

S 

*‘L- 

AT=-| lir (C/cos+Fsin 0) 

cos 0+2 UV sin 20 


or 


or 


or 

or 


= J £/ 


cos 2 0 d0 


X=-n?a* U=-M’U 


(other integral vanishes) 

( Since M'=na 2 p 
< mass of liquid displaced 
( by the cylinder 


Similarly Y^—npa* V=—M'V 

Let X ' and Y ' be the components of the external forces on the 
cylinder of mass M , when there is no liquid. Let a be the density 
of the cylinder and p the density of the liquid, then resultant force 
in AT-direction (due to presence of the liquid) 

where X\ is the acc. of 
the external forces on 
the liquid in X direction 

X ' 

a { as X'='Ka 1 oX\ 

Similarly the resultant external force along Y direction 

=— r 

<T 

.So equations of motion are, 


i - — — * — 

--na 2 oXi—na % pXi C 

(T — P 



M U= — M' U+- — -X' 

G 

•••(x) 

and 

M V=-M' K+— P Y' 

...(xi) 


<T 
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From (x) we have 

(M+M') U=— X' 

a 


or 

or 


or 


U- 

MU= 


a-? 


? r.AT' 


o (Af+A/'j 
M o-P 


"A/+A*' # a 

a— P y , 

iKT^+irpd*’ o 


o-p 

a+P 


X' 


From (xi). we have 


(M+M') K=— y' 
o 

»'-W' >" 




a-p 


7 TO <i*-+-7CP fl 2 


• • • 


(A) 


* O — P 

m v- — - r 

p+p 



From (A) and (B) it shows that the effect of the presence of 
the liquid is to reduce the external force in the ratio 

(c-P) : (o+P) 


Exercise 

1. A circular cylinder is moving with velocity U parallel to OX 
in an infinite liquid ; show that the motion is the same as it 
would be if the cylinder were removed aDd a doublet placed 
at the centre of the cylinder with its axis pointing in the 
direction of motion of the liquid. 

2. An infinite circular cylinder of radius a is in motion in a 
homogeneous fluid which extends to infinity and is at rest 
there. Shew that at any moment, the pressure at a point 
of the fluid at a distance r, from the axis of the cylinder 
exceeds the hydrostatic pressure by 

where f\ is the component of the acceleration of the centre 
of the cylinder in the direction of r ; u x aDd vi are the 
component velocities of the centre in and perpendicular to 
that direction and p is the density of the liquid. 


Motion of Cylinders 


239 


3. A circular cylinder of radius a and infinite length lies on a 
plane in an infinite depth of liquid. The velocity of the 
liquid at a great distance from the cylinder is U perpendicular 
to the generators, and the motion is ir-rotational and two 
dimensional. Verify that the stream function is the imaginary 

part of w=n aU coth y, where z is a complex variable zero 

on the line of contact and real on the plane. 

Prove that the pressures at the two ends of the diameter 
of the cylinder normal to the plane differs by 


Hint : Consider P (r, 0) be 
any point on the cross-section of 
the circular cylinder 

I=_L=! 

z re* 1 r 2 


oe 


1 re -f 


re* 1 

=- t (r cos 9—ir sin 0) 

=4, (*-M 



as 


w 


<j>+i<P=”aU 


, no 
cosh — 
z 

. , na 
sinh — 
z 


■na U 


cosh ^ ( x—iy ) 


sinh ™ 


then 


t/=na U 


sin ( 2 ) 


i.e. sin ^ 2 ~y j =0 i.e. y = 0 or y=— 


cosh (2“ x) -cos [2^y ) 
Stream lines are given by ^=0. 

r* 

2 a 

or r 2 =2ay=2ar sin 0 

or r=2a sin 0 

Thus it represents a circle which is a stream line. 
' Let/?o and />i be the pressure at O and A 
Po-Pi=ipv* 


, dw t 2 

*= H at 


...( 1 ) 


and '-\H\\ U ‘ 2ar=2a 

Find the velocity v, thus pressure differe nee at the ends of the 
diameter can be determined from (4). 
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ELLIPIT1C CYLINDERS 


or 

or 


§ 5 82. Elliptic Coordinates. 

Let z=c cosh ? 

Where z=x+iy and £=$+/*) 

x+iy=c cosh (5+ro) 
x+iy=c (cosh l cos *)— i sinh 5 sin v) 

Equating real and imaginary parts, we have 


or 


and 


x=c cosh 5 cos 
y=c sinh £ sin *0 
> a 




c* cosh* £ c 1 smh* £ 


1 v values of 


>* 


C 2 COS 2 


c 2 .sin 2 »? 1 


...(ii) 


Thus 5 =const. and 17 = const, represent confocal ellipses and 
confocal hyperbolas respectively, and the distance between the focii 
(±c, 0) in each case is 2c. The parameter l and 1 are called the 

Elliptic Coordinates. 

When const = a (let) 

From (i), we have a=c cosh a, b=c sinh a 
lhcn a+b=c (cosh a+sinh a)=ce a ...(iii) 

a—b=c (cosh a— sinh a)=*ce“* 

and *-b>=c* - ( ‘ V) 

By dividing (iii) and (iv), we get 

a ±b = cj? 
a—b ce~ 


e™ 


■» **(£?' 


or — 2 \a—b) 

and the distance between the focii of (i) is 


{since £**=«* (1— e 7 ) 


=2ae 

=2 V(n*-^) 

«*=2 cV (cosh*a— sinh*«) 
**2c 
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which shows that x=c cosh a cos v and y=c sinh a sin i) are the 
coordinates of a point on (i), where r, is an eccentric angle of the 
point. 

Now the Laplace Equation ||£+|^=0 has ,ts soIulion of 
the type 


cosh 1 
sinh > 
exp. J 


(n 5) 


:os 1 
>in J 


(n ri) 


for positive or negative integral values of n. 
and that e~*t must be used when the property of vanishing at 
infinity is employed i.e. when the liquid is at rest at infinity. Also 
for confocal ellipses the form 

(A cosh n Z+B sinh n 5) “ S } («>)) may be used. 

sin 3 

§ 5 83. Motion of an elliptic cylinder. 

(a) To determine the stream function and velocity potential 
when an elliptic cylinder moves in an infinite liquid with velocity u 
parallel to the major axis of the cross-section. 

We know that the current function for the most general type of 
motion of the cylinder is 

«//= Vx - Uy+\u> (x*+y 2 )= const. —0) 

Here V=Q, «>=0. i Ref - § 5 2 

or ^= — C/y 4 - const. •••(>>) 

Let the cross-section of the cylinder be an ellipse 
x 2 . v 2 , 


*+£-i 
a 2 * b 2 


+ t 


{ at £=oc 


This is same as + c r^J 1 

Where a=c cosh a, b=c sinh a {at £=a 

Thus the elliptic coordinates are 

x=c cosh a cos v and y=c sinh « sin y ...(iii) 

Since the effect is to vanish at infinity and sin y is the only 
variable factor in the boundary condition then must be of the 

from sin y. 
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Assuming the complex potential of the form 
<f>+i<P=Ae-(t+ i " 

So that ij,= — Ae-t sin y ...(iv) 

At the boundary 5=a (ii) and (iv) are same for all values 

of v) 

i.e. —Ae’* sin y= — Uc sinh a sin y -1-const. {from (iii) 
Which gives that const =0 and A = Uc e a sinh a 
From (iv), we have 

i= — Uc m e*“t sinh a sin y. ...(v) 

the stream function which will make the boundary of the ellipse a 
stream line, when the cylinder moves parallel to its major axis with 
velocity U. 


The relation (v) Can be written as 
0= — Ub e*.e~i sin y 

sin ” 

Similarly <£= Ub. J cos y 


{as b=c sinh a 
{Ref. § 5-82 


(b) To determine the stream function and velocity potential 
when an elliptic cylinder moves in an infinite liquid with a velocity 
V parallel to the minor axis of the cross-section. 

The stream function for the most general type of motion of 
the cylinder is given by 

0=Kx— Uy+ \a> (x 2 +y 2 ) + const. 

Here (7=0, to= 0, It reduces to 

»/>= Fx-f const. ...(i) 

The elliptic coordinates are 

x=c cosh a cos y and y=c sinh a sin y 
since the effect is to vanish at infinity and cos y is the only 
variable factor in the boundary condition then 0 must be of the 
form e~t cos y. 

Assuming that 4t=Ae~i cos y ...(ii) 

At the boundary £=a (i) and (ii) are same for all values of y. 
Ae~ a cos y = Vc cosh a cos y+ const. 

Which gives const.=0 and A=Vce % cosh a. 



Elliptic Cylinder 

Substituting the value of A in (ii), we get 
i p=Vce a e~i cosh a cos 1 

*= Va J{~ b ) e ~ l cos 71 
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or 


( as a=c cosh a 

I and e ’=J(St) 


Then 


t=Va e ' £ sin 1) - 


§ 5 84. The Joukowski Transformation. 
Let the transformation be 




...( 1 ) 

Obviously when | z I is large r=z (approx.). So the corres- 
ponding distant parts of the two planes remains unaltered. Th 
a uniform stream at infinity in z-plane corresponds to that of 
same strength and direction in r-plane. 

From (1) 4 r»— 4zf+c*=0 

Gives /= i {z±V(2’-‘*)}- - <2) 

The positive sign outside the radical follows that the value of 
V(z’-c’) is to be taken which becomes real and positive when z 
is on the positive part of the real axis which lies outside the ellipse 
when | z | is very large then from (2). we have 

t=z or t=0 C according as+ive or — ive sign is 

^considered before the radical 

Thus, taken positive sign before the radical 
i.e. t=\ {z+y/( z2 “~ c ~)} 

the points outside the ellipse in the z-plane corresponds to the 
points outside the circle r=* (a+b) in the r-plane. 

§ 5-85. Streaming past a fixed elliptic cylinder. 

Consider a stream whose complex potential in r-plane is Ute-‘*. 
If we insert the circular cylinder I 1 1 =i (a+b), the complex 
potential becomes 


w=Ute-" I +V 


(a+b)* 




Hi — c -O) 

{Circle Theorem 

We know by Joukowski’s transformation 

t=\ {z+-/(z*-c*)}. c 2 =a*—b*. ...(2) 

the region outside the ellipse in z-plane corresponds to the region 
outside the circle | r |=i («+&) in f -P lane - 
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Thus the complex potential, for the flow past a fixed elliptic 
cylinder can be determined from (1) and (2), 


W 


=\U je-‘“ {z4V(z=-c=)} + ~ (<H-fc)*{z--/(z 2 -c*)}] 


...(3) 

By using elliptic coordinates. Put z=c cosh £ in (3), we get 
:+V( 2 2 - c 2 )=c cosh s+v^c 2 cosh 2 £—c 2 ) 

=c cosh S+c sinh s=ce* 


or u’ 


or 




w=\U (a+fi) 2 .ce“ ? j 

W =iUV(a'-b')^e<-‘“+ | 

o r w=Jt/ a /(“"J){(‘ , - £ ’) «*-*+(«+*) «-«-'«} 

» »-!" }(Sr)[ +«- .«- K -'* ) } 


“Since on the ellipse s=<*i (let) 
tf=c cosh oi, b—c sinh <*i 

then a—b—ce “* 

.and a+b=ce*i 


or iv=i i/cc* 1 { c C-ai-»a +e -K-« 1 -i«) j 
or w=U (a-f£) cosh K— «!—»«)- 


...(4) 


Which is the complex potential for the streaming motion 
past a fixed elliptic cylinder. 

/ 

Let the stream flows parallel to the real axis, then substituting 
a=0 in (4), the complex potential is given by 

w= u (a+b) cosh (s— «i). ...(5) 

Particular Case. Let the whole system is given a velocity U 
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inclined at an angle a with the real axis, then the stream is 
reduced to rest and the cylinder moves with velocity U. 

The complex potential is 

e* 6 


w= 


U(a+b )* 


or 


or 


or 


or 


or 


or 


or 


At 

U(a+b)* 


W 2 {z+V(z*-c*)} 
Uia+b)* 


ei* 


w= 


w- 


2c* 

U ( a+b )« 
2c 


{z-V( 2 2 - C ')} e 4 * 


w= £ U (a+b) e* 1 e *• . e** 
w-lUla+b) e i% 

w=\U (a+b) e“ 1-5 . e (a_,)) 


i+ty= \U (a+b) e s {cos (*—*)—/ sin ft— a)} 

Equating real and imaginary parts, wc get 

^=*£/ (<*+£) cos (tj— a ) 1 ...( 1 ) 

0= — JC/ (a+b) c a i”5 sin ft— a)J 
gives the velocity potential and stream function for an elliptic 
cylinder moving in an infinite liquid with velocity U inclined at an 
angle a with the real axis. 

I. If the elliptic cylinder moves parallel to AT-axis, then 
Putting a=0 in (1), we have 

4>=\U(a+b) e a i”5 cos v 

and «A= — JC/ (a+b) e a i“S sin t\. 

Ex. 1. Shew that with proper choice of units the motion of an 
infinite liquid produced by the motion of an elliptic cylinder para- 
llel to one of its principal axes is given by the complex function 
w=e~* where z=2 cosh ?. 

Reduce the formulae 

x =* ( l+ -fr+p) ' y=i ‘ { l ~~r+r) 

The velocity potential and stream function for an elliptic 
cylinder moving parallel to major axis with a velocity U, is given 

by 


*=UbJ(£f\e-t co si, 


■b 
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and 


or 


or 


or 

or 


or 


or 

or 

or 

or 

or 


e_£ sin,, 

So the complex potential is 

w=4>+ity=Ub (cos n-i sin *)) 

w =++W=Ub J(^b\ e_{ {where £='+<•') 

Substituting a=c cosh a, b=c sinh a, we have 
rr • U //cosh «+sinh a\ . 

W =Uc s<nh « A /^ cosh «Ziifl r«)- # 

w=Uc sinh a.e a .e”* f Since z=2 cosh C 

w=2C/ sinh «.e a .e“* ...(i) \So c=2 

Thus by proper choice of C/ and a, we have 
2(7 sinh a.e a =l 

2C7 sinh a=e“ a , then (1) reduces to 
w=e -i Proved. 

Again H-=^+/4-=e-'£ +< ’» •••»> 

z=2 cosh £ (Given) 

x+iy= 2 cosh (5+fy) 

Separating into real and imaginary parts, we have 
<f> - • . / • . 1 


and 




«/» 


■+*-*( M 

++=4- ( 


*»++ 

1 


o 


f)* 


Proved. 


’ V **+4' 1 

Ex. 2. /4n elliptic cylinder, the semi-axes of whose cross- 

section are a and b, is moving with velocity U parallel to the major 
axis of its cross-section, through an infinite liquid of density P which 
is at rest at infinity, the pressure there being n. Prove that in 
order that the pressure may every be positive 

«■ <w- 
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Let p be the pressure and q be the velocity at any point, then 
by Bernoulli’s theorem for steady motion ,we have 

f+\q'=C. -(') 

where C is any constant. , 

Since .he «>.!.» «duc«s » . •»*£«« “ 

rest at infinity. By super-imposing a velocity P 

A'-axis both on cylinder and liquid. ^ 

So the velocity at infinity 9oo= —l/ ' n - 

Then from (1) y+y 1/2=0 


or 


or 


f+T<-7 + T e '“ 

.£-= IL+ L i/*-i <?’ 

p P 2 


By the given condition, the pressure p will be positive every 
where If P > °* 


i.e 


or 


— + JC/*“ 2^ 2 is P° silive 
P 

!Lq_j c/ a > max. value of \q 2 

Now we shall determine the max. value of q *. 
The complex potential w is given by 
w= £/ (a+^) cosh (C—«) 


...( 2 ) 


or 


or 


^ = (7 (a+b) sinh 
dz 

$-*<«+« 

dz 


sinh (£— «) 
c sinh C 


(Since z=c cosh £ 

1 * 




at 


=c sinh C 


The stagnation points can be obtained by 0 


or 


or 


sinh (£ — a)— 0 

£_ a =0 or ne 
or itr 
£ — a=0 and 

ui £=« 

“ldM I !/(«+*) sinh K— jj 

Hsrr “ ' sinff \7, x 

1 __ a+b sinh {(^— °0+i7> 

0=| ((?--&) ‘ sinh K+ft) 


re. 

or 

or 

or 

or 


...( 3 ) 
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or 


or 


j=n )( a ~*~b \ Vfsinh* ($—«)+ sin 2 9 } 

Aj\a-b) * V'Csinh 2 5+sin 2 t)) 

as sinh £=sinh (Z+iy) 
sinh £=sinh £ cosh iy 
+cosh ? sinh iy 
| sinh ? | =\/7sinh 2 5+sin 2 »?) 
q*= l/i Sl 'nh 2 (Z— «)4-sin 2 t) 

a—b * sinh 2 5+sin 2 ^ 

Now for maximum value of q> (4) can be written 

sinh* Z— sinh 2 (Z— a) 


..(4) 


q'=lP 


— s>- 

a—b\ 


} 


sinh* 5 +sin 2 *7 

But sinh £ > sinh (5— a), thus q 2 will be maximum, when sin y 
is maximum 


le . 


sin 7=1 or 


-i 


or 


7 .-r„g+ ^iDh»(g-g)+ l 1 

q U a-b\ sinh* 5+1 J { from (3) 

. cos h* (E— q) 

H a-b cosh 2 Z 

Since it is an elliptic cylindrical boundary surrounded by the 
liquid, minimum value of 5 is a. { f rom ( 3 ) 

So q is maximum when ?=a and y=nl2 (le. at the end of the 
minor axis). 

So the max. value of velocity 

1 


a—b 

q*=U> a +i 

a—b 

q'=V* 

a—b 


cosh* a 

c* 

a 2 

a 2 -b 2 

a 1 


{ since a=c cosh a 


U 2 , 


(a+b)* 


Or (<?)max= U 


(a+b) 


So from (2), we have 


or 


or 


s+jp. > io*±a 

?>wP¥ i ] 
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or 


oj 


2n a 2 > 9 U 2 {2ab+b 2 } 
2 « 2n 

P U 2 < 
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Proved. 


lab+b 2 

Ex. 3. In the two-dimensional irrotational motion of a liquid 
streaming past a fixed elliptic disc the veIoclt y ot 

infinity being parallel to the major axis and equal to V , prove that 
if x+iy=c cosh (i+iq) 

a 2 — b 2= c 2 and a=c cosh a, b=c sinh a 
the velocity at any point is given by 

9 /9 a+b sinh 2 (£—«) + sin 2 r\ 

q ~ V a-b * sinh 2 Z+sln 1 f\ 

and that it has its maximum value V a \ the end of the m nor 

axis. 

Let an elliptic disc moves through a liquid at rest at infinity 
with a velocity V parallel to the major axis. The stream function 
is given by 

ty=Vy+ const. •••(*) 

or vv= VC e * {e~ % cosh £+sinh a 

or w«= VC e a [(cosh a— sinh a) cosh S+sinh a 

(cosh C— sinh 0) 
{ as a+b=c e x 

or w=V ( a-\-b ) [cosh a cosh sinh a sinh £] 

or w=V (a+b) cosh (C— a) 

Now velocity at any point 


9= 


dw 

dz 


dw 

dti 


£ 

dz 


__ V ia+b) I sinh (S— a ) I 
c I sinh C 

= V (a+b) I sinh {(g-a)-f in) 
q c I sinn U+nj) 


V (a+b) I sinh (g— a) cos fy+cosh (£— a) sin /■p 


y/{a 2 -b 2 ) I sinh § cos iV t-cosh $ sin in 
_ l( a + b \ [sinh 2 (£— «)-t-sin 2 n] li2 
q ~ v V \a- b) • [Sinh* <;+sin 2 *?]>'* 

2 _i /2 a + b sinh 2 (£— a)-fsin 2 q 
q ' a — b ' sinh* 4+sin ^ 


or 


Proved. 
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Maximum value of the velocity q. ...... 

The velocity on the boundary of the elliptic disc is given by 

substituting £=* 

a+b sin* V 

■ sinh* a+sin * -0 

Differentiating w. r. to v, we have 

(sinh* a+sin* *1) 2 sin *1 cos v 

a+b -2 sin v cosi.jm*j 


d -■ a _ b - (sinh* B+sm* V 

dq _ 

For maximum or minimum value of q t 


(sinh 2 a Fsin 2 *)).sin 2*)-sin 2 sin 2rj-0 
or sin 2*] {sinh 2 a+sin 2 »?-sin 2 v)=0 

or sin 2q sinh 2 a=0. 

Either sin 2t)=U or sinh 2 a=0, But sinh a^O 
or 2^=0, tz 

t.e. ■n=°» */2 

So '0=0 gives minimum value of q * 
a+6 1 


and (q 2 h-*li~ v2 - a -b • l+sinh* 

~a+b 1 


(Maximum value) 


or 


or 


or 


or 


, 2 =F 2 


a—b * cosh* a 

, . _y a + b 

(q)max— v • 


[ 


since a=c cosh a 
and c 2 =a 2 —b 2 


Proved. 


§ 5-86. Elliptic cylinder rotating in an infinite mass of liquid 

3 ‘ r *We Vnow'lhat the stream function for the most general type 
of motion ofthe^ylindeMS^ (jjt+yI)+B {Re f. § 5*2 

where B is a constant. 

He,e IxH-m* ( Since x=c C ° S V C0S 1 

L j w (c* cosh 2 1 cos* V { y=c sinh % s.n 1 
+c* sinh* \ sin* >?)+5 1 Ref. § 5 82 
0» the boundary of .be elhp.ie ^eylinder, 5- 

^ = c 2 (cos 2 t)+cosh 2 a)+B . 

v 4 r as cosh 2a=2 cosh 2 a— 1 

=2 sinh 2 a+1 


then 

or 


f 
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Since the velocity vanishes at infinity and ' is the only variable, 

then * must be of the form cos 2v. 

Let >P=A e~*t cos 2<i (for all values of V) 

(1) and (2) must be same on the boundary 

Ae ~ 21 cos 2y=l“ , c s (cos 2’1+cosh 2a)+B 
theD Ae -"=\ °>c' and Jtoc* cosh 2*+ 5=0 

or A=l<»c t e*‘ and B=-i<vc* cosh 2* 

Substituting the value of A in (2), we have +ft 

e-t cos 2t {as ce'-a+b 

or 4 ,= Jo. (a+b)‘ e-*l COS 2t] 

Simfcly *-l- «•+«* + coni0E> « functions 

Thus the complex potential iv is given by 

w=i io. (a+bf £+'1 

s S 87. Kinetic energy of rotating elliptic cylinder. 

To dererm/ne rAe kinetic energy when an elliptic cyltn er 
rotates in an infinite mass of liquid a, rest at infimty 

Let the cylinder rotates with an angular velocity » on he 
boundary of the elliptic cylinder *-« . we have the stream 
and velocity potential as follows, 

<A=i" (a+b)* e-** cos 2n (Re f § 5‘86 

and (a+A) 1 e-« sin 2i ( Ref - S 

where »? varies from 0 to 2*. 

K E. T=- i? 

[*'i« (a+b) 2 r* sin 2l > 

0 {i<o (a+b) 1 e~" a .2 sin 2f)} dv 

T= — pco 2 (a+fe) 4 f sin2 2ti dri 
16 Jo 

r=- pw* (tr+fc) 1 e-*M r* (1_cos 4T)) * 

16 Jo 


or 


or 


?r 


T= — p<u j (a+b)* e-* % .* 

I 


16 

1 


r = t ~2 


.2 /*4 


16 


Cas c z =a 2 —b 2 

[and ce*=a+b 
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Now we shall discuss the cases of two dimensional motion of 
liquid contained in a cylinder moving parallel to itself. 

§ 5 81. Kinetic energy when the liquid contained in a rotating 
elliptic cylinder. 

Let w= — iAz 2 —(0 

where n and 2 =x-f/y=(r cos 0+ir sin 0) 

or <j>+i*l>=—i A r 2 (cos 20+/ sin 20). 


Equating real and imaginary parts, we get 

<l>=Ar 2 sin 20 and ty=-Ar* cos 20 ...(ii) 

or 4>=2A xy and <^= — A (x 2 —y 2 )- ...(iii) 

We know that the general expression of the stream function 

V ‘ S ’ +=(Kx-{/>-)+l*» U*+>*)+C. •• (>v) 

Since K=0=(/, (iv) reduces to 

-(V) 


or 

or 


Equation (iii) and (v), we have 

-A (x 2 -y 2 )=\u> (**+>*)+ C 
(iuj+A) ■x*+(i° J A) y 2 = C 


-C -C 


1 . 


%tu-\-A \oj— A 

'omparing this with the equation to the ellipse 

*V-=i 

ffi'h 2 1 * 


we get 


or 


t"+A 



ioa 2 b 2 

a 2 +l 2 


and 

and 



A = Jw 


V-a % 

b 2 +a 2 ' 


Substituting the value of C in (v), we have 

a 2 b 2 


and *=“•£+£*■>’ t from 

which determines the motion of the liquid in the rotating elliptic 
cylinder. 

Let q denotes the velocity 


then 
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4 - 


o» itf-d 1 ) 
6 2 +a* 




»■- -<-■+>*> 

Let T be the kinetic energy, 
then T=\? jj q'.dx dy 

r=iP IP - {x ' +yl) dx * 

r=if«* * <*’+>’* dx J y 

{ «*• ?+«*•?} 


1 , Ja*-b*)* 

T= - rrp abco -^r 



j j x* dxdy= M. I- of an elliptic area about OY 


nab.j 

4 


| jy* </x dy= M. I. of an elliptic area about OX 


, b% 
=itab. — 
4 


^ To determine the K. E. when the liquid contained in a 
rotating prism whose section is an equilateral prism. Consider the 
complex potential w . 

w=i A z 3 . 

(Proceed as in above case) 

Ex. 4. An infinite elliptic cylinder with semi axes a, b is 
rotating round its axis with angular velocity <*>, in an infinite liquid 
of density P which is at rest at infinity. Shew that if the fluid is 
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under the action of no forces the moment of the fluid pressure on 
the cylinder round the centre is 

L r.?c* f H-*ere c*=a*-b*. 

o dt 

We know that for an elliptic cylinder rotating with an angular 
velocity to , 

<t>= ia> ( a+b) 2 e~H sin 2v 
and = (a+b) 1 e~ 2 t cos 2*n 

so that w=4>+it 

=J/o> (a-f&) 2 
= iio> (fl+W e" f <£ +,t » 
w=\iw (a+6) 2 e” 2 * 
also z=c cosh C 


...(ii) 


{since ?=■;+/*> 


or 


\dw\ \ dw 

*1 

\dx\ !«• 

dzl 

\iw(a+b)*r* (-2).- 

to 2 ( a+b) A 


4c* 

sinh U-H*))' 


or 


<1 2 
<1 2 

cu* (a+b^.e-'t 
^*■“4 c* (sinh 2 ^+sin 2 *?) 

Also from (i), we have 

( fl +6) 2 <r 2 £ sin 2^. 

Let the pressure at any point, by Bernoulli’s Theorem, we have 

H-*** + * 

/> , 1 0,2 ia + b)i 

-—A 4 . 4c 2 ’ sinh 2 l +sin 2 V 

1 du> 

+ (a+b)* e~*l sin 2v j 


Consider an elementary arc 
Si on the disc then pressure 
=p ds 

So moment of the fluid 
pressure on the element ds about the 
centre C 

= — p ds.r cos 6 
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A d r 

==P ds - r ds 


fAlso r*=fl* cos* V+b 2 sin* V 
[or r dr=—\ (a*—b*) sin 2n dv 

= —pr dr 

Hence moment of the fluid pressure on the elliptic cylinder 
{i.e. at 5=a) about the centre is 

— j prdr 


! 

-*<»*-*) Jj p 


= — | /?.{— £ (a 1 — b 2 ) sin 2*7 dq) 

w 1 fn+61 4 




8c* 


sinh 2 a+sin 2 *) 


1 


+ ^ (a±b) 2 e~ tx sin 


m 2n dr J 


sin 2q dq 


=i (a*-6‘) p J” \ ( a+b )* e'* 1 sin 2i) ^ sin 2 *).<*) 


=1 („+*)* 

O 

_ (a 2 —b 2 ) (a+bp e~ 2x d<» fas 
6 9 dt ,7T jor 

— 1 ^ 4 

~8 TCPC 5T- 


sin 2 2q ^ dq 

o dt 

ce*=a+b 
c=(a+b) e~ a 
'•and c 2 =a 2 —b 2 


Ex. 5. Prove that when an infinitely long cylinder of density 
ct whose cross section is an ellipse of semi-axes a > b is immersed in 
an infinite liquid of density P the square of its radius of gyration 
about it axis is effectively increased by the equation 

P (a 2 —b 2 ) 2 
8* ob 

The kinetic energy for an ellipic cylinder rotating about its 
axis with angular velocity a> 

= i Mk 2 oj 2 f k=M. I. of an elliptic plate about 

a 2 4 -b 2 n I a ,ine passing through the 

centre and perpendicular to its 
plane 

A/=Mass of the elliptic plate 
...(i) [ =nab.<j. 

Now the elliptic cylider is immersed in an infinite liquid of 
density P, we shall determine the K. E. of the liquid. 

We know for an elliptic cylinder £=a rotating with an angular 
velocity w, the velocity potential and stream function are, 


=w. 




= \naba. co* 
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{Ref. § 5^6 


6=\ «j ( a+b ) 2 e~ 2r sin 2i 

d, = lw (a+b) 2 e' Zx cos 2*) 

r U± f C d<t> d* 

K.E. T=-i? j ^ dS=-l? ^4>d* {**Tn = Js 

r= _j p pi a, (a+bf e-“ sin 2^ j-i (a+b)* e'** 

2 sin 2v | drj. 

r= — pu> 2 (a+6) 4 (T 4 * f 2 sin 2 2?) di\ 

16 Jo 

T=j^ f*" 1 (a+b)* I’’ a -cos 4-j) dv 

1 , , f Since c e I =fl+i’ 

r=f 6 (a+*)‘ e “ or C =(a+6)e^ 

1 I and c *=a*-f>* 

T= 1 


T= 7rP<" 2 (a 2 — b 2 ) 2 
16 


Total kinetic energy, adding (i) and (n), we have 
-lr.aab a ^ut+ inP^ («*-<>*)* 


...(ii) 


...(iii) 


^T^he cylinder K E. of the liquid 
Let n be the effective increase in the radius of gyration, then 

we have 

=1 n <x ab * oa ^ 2 “ 2 




,..(iv) 


Now the effective increase in the radius of gyration i.e. (* is 
determined by equation (iii) and (iv), 




i vaba^.f^ Y6 * 


t P ( ^ 2 -^ ) 
'S * ab * 


Proved. 
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Ex. 6. A thin shell in the form of an infinitely long elliptic 
cylinder, semi-axes a and b, is rotating about its axis in an infinite 
liquid otherwise at rest . It is filled with the same liquid. Prove 
that the ratio of the kinetic energy of the liquid inside to that of 
the liquid outside is 

2ab : a 2J r b 2 

Let the elliptic cylinder is rotating with angular velocity a> in 
an infinite liquid at rest at infinity then the complex potential is 
given by 

= i ioj {a+b)* e~K {where 

Equating the real and imaginary parts, we have 


4>=i to (a+b) z e~ Zx sin 


at 5 =<x on the elliptic 
boundary 


the 


or 


or 


2 , 1 

4>=l a* (a+b) 2 e~ 2x cos 2q J 
Let Ti be the K.E. of the liquid outside, 

7i--tP l + d* 

Ti= ip w 2 ( a+b) A e~* x f sin 2q dq 
lo Jo 

{as in last example 

r,=-i Put (a'-b').n ...© 

Now we shall determine the K.E. of the liquid contained in 
the rotating elliptic cylinder. The complex potential is given by 

w=—iAz 2 • • ^ (ii) 

(where A is an arbitrary constant) 
iA (x+i>0 2 

f+i ty——iA (x 2 — y 2 +2 i xy) 

Equating imaginary part, we have 

f=-A (x 2 -y 2 ) — (iii) 

But for rotating cylinder, the stream function is given by 


or 

or 


4>=\ co (x 2 +j*)— constant 

Equating (iii) and (iv), we have 

\ o) (x 2 -{-y 2 )— constant =—A (x 2 —y 2 ) 
or (J^-M) x 2 +(i i4)y 2 =constant 

Equation to the ellipse is 

a* + b*~ l 


— (iv) 


...(v) 


..(Vi) 


At the surface, comparing the coefficient of x 2 and y 2 from (v) 
and (vi) we have 

a 2 (J co+j4)=6 ! (J to— A) 
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or A (o*+6*)=i “ 

or a*-\-b* 

Substituting the value of the constant A in (ii), we get 

0 *— b* 2 {since z=c cosh l 

w ’ =B i * " 2 


-» , . ££ «• »* «+«> 
w=i i w 




or 


<*»+** * 

^cosh cos v+i sinh ^ sin 1 ^ 

Equating the real and the imaginary part, we have 

sinh^sinM 

+2i cosh ' sinh f. cos -J sin V ] 

*= c* cosh sinh 5 cos >1 sin «? 


,»d *-l" ££ «• H* 5 «* 5 ” ] 

Let T, be tie K. B- of the liquid <-«• "» ‘”* fc Cy "" d " 
at 5=« 

T%=-\ P J 


then 

or 


or 


or 


or 


T,=l cosh. sinh «. 

(cosh^+sinh^Xv^Oos^sin-od, 

r,=i Pw*(^y c 4 cosh a sinh^a 

(cosh* a + sinh* a) j*'cos* 0 sin* *l di 

c‘ cosh a sinh a 

(cosh 2 a+sinh 2 a).^ 

1 0 2 C cosh a c sinh a {c 2 cosh 2 a 

ri= '^P"U) -f c* sinh* a} 
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or 


or 


r.-' v <*+“> 




1 


...(vii) 


or 


Dividing (i) and (vii), we have 

r, 1* w ?w z (a 2 —b 2 ) 2 .ab 

r, = T (a 2 -* 2 ) 2 

Ta 2 ab 
Ti 


Proved. 


or 


_ fl 2 +^ 2 

T%: Tii: 2ab : a 2 +b 2 

Ex 7 If an elliptic cylinder of semi-axes a, b filled with a 
liquid, 'rotates with a uniform angular velocity about itsaxts, 
shew that the kinetic energy of liquid contained is less than if it 

were moving as a solid in the ratio 

(a* -6*)* : (a* +*>*)* 

Let 7i be the K. E. when the liquid be moving as a solid with 
angular velocity w. 


Then Ti-lAf* 2 ** 


. <3*4-6* , 

T^l.nabp.—r-w* 




{ 


as M=nabp 


and k 2 


a 2 +b 2 


Let T t be the K. E. of the liquid contained in the elliptic 
cylinder rotating with uniform angular veloc.ty «. 

Tt= i«p"* - ab 


Then 


a 2 +b 2 

Tz jmM^- W 2 ab — 

7 , 1 = (a*4-6*)nP<u*.(<J i 4-6*) ab 

Tz (<3*-6*) 2 


— (ii) 

{Ref. Ex. 5 


Proved. 


or 


Ti~(a 2 +b 2 ) 2 

Tz : Tz : : (a*-6*)* : (o*+&*>*- 

Ex 8 The space between two confocal elliptic cylinders 
fa„ b a ) and (a, h) and two planes perpendicular to their axes is 
filled with liquid. If both cylinders be made to rotate about their 
common axis with angular velocity oj, the kinetic energy of the 

motion set up is 

1 Mw 2 c 4 _ 

8 ( aia 0 — bib 9 ) ( aib x — a 0 b 0 ) 

M being the mass of the liquid, and 2c the distance between the 
focii 
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Let the elliptic cylinders (<*> b„) and (a, i») be given by 5=«o 
and £=ai respectively, such that 


and 


} 

} 


..(i) 


...(ii) 


or 


...(Hi) 


or 

or 


ao=c cosh « 0 
b 0 =c sinh a„ 
ai=c cosh ai 
6,=c sinh 

We know that for elliptic cylinder 
z=c cosh C 
z=c cosh (5+fy) 

x+i>=c (cosh * cos *1 + / sinh 5 sin *]) 

Equating real and imaginary parts, we get 

x=c cosh 5 cos n and y=c sinh \ sin n- 

Equation to general type of the motion of the cylinder 

ty=Vx-Uy+\o> (x*+.y a )+ Const. ...(iv) 

Since there is a pure rotation and £/=K= 0. So (iv) reduces to, 
tp=l<D (x a +>>*)+ Const. 

i p=$ojc 2 (cosh 2 5 cos 2 »?+sinh 2 \ sin 2 »?)+Const. 
ii>=icoc 2 (cosh 25+ cos 2>))+Const. ...(v) 

At the boundary 5= a, we must have 

<|/= 4 a>c 2 (cosh 2a + cos 2i?)+Const. V values of rj. 

4, 0 =i wc 2 (cosh 2ao+cos 2t))+Const. — ( vi ) 

(at a=ao, on inner elliptic boundary) 

and ^i=i<*>c 2 (cosh 2a x +cos 2i?)+Const. ...(vii) 

(at a=ai, on outer elliptic boundary) 

Since satisfy Laplace’s equation then the suitable form of 
the stream function «/» is given by 

i J/=(A cosh 2 Z+B sinh 2;) cos 2 r\. ...(viii) 

5=a=a 0 (vi) and (viii) should give the same value. 

5=<x= ai (vii) and (viii) should also give the same value. 

iwc 2 (cosh 2« 0 +cos 2i?)+Const. 

=(A cosh 200+5 sinh 2«o) cos 2n 

\ojc 2 (cosh 2ai+cos 2?))+Const. 

=(A cosh 2ai+5 sinh 2ai) cos 2n 

which gives A cosh 2ao+5 sinh 2* fJ =l<*>c 2 

an d A cosh 2ai+ B sinh 2a x = \a>c 2 

or A {cosh 2ao sinh 2«i-cosh 2a x sinh 2 a 0 ) 

=lcoc 2 (sinh 2a x — sinh 2 oq) 


or 


at 

and 

or 

or 
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or A sinh ( 2 ax— 2 a 0 )=}<uc 2 .2 cosh (a,— O q) sinh (a 2 — a 0 ) 

or A=lo)C 2 2 cosh («i+cO sinh (ai— g 0 ) 

40 *2 sinh (ai— oq) cosh («i— a 0 ) 
cosh (a,+o 0 ) 


or 


and 


A=lwc 2 . 


cosh (ai— a 0 ) 


cosh K-ao) 

Substituting the value of ^4 and B in (viii), we get 


• sinh (ai+a 0 ) . , 1 

~^c osh (a; — aij) Slnh 2 * } 008 2 ’ 


or 


or 


and 


. = 1 2 f cosh (q t 4 -«o) cosh 2 ^ 4 -sinh (ax+ao) sinh 25 ? . 

V 4 l COSh (a t — ao) j C ° S 21 

, X ,cosh (2;— ai— otn) - 

0032,1 

*=-i»c 2 s i£kI2iz.“i^j) sin 2l) 

cosh (0,-a.) n [ as ^ 05 

Let T be the K. E. of the liquid, then 

r=-jp 

- — '• . — i — ’ 

K E. on inner K.E. on outer 
cylindrical boundary cylindrical boundary 
1 o>2c 4 sinh (ax-o,,) f 2 » . 
r “l6 P coshla.-aj ] 0 Sln * 27 > *> 

a -1 „ <" ! c* sinh («i— a„) f 2 » ... . 
^16 P cosh (a x — a,) J. Sln * *> *» 

r=- po,> c * sinh (gl - g °) 

lb cosh(a 2 — ao) 

| i sin 2 / A+jJ‘* sin 2 / <fr J 

T=I p<u 2 c« sinh fa"" 2 ) 2ie 

16 p cosh («i— O q)’ 27C 

=i wPa sinh^icosh a 0 — cosh ax sinh a 0 
8 cosh aj cosh a,,— sinh a 2 sinh 

=i n pa) 2 c 4 . C S * Dtl 81 ,g costl g i»g sinh gp 

8 *c cosh ai.c cosh ao— c sinh a 1# c sinh ao 



26 2 


Hvdrori) mimics 


s 


1 . . Mo— Mi 

=8 7 ' p£UcV ^fcA 


{ from (i) and (ii 


Let A/ be the mass of the liquid occupymg -he spaee between 
two confocal elliptic cyhnders (a 0 . W a nd 
Then A/=trp Mi-*P Mo- 
=w? (Mi “Mo) 

M Mo -Mi 


8 40 C 'Mi— Mo Mo “Mo 

_1 a 4 Mo-Mi 

""8 "" # (flifl 0 -Mo) (Mi— Mo* 


Proved. 


Ex 9. Liquid is contained in a rotating elliptic 
making use of the elliptic transformation z—c cosh £, 
that the stream function of the motion is 

a'-P 




Hence prove that the paths of the particles are similar ellipses 

.... n(a>+6*) 

described in time — • 

Since the liquid is contained in a rotating elliptic cylinder, thus 

the complex potential is given by 

w =-iAz t 

or w=-iA(x+iy)* 

0I 4,+U,=-iA (x'-y'+Uxy) 

then + A 

and <fi=2A xy. 

But for rotating cylinders, we have 

-!■=}<« (x*+>’ , ) — Const. 

Equating (ii) and (iv), we have 

(**+y*)— Const .=— A U -> ) 

or (}a>+^)X 2 +(i“-‘4)> I = ConSt - 

Equation to the elliptic cylinder 

£+ y - = \ 

« I n * 


..(i) 


...(ii) 

...(iii) 

...(iv) 


...(v) 


..(vi) 


a 2 P 


At the surface to the boundary, comparing (v) and (vi), we 


have 


or 


or 


p (i< u +^)=(> 2 (i"-' 4 ' 

A (o 2 +fc 2 )=-i“ (a'-P) 

^=-i" a i +b i 
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Substituting the value of the constant A in (ii), we get 

a 2 -b 2 


Proved. 


To determine the path of the particles, consider (x,y) be the 

coordinates of a point, then 

Velocity of the fluid particle parallel to *-axis 

= _U 
dx 




i.e. dx — *— (vii) { Ref - § 5 2 

(Since to ellipse is rotating •»> •* * •>» " i,h 


angular velocity <*>)• 
and 




...(viii) { Re f- § 5'2 


So from (vii), we get 

i—o>y=— — 


y 

y 


dx 

f. , . °*- b - vy from (13) 

jsince <f>=-a> Qi + p xy 


or 


or 


«*>>> 




also 


or 


- a * 

d<l> , <**-& x 
3>+w*=-aj;= + “ fl *+6* 

A 2 — fr 2 x 

y = — o>X + w * 


...(ix) 


+ ^ 


26* 


or 




y - a*+f>» 
Differentiating (ix) with regard to t, we have 

2fl 2 CO , 


..(X) 


X 


a 2 +b* 


or 


or 


d 2 x 2d*a> f 2fry l 
i/r 2 l 

d*x _ 4a 2 b z co 2 

d? 


.x 


{from (xi) 

•• (xi) 

which is . standard equation of S. H. M. store time period T 
given by ; 
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T=2n. 


a 2 +b i 

2abuj 


as 7T2=-r x 


T=2tz, 


it (a 2 -f -b 2 ) 


Proved. 


• ^ « 

. f 2abuj 

A b C 2abuj 

y — A a Sla [^W 


J 

r+c] 


...(xii) 


...(xiii) 


Solution of the differential equation (xi) is given by 

x=A cos f+cj ...(xii) 

Similarly y=-^ sin ^ , +C ) ... (xiii) 

Eliminating /, we have 

*L 

fl 2 n 2 

or S+S-* (^) 

Which is a similar ellipse. Hence path of the particles are 
similar ellipse. Pr0 ved. 

Ex. 10. An elliptic cylinder of semi-axes a, b is filled with 
incompressible fluid \and rotates about its axis with constant 
angular velocity w. Prove that the velocity component (u t v) 
parallel to OX , 0Y (the axis of the ellipse) are given by 


a 2 -b 2 

u=w xnr y 


a 2 -b 2 

; ’—TOP* 

shew that the coordinates X t Y (relative to axes through 0 fixed in 
space) of a given particle at time t can be written as 

M h+ ‘> 


Where A is a constant depending on the particle and t=0, 
when the particle crosses the axis OX. 

We have proved in the last exercise, that 


-b) 1 mt 


(a+b) 2 c ot 


Since 


1 hen from (i), we get 


. a 2 -b 2 

d<f> , 

(parallel to OX) 
ddt 

v =— Yy (P er P eQ dicular to OX) 
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and 


a'-b 1 

v=tu x 


Also from equation (xii) and (xiii) in the last exercise 

2abuj 


x =A cos 


f 2aboj \ 

UnV +C J 


and 


b A . f 2aboj 
y=--A sin{ — , L9 t+C | 


...(iii) 

..(iv) 

...(v) 


a \a 2 +b z 

{where C is a constant 

Since A is a constant depending on the particle (x y) and f=0, 
when it crosses the axis of X , then 

t= 0, x=A, y= 0 . 

From (iv) and (v), we have 
A =A cos C 


and 


and 


0=— -A sin C gives A=\ t C=0. 

So (iv) and (v) becomes by /4=A, C=0. 

. 2 abio 

x= A 005 ?+* ' 

* A , 

<2 


...(vi) 


These are the coordinates with regard to the rotating axes 
fixed in the body 

Now we shall determine the coordinates (X> Y) with respect to 
fixed axis in space. 

X-\-iY=elut (x+iy) 

or X+iY—(GQ$ sin <ot) (x+iy) 

Equating real and imaginary parts, we have 
X=x cos cot—y sin a >t 
a °d Y=x sin tot+y cos cot 

Substituting the value of x and y from the (vi), we have 


v \ 2 obcot b 2ahoir 

X ~ X C ° S ^+b i °° S w,+ a A Sin sin 


or 




cos cot cos— . cot -{-2b sin w/'sin cot 






} 
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where A' = ^ 

,r X=\' [(*+>>) cos [*^5^ j+ (a " 6, C0S ( L fe^ S] 

y-V| ta+fc) sin i — f +6 t ] + ' l #+b JJ 

L L Proved. 

Ex. 11. If ^ liquid is contained between the elliptic 
cylinders J+jJ-J and *** W ’ / '° ,e ”***” . , 

- 1"°” r * 

rtferrtrf w the axes OX, OY is given by 

, to -*». »/««■«' 4wertote 


3a 2 +b z a 1 +3b i 

For the first part see question No. 9. 

N ow when the axes are rotating the pressure is g.ven by 

'" 0) 

Since the fluid is incompressible and also there is steady 
motion i.e. f£=0, K-0. then (i) reduces to 


or 


?+• [Gar+eari+K-^ -*)— 


5 


as t=-u) a i + p*y 


or 
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or *+W {SEp ^ +yl)+2 KS?£) 

^ L = const- 

Since surfaces of equal pressure are obtained by substituting 
p=const. 

Qt — b% ( x *4- v 2)4-2(v ? -x*)=constant . 

ie - Q*+b l ' 

9 (a 2 —b 2 _j_ v z l fzP* + 2^ = const, 

or * Itf+P ) +y !«*+** + ' 

gt+W 3 “*+f = const, 
or * m a t +b l } a 2 +b 2 

. **- = const. 

or 3a 2 +b 2 a 2 +lo- _ . 

which are the hyperbolic cylinders. 

Ex 12. Prove that if 2a, 2b are the axes of the crwM*rti«« 
./■„ e n ip ,ic cylinder placed across a stream in which the velocity 

fJjSLSZii '' » <*• "*"«** * 

velocity a, a point (a cos *, b sin *) on **"%** “ 

U (a+b) sin* (b* cos*+a sin*) 
impinges is diminished by 

density of the liquid . 

As in Ex. 3. the velocity at any point is given by 
a+b sinh* (E— tO+sin* * 1 

q 2 = u, ^r b - sinh* E+sin* vi 

on the boundary of the elliptic cylinder at E=« it reduces .to 

r n 4 " h (a+br 


a+b 


sin 2 


9*=^*^ • sinh* a+sin* * 


(a4-b) 2 sin 2 7) 

*.=£/» • Imh^+^n 2 ^ 

? V 2 (a+b) 2 sin^r, 

9 "c 2 sinh 2 a+c 2 sin 2r , 
(a+b) 2 sin 2 ^ 

<] 2 =V*- t,2+(a 2 -b*) sin^ 

(g+6) 2 sin 2 7) 

? 2= /?- cos 2 7)-f a* sin 2 r * 


ttTa'-b 2 

(a+b) 2 


I and c ? =a 2 —b* 


or 
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Hence the velocity at a point (a cos *), b sin /)) on the 
surface is 

q 2 =U 2 ( a+b ) 2 sin 2 t\ ( b 2 cos 2 r,+a 2 sin 2 "O)" 1 
or q=U (a+b) sin (fc* cos* r,+ a * sin* t))" 1 '* Proved. 

The pressure equation for steady motion is 

q 2 = const. •••(**) 


Again velocity at infinity is given U, parallel to major axis 
l.e. p® = n, q=U (at infinity) 

from (ii), we have 

- + i t/ 2 = const 


^=i (<?*-£/>) 


...(ii) 


So diminution in the pressure at a point on the surface of the 
the elliptic cylinder 

=(n -p) 

= 1? {q 2 — U 2 ) {from (iii) 

= i p ) 

2 ‘ ) b 2 cos 2 sin* j 

rr { (<*+b) 2 sin 2 vj—fb* cos 2 T)4-fl 2 sin 2 •*) )! 

= [ b 2 cos* sin 2 j 

Consider an elementary * 

element hs at any point P on the fJ 

surface of the elliptic boundary. ^ 

Let the tangent to point P makes X 

an angle 0 with major axis. Total L L- ■ ^ 

diminution in the resultant thrust \ J 

on the half cylinder (BAB') on __ — 

which the stream impinges. B 


= |(n -p) cos ^0- ds 

= j(Il-p) sin 0 ds 

= S W-P) d {s ds 

= i(n -p)dy 


r as sin 0=| 


b sin 


Jand y= 
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I—#. V- 

I« f [a+bf A 2 . 

, f» f 2 b b * ( a+b ) 

= fUb 1, \7i=b a-b • 0‘+W* 


Let sin ‘ 0 =A 
cos »? df\=d\ 

d\ 


, pt n [ + ’' 2 f_j£±W*i!L5 1 ] b COS r, rfr, 

]_.,2 [b 1 cos* r,+a 2 sin 2 r, ) 

. rnh f + "* I («+ »>* sin * 7| _ 1 \ cos--) 

—\?(Jb J_ WJ |6*(i_ s j n «7 ) )+o 2 s |n2 T| ] 

!zF7T‘] 

551 -j(SW(£)} , M 


Proved 


§ 5 88. Circulation about an elliptic cylinder. 
The elliptic coordinates are given by 
z=c cosh 5 
x-f /y=c cosh (S+frj) 


{Ref. § 5 82 


or 


We have 


x=c cosh i cos •»} and >»=c sinh ; sin 0 

x* , v* 


1 for all values of r». 


c* cosh* <; c* sinh- i 
Now the stream function should be a function of when the 
stream lines are confocal with a given ellipse. 

Let *-/«> 

But must satisfy the Laplace equation V 2 «/'=0- 

■ if* 


or 


?*-0 

a>* 




Since is independent of 


* then i?“° 


By integrating, we hare 

then <t>=—A * i 

or w=<f>+il*=iA {5+fy} 
Let k be the circulation, then 

f BA . 


•• (i) 
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or 


or 


k_ 

2n 


—rs* 

k = A T dri=2nA or A = 

3° . . . . 

Hence the complex potential is given oy 
w= ‘j- (;+*’ 7 l) 

ITZ 

We have already determined the hyd.odynamic forces on a 
fixed^yiinder due to the steady — na. mono- a surroundmg 
fluid. Now we shall discuss the general method, wnen v 

potential i V =*+H> for the fluid motion is known , giv y 

§ 5*89. Blasius Theorem. 

coordinates , then ^ # 

X-iY= dz (Neglecting extraneous forces) 

and M=Realpartof-i?\ e (j z ) * dz 

wh ere ,he in.egra, ions are round any contour »hich surrounds the 

cylinder. 

Proof. Consider an element 

of the arc ds at Pixy) of the 
fixed cylinder. The tangent a 
the point P makes an angle 6 
with A'-axis. The fluid thurst 

at Pixy) (whose magnitude is 

p ds) will act along the inward 
normal to the cylinder, Us 
components parallel to the 
coordinate axes are 

-p sin 0 ds, +p cos 6 ds 
The force acting on the element ds is 
JF=dX+i dY 

= —p sin 0 ds+i p cos 0 ds 
=ip (cos e+i sin 0) ds=ip e" ds=ip dz 



'f>ds Gx>9 

'Jl 
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By Bernoulli’ s pressure equation , we have 

£=C- W " 

P (where q is the fluid velocity on the stream line) 


i 


Since x+/V=z 

or dx+i dy—dz 

or (cos B+i sin 6) ds=dz 


also 2 jn = — “+' v 


-q (cos 6-i sin 0)=-qe~" 
Now, integrating over the contour, we have 

F=X+iY=[ ipdz 


...(h) 


=« ^ (C-*P9*) dz 

— |iP ^q'd* Since 

= - i ip q i «“ ds {as dz = e*' ds 

= —1/P | (9 s ***') (e-*' ds) 

or F-AT-iT-I/P j o (<? J e-”‘) < e " *> 

X-iY-\ip\ i^) - dz {from(ii> 

The moment about the origin of the fluid thrust on the 
element ds, jj sin 0) J+(p cos 0) x 

dM=p{% dsy+j s .ds *} 

=P {y * + *(Sdcwise moment taken to be positive) 
The total moment is (by Bernoulli’s theorem), given by 
M= ^ p (y dy+x dx) 

M=J (C-1P4*) <y dy+x dx) {from (i) 

M=C | (y dy+x dx-\? ^ 9 2 <y dy+x dx) 

M =-\ P \ 9* (x cos 8+y sin 6) ds 

(First integral vanish as (y dy+x dx) 
1 is an exact differntial. 


or 

or 

or 
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M= Real part of-JP J c <? ! (*+'» < cos fl -'' sin 9) * 
A/=Real part of — JP j £ 9* = ds 
M = Real part of -IP j £ z.(<7« «-*"> <*" *> 

M— Real part of — |pj £ z (jj) dz 


§5 89. The aerofoil. 

The aerofoil has a profile of fish type. It is used in modern 
aeroplanes. Such an aerofoil has a blunt leading edge and a 
sharp trailing edge. The projection of the profile on the double 
tangent is the chord. The ratio of the span to the chord is the 
aspect ratio. 

The locus of the point midway between the points in which 
an ordinate perpendicular to the chord meets the profile is known 
as the camber line of a profile. The camber is the ratio of the 
maximum ordinate of the camber line to the chord. 

The theory of the flow ^ 

round such an aerofoil is made A 

on the following assumptions. / 

(i) The air behaves as an / 

incompressible inviscid fluid. / 

( ii) The aerofoil is a cylinder ^ e nce 

whose cross section is a curve of — ; ► 

' . - ^ Direction of flight 

the above form. 9 


(iii) The flow is two-dimensional irrotational cyclic motion. 
The assumptions are simply approximation to the actual 
state of affairs. The profiles obtained by conformal transformation 
of a circle by the simple Joukowski transformation make good 
wing shapes, and the lift can be determined from the known flow 
with respect to a circular cylinder. 


§ 5 * 9 # Theorem of Kutta and Joukowski. 

When a cylinder (an aerofoil) of any shape is placed in uniform 
stream (wind) of speed U, the resultant thrust on the cylinder is a 
lift of magnitude k?U per unit length and is perpendicular to the 
stream, where k is the circulation around the cylinder. 
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Consider a fixed cylinder 
in a uniform stream U at a 
great distance (i. e- at infinity) 
making an angle a with the X- 
axis and directed towards the 
cylinder. Let k be the circu- 
lation round the cylinder. 

The complex potential, 
due to uniform stream U , 

w=Ue~ ,<x .z ...(i) 


or 



... (iii) 


Seperating into real and imaginary parts, we have 
U ~ — U cos a and v= —U sin a 
The complex potential due to circulation 
ik . 

h>= 2 - log * 

Since the presence of the cylinder produces some disturbance 
and this disturbance can be represented at an infinity from the 
cylinder by the following terms ; 

A , B 

W = — +-S- + 

z z % 

where A and B etc. are constants and depend on the uniform 
stream U and circulation k. 

Thus the complex potential at a great distance from the 
origin 

ik - - A 


w=Ue’ 1 * z+^log z 
The force on the cylinder is given by 




{By Blasius theorem 


AT-.T=i/ P j{ dz 

The function has the pole at z= 0 inside the boundary, then 
the sum of the residues 


, . iUk e~ ix 
=1*P 


2m 




= _p kUe-^.i 
= —pkUi (cos a — J sin a) 
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Thus X=—p kU sin a and Y=9kU cos a 

=> that X, Y are components of a force of magnitude. 
y/{(—pkU sin a) 2 -f (9k U cos a) 2 } = ?kU at right angles to the 
stream (wind), which is the maximum lift on the cylinder of 
magnitude p kU. 

Thus when a cylinder is inserted in a uniform stream U 
superposed by a circulation k, the cylinder experiences a lift /. e. 
a force perpendicular to the stream, of magnitude pkU where V is 
the velocity of the stream and k the circulation. The lift depends 
only on the velocity of the stream and on the circulation k (which 
is independent of the shape of the cylinder). This is known as the 
Theorem of Kutta and Joukowski. 


or 


Cor. : The couple 

AT=Real part of | — {p j .z dz^ 


— J *<W + " Br " ) 


{ 


Sum of residues 
at r=0 


Thus AT— Real part of 

=*?/ j- ^+2AU (cos a—/ sin a) j 
=it?.2AU sin a=2v9AU sin a, 

Since the result contains A (const) => that the couple depends 
on the form of the cylinder. 

Ex. 1. A circular cylinder is placed in a uniform stream , find 
the forces acting on the cylinder . 

The complex potential for undisturbed motion is 
w=(u—iv) z 

By circle’s theorem, we have 
h ,== (w — iv) r-Hw+/v)~ 


or 


■t- =(u— iv)—(u+ iv) 
dz z~ 


or 

or 


By Blasius theorem, we get 

j.(£)V 

iv) ~(u+i V ) j \ dz 

X-,Y=0 => X=Q=Y 
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Now N=Real part of — i? 
AT=Real part of — 


{(«— iV)*+2(«i* +»*)£+... j z c/z 


#= Real part of -§? {-2 («*+»*) «*}.2it/ 

AT=Real part of {27c? a 2 i (m 2 +v 2 )} 

N=zcto 

It follows that no force or couple acts on the cylinder. 

Ex. 2. The circle (x+a)*+y*=a* is placed in an oncoming 
wind o] velocity U and there is a circulation 2nk. Find the complex 
potential and show that the moment about the origin is 2rrkpaU. 

The complex potential for the uniform stream 

w=Uz-\‘^-^+ik log (z— a) {gy circle’s theorem 

dw =u Va z ik 

dz 


or 


or 


(z—a ) 2 (z—a) 

s-»-¥ (-r+7(--r 

- (l+ i« )+ i( 1+ 1) 

To determine the moment about the origin, equating the 


^ . r i . idwy 

coefficients of 


or 


Thus 


= (-k*- 2 U 2 a*+ 2 Uika) 

| z (jf )**-(“*- 2 l/V + 2 Uika) 2ni 

AT= Real part of -\P J c z {-fy dz 
=ReaI part of [-k*-2U*d*+2Ukai] 2 vi 


= \?.2Uka.2ir 
=2vk9aU . 

Ex. 13. An elliptic cylinder , semi axis a and b , is held with 
its length perpendicular to, [ and its major axis making an angle Q 
with , the direction of a stream of velocity V . Prove that the 
magnitude of the couple per unit length on the cylinder due to the 
fluid pressure is 

7 c p (a 2 -P) V 2 sin 6 cos d. 
and determine its sense . 



*■ •'J 


The complex potential is given by 
h >=V (a+b) cosh (?— 


«— Co) | 


where ^=5+ ,T l 
and Zo=*+iO 
also z=c cosh £ 


XT dip dt, 

Now • * 

g-K (a+ 4)sinhK-W. c -^ 

dw V (a+b) sinh (E— ? 0 ) 
dz~~ c ' sinh C 
dw V (a+b) sinh C cosh k— cosh g sinh gp 
</z“ c * sinh ? 


. {cosh t.- ylyLjr, •»!> 4 ] 

r - *£*-(■- ?) 


•a \ —i/^ 


I =l+i«“» + *- 

L when z is large. 

K fa c + * -{(cosh ^o— sinh ?.)- sinh r. } 
,---g,sinh^} 

- (sf=^'{^4— r 

By Blasius theorem, if N is the couple about the origin then 
N=Real part of — JP J c * d * 

= Real part of -JP |2*/xSum of residues of 

2 in side the contour j 

The pole inside the contour is at origin i.e. residue at the 
origin z= 0. 
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Equating the coefficients of 1/z in the expansion of (ii), we have 

= _v^yb? ct sinh r„ 

c* 

Now from (i), we get 

r 

N= Real part of — J? { — 2 tc/. V 2 (a+b) % sinh So e 
= Real part of {7cP i V 2 (<7+&) a sinh S 0 * } 

{as Co=«+i0 

= Real part of {tc Pi V 2 ( a+b) 2 sinh («+#) e-< fl + , * , J 
= Real part of {n?i V 2 (a+6) 2 (sinh a cos 0+i cosh a sin 0) 

e~ a (cos 0—i sin 0)} 

= — tcp V* (a+6) 2 (cosh a— sinh a) sin 0 cos 0 
= — ttP F* (a+6) 2 e -2a sin 0 cos 0 
= -tt? V 2 (a 2 -b 2 ) sin 0 cos 0 f since c=(a+&) e' 


:i 


or c 2 =(a+b) 2 e~ ta 
or a 2 — b 2 ={a+b) 2 e~ 2a 


Proved. 

negative sign shows that the couple [tends to set the cylinder 
broadside to the stream. Answer. 

Ex. 14. Liquid of density P is circulating irrotationally 
between two confocal elliptic cylinders 5=«> 
where x+iy=c cosh fc+tn). 

Prove that, if k is the circulation, the kinetic energy per unit 
length of cylinder is 

The complex potential for irrotational cyclic motion of 
circulation k round the elliptic cylinder is 

m-=£ «+ft) 

«+*t> 

Equating real and imaginary parts, we have 


9 2v 


and +=§ 


The kinetic energy is, given by 
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» IJIG0- -e)1 * 


l dr, 

ras ds=dldf, 

{- HSHir 

=lP ot).2ic 

= 1 p/ : »?" g 

4 7c ’ Proved. 

Ex. 15. 5/fevv ///a/ /Ae motion of a liquid streaming past the 

elliptic disc //ie velocity at infinity being parallel to the 

axis of X and equal to U can be expressed by the relation 

\A**-c*) j 

w/iere c*=a 2 —b 2 and z=x+iy. 

We know that 

^=C/x+t/£ e -i cosvj 

and li=Uy—Ub s\nv 

Thus <f>+up=U (x-\-iy)+Ub e“t (cos vj— / sin 
or * + (*+,»+*/& /(^) e* | { 4,,) 

e ‘‘ 

=Uz+Ub (cosh ^- sinh ^ 

[ 3S 

[and 

=t/ 7(£l){vS^p) 2+6cosh? 

—b v/ (cosh 2 5— 1)| 


z=x+iy 

5-Wf 
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=~ b {«-* >/(** -«*)>■ Proved. 

Exercise 

1. An elliptic cylinder is placed in a steady stream which at 
infinity makes an angle a with the major axis of the cylinder. 
Show that on the ellipse the pressure is greatest at the points 
where the stream divides, and least at the points where the 
fluid is moving para’lel to the stream as it meets the ellipse. 

2. The space between two confocal co-axial elliptic cylinders is 
filled with liquid which is at rest. Prove that if the outer 
cylinder be moved with a velocity U parallel to the major axis, 
the inner will begin to move in the same direction with a 
velocity 

P U sinh ff cosech (fl— a) 

P sinh a coth (p— aj-f® cosh a 

where c cosh a, c sinh a are semi-axes of the inner cylinder 
c cosh p, c sinh p those of the outer and o the density of the 
inner cylinder 

3. An elliptic cylinder whose semi-axes are c cosh a, c sinh a is 
divided in two by a plane through the axis of the cylinder and 
the major axis of its cross-section. An infinite liquid of density 
p streams past the cylinder, its velocity U at infinity being 
uniform and parallel to the major axis of the cross-section of 
the cylinder. Shew that in consequence of the motion of the 
liquid the pressure between the two portions of the cylinder is 
diminished by 

Pc U 2 e a sinh a {2 cosh a+e a sinh a log tanh i<x} 
per unit length of the cylinder. 

Hint : Q. No. 12. 

. U 2 ( a+b ) 2 sin 2 

q b 2 cos 2 v+a 2 sin'-h 

diminution of the liquid pressure on the portion ABA' 



4. An elliptic cylinder, semi-axes a and b is held with its length 
perpendicular to, and its major axis making an angle i|/ with. 
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the direction of a stream of velocity U. Prove that the 
magnitude of the couple per unit length on the cylinder due 
to the fluid pressure is 

7 cp c 2 l) 2 sin 0 cos 9. 

5. Verify the stream function for uniform streaming parallel to the 
axis past a solid, bounded by those parts of the circles 

(x + l) 2 +>’*=2; Cx—1 )*+>'**= 2 

which are external to each other, are 

. f . 1 2 2_ 

4 ’~ y \ + x t +y* (x+l>*+.>-* (x-l)*+y 
x , 2 (x+1) , 2 (x-1) 

and >!>- x +tf+p + {x+ if+ y * + ( x -\)t'ZP 


■1 


Hint : We know that 

I z-l r-(x-\)*+y 9 

and | z+l | 2 =(a*+ l) 2 +> 2 . 

Let the transformation be 

»-£t 

so that the circle | t | =1 in /-plane is same as 

2 

2*— 1 
4|z| 2 


or 


or 


z-l 


I 2+1 |« 

4 (x*+y)* 


1 in 2 plane 
1 in z-plane. 
1 


or 


{(x-DHy*) {(x+l )«+>' 2 } 

{(x— 1)*+^ 2 — 2} {(x+ l) a +> 2 — 2}=0. 

Thus the part of plane outside the given circles in 2 -plane 
transforms into part outside the circles | / | =1 in /-plane. 


Let 


«£+/«/' 


>•*='■{- 


(*+»>•)■ 


x—ty . „(.*+! )—iy 


+2 


x*+>* ' U+ !)*+>* 

+2 !i^} 


u— 1 )*+>’. 

y 


(Given) 


='' {~ 2+ \ + TT\ 


which is a complex potential at a point t when the liquid extending 
upto infinity. 


o 

Irrotational Motion In Three Dimensions 

( MOTION OF A SPHERE) 

Here we shall discuss the theory of irrotational motion in 
three dimensions with a particular emphasis to the motion of 
the sphere. The treatment is based more or less to the 
a circular cylinder. 

§ 6 0. Butler’s Sphere Theorem. 

Consider a rigid sphere r=a be introduced into *fi* ld J** 
axi-symmetric irrotational flow in an 

(perfect) fluid with no rigid boundaries, character, sed by **«*'«« 
function *.=*.0 9) all of whose singularities are at a *«M»« 
greater than a from the origin, where ^=0 (r*) at an ongtn, then 
the stream function becomes 

'P='Po—'h 

(r, e ) 

The following conditions are to be satisfied, 

(i) The flow given by the current function */• must be 

irrotational. , f .. 

(ii) On the boundary of the sphere i.e. r=a 9 current function 

is constant. . f - 

(iii) h (at origin) has no singularity outside the boundar> of 

the sphere r=a. 

(iv) The velocity due to */>i (at origin) must tend to zero as r 

tends to infinity and must not introduce any net flux* over the 
sphere at infinity. 


• The integral 


f F.n ds or F, 


ds 


is called the flux of F across the surface. Where Fa denotes the component of 
Fin the direction of the outward drawn normal at the point P inside the 

iurface. 
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Since 3 a ve’ocity potential 4> in an irrotationa] motion then 
the velocity components in the direction of r and 0 in terms of 
4> and j> are given by 

* 1 l£+ 

r sin O' r cO 


and 


<7* 


I_ 

r sin O' 


d± 

or 


or 

or 

or 

i.e. 


I 


dr 


r 2 sin 0 dO 

a id* 


It and 


**. 


cO 


sin 0 


(£?|= A( _J <V'\ 

dO \ erf cO \r* sin 0 dOl 

A /£^U_a 

dr \do) dr 


l 


r’g+sin e. d -(' 

dr 2 c0 Vsin 0 


# W\ 

\sin a' dr J 

&j> 


rid ) 


d*l> 

d? 


...(V) 


By direct differentiating the function 0 O and (at origin) the 
relation (v) is satisfied. Thus the flow given by the current 
function */' is irrotational which satisfies the condition (i). 

It is clear that at r=a (on the boundary of the sphere) <Jj= 0, 
condition (ii) is satisfied. 


a 2 

Since r and - are the inverse points with regard to the 


sphere r=a. If one point is in side the sphere, the other point lies 
outside. So all the singularities of <j/ 0 lie outside the sphere, and 
all the singularities of (at origin) will be inside. This satisfies 
the (iii) condition. 


Since «£ 0 is analytic inside the sphere r=a and near the origin 
ifi Q =0 (r 2 ). Therefore at infinity <{i (at origin)=0 

Thus Qr 


1 d* 


r 2 sin 0 dO 

=> velocity at infinity due to ./»i (at origin) is O which 

tends to zero as r tends to infinity. 

which also tends to zero as 
r tend to infinity. 


Flux = J q r .ds=0 | 


Thus the condition (iv) is also satisfied. 

Similarly we can show that if all the singularities of (r 0) 
are inside the sphere r=a y and if *p 0 =O for large r, then 
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^=»jj 0 — tpi gives the flow inside the sphere when r=a is a rigid 
boundary 

§ 6 01. Since the velocity potential <£ satisfies the Laplace s 
equation in three dimensions. 

0V 6V 

dx 2 d } * dz* * 

This equation can be represented in spherical polar coordinates, 
as follows 

9^ 2 d<f> . 1_ V* , coU> — 4- 1 a l^=o 

3r 2 r r* 30 r 2 sin 2 0 3i« 2 

or r 2 sin 0 |^+2r sin 0 ^+sin 0^ 

+2 cot 0 sin 0 g+ s -^ 3^=0 



|^=0 then (i) reduces to 


a 3 r ( rJ l?) + dr0' h ( sin 6 ^) -0 - ...(io 

Whose general solutions are of the type 

*=2 ( A n r n +B n r-"- 1 ) Pn V integral values of n 

where P n is the Legendre’s co-efficient of order n. 

and Po(/*)=l> Pi (lO-f*. (-V 2 “D elc - 

§ 6 1. Motion of a sphere through a liquid at rest at infinity. 
To determini the velocity potential and stream function , if a 
sphere is moving in a liquid at rest at infinity. 


Consider the origin O be at the 
centre of the sphere, which is 
moving along a straight line with 
velocity V. The motion of the 
liquid will be symmetrical about 
this line. Now the velocity 
potential ^ must satisfy the following 
boundary conditions. 

(I) At every place the velocity 
potential <f> satisfies the Laplace’s 



condition V 2 ^=0. 
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(II) 2^=0 at infinity. 
cr 

(III) At the surface of the sphere r=a , we must have 

— ^ = Normal velocity=K cos 0 
dr 

If follows that <f> must be a function of cos 0* Consider the 
form of the function <t> is given by, 

4>=^Ar+ c ° s B ...(i) 

from II r = co, ^=0. which gives A cos 0=0 => >4—0. 


So 


or 


from III at the surface of the sphere r=a , 

v cos e 
dr 

From (i) and (ii) we have 

— ^4— J cos 0=Kcos 0 

B=\a z V 

Then (i) reduce to 

f I a*V Q 
*=2 75 cos 0 

Which determines the velocity potential for the motion. 
Also 


...(ii) 


{as -4=0 


...(iii) 


1 a'V . , a 

'IT s,n 9 


Lines of flow. The differential equation of the lines of flow 
referring the centre of sphere as origin. 

dr __ r d9 

d<f>l'dr d<t>/rd0 


• From 111 cooditioo we see that solution of (ii) § 6 01 must be of the 
from ? =/ (f) cos 8. By substituting, we have 


or 


or 


sH 7)- 2/ “° 

'• U +2r 


f=Ar+ 


Its solution is 
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*=-^cos*g=-^ si 


sin 0 


</r _ 2rd0 
cos 0 sin 0 

— — =2 cot 0 


{ from (in) 


By integrating, we have 

log r=log sin 2 0-Hog c % 

{ where log c is an arbitratry constant} 

r—c sin* 0 

Which is the equation to the lines of flow. 

6 6 2. Liquid Streaming past a fixed sphere. 

Consider the sphere to be fixed and the liquid streaming 
past it with velocity V. By superposing a velocty - V 
sphere and the liquid, the velocity potential becomes 
r 1 V Q* 

cos+2 ~pr cos0 


*-r( r+ \ 7 r ) cos 9 

Equation to the lines of flow, are given by 

dr _ ' 
dt/dr dHrdO 
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By integrating, we have 

log (r 3 — a 2 ) — log r= — ? log sin 0-Hog C 

{where log C is an arbitrary constant} 

r 3_ fl 3_ c 

0r r sin 2 9 

or sin 2 9 (r 3 — a*) = Cr 

Which gives the lines of flow relative to the sphere. 

§ 6 3. Concentric Spheres. Initial Motion. 

Consider two concentric spheres of radii a and b (a < b), the 
intervening space being filled with liquid of density p. To deter- 
mine the velocity potential of the initial motion , n hen the given 
impulsive force art so applied that the inner sphere starts moving 
with velocity U and the outer sphere with velocity V in the same 
direction. 


Since the motion starts by 
applying the impulsive force, 
thus it is an irrotational motion. 
The velocity potential <f> must 
satisfy the Laplace’s function 
/. V 2 4 >= 0 ...(i) 


The bounday conditions are 

I —r~= U cos 9 when 

or 

II — = V cos 6 when r=b 

ori 



Assuming that 


<4r+^-j cos 9 

—<ii) 

?<f> 1 „ 2B \ 

Sr~[ A -~r *-) C0Sfl 

...(iii) 

Now from I and (iii). we have 

( cos 8= — U cos 9 

...(iv) 


Also from II and (iii). we have 

^>4— cos 9= — V cos 9 

..-(v) 


These being true for all values of 9 , we have 
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and 


A——=—V 

A 


Ua*-Vb 3 . „ 

or and B- — Y(b>-*) 

By substituting the value of the constants A and B in (u), we 

(U-V\ d l b 3 | cos 8 

r 

...(vi) 


have 


, Wa'-Vb'\ . . t (U-V'ctbl X 
*•=[ - \- rcose + [ 2(b>-a>> 5 


Which determines the velocity potential for initial motion. 
Particular Case : Let the outer cylinder be at rest. It 
follows that ^=0 then the velocity potential ^ reduces to 


*■ 


t/flS ,.rcosfl+ ^ 


6 3 -n' 


2(6*-a 3 )' r 


{ from (vi) 


The velocity potential 4> at the surface of the inner sphere r a y 
is given by 

*-*'‘ 23 ?- 005 • 

Let M be the mass of the inner sphere and I the impulse 
necessary to produce the velocity U , then by the principle o 
momentum, 

I-MU=SS P cos 0 ds 

(Since /?=(*£, the impulsive pressure of the liquid at r=a, where 1 
|<£ denote the velocity potential just before the impulsive action. J 

or 1 — MU=?.\ U C ° s2 ^ Sin ^ ° ^ 

aS0 
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or 


or 


or 


, ?U (2a* + b*).Tza 3 f 2 * 
l- Ml}-- ( p-tf) Jo 

f lifF 2pC/(2fl 3 4-6 3 ) . 

3’ 


cos 2 0 sin 0 dS 

(-=F-T 


Let M' be the mass of the liquid displaced 
then AT = | rca 3 P 

, 1frr , 1 M , t/(2a* + y) 
or l=MU+\ j^ 6 3 , 


= M£/+i . M'l/ 


■-S- 


If the radius of the outer sphere (r=6) is increased indefinitely, 
(in other sense b tends to *> ,) then 


Lt 

b-+ 00 




-=1 


Thus the impulse necessary to give to a sphere of mass M 

placed in infinite liquid is given by 
l=MU+l M'U 

l=(M+\M')U ... , 

Ex 1 A solid sphere moves through quiescent frictionless 

nquid lse boundaries are a, a distance from It great compared 
J,h its radius Prove that at each instant the motion in the liquid 

slant. Prove that the liquid streams past the sides of the sphere 
with half the velocity of the sphere. 

Let O be the centre of the 
sphere and U the velocity with 
which it moves. The motion 
being symmetrical to the ^T-axis 
and irrotational. The velocity 
potential <f> must satisfy the 
following condition : 

(i) V 2 *= 0 - 

(Laplace’s condition) 


u Cos 9 
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-f^=£/cosf> 

dr 


(ii) 

when r=a i.e. on ihe boundary of the sphere. 

/•••v 30 

(in) — r-=zero 

or 

where r tends to infinity. 

Since the solution ofV ? 0=O contains cos 0. So assuming 
the suitable form of the velocity potential. 

0= ^Ar+ ^-jcos 0 

From (ii) and (v), we have 

^A — cos 0= — £/ cos 0 {at r=a 

From (iii) and v), we have 
A cos 0=0 
A = 0 

The relation (vi) being true for all values of 0, we have 


or 


...(iv) 

...(v) 


...(vi) 


, 2B rr 

A r — — U 

a 3 


or 


B=\a % U. {as A = 0 

Substituting the value of A and B in (iv), we have 

i a ' u 

0 = }.-^j cos 0 . 

Thus at each instant the motion in the liquid depends only 
on the position of the sphere and velocity of the sphere at an 
} instant. Proved. 

Velocity with which liquid streams past the sides of the sphere 

=_ /! **\ 

V dr 

t\ cPU . 

=1 U sin 0 

=ixthe velocity of the sphere along the tangent. 

Proved. 

Ex. 2. An infinite ocean of an incompressible perfect liquid 
*>f density P is streaming past a fixed spherical obstacle of radius 
a. The velocity is uniform and equal to U except in so far as its 
^disturbed by the sphere, and the pressure in the liquid at a great 
"dance from the obstacle is n. Shew that the thrust on that half 
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of the sphere on which the liquid impinges is 

’*{ n -T6 ,u '}- 

The velocity potential 
when the liquid is streaming 
past the fixed sphere with 
velocity U is given by, 

^ = t/|r+ i.^-|cos0 

...0) 

The velocity at any point of the sphere is tangential, therefore 

HaL-M-L 

=J.3(/sin0 

Now the velocity will vanish when 0=0 or 0 =tc. Thus the 
stagnation points will occur on the axis of A' at A (0 = 0) and 

»)„_-[ »KM, 


r-o 


=Zero. 


Consider q be the velocity at a point on the boundary of the 
sphere. 

SO 

or ,«=? I/* sin‘ 0. 

Let p be the pressure then by Bernoulli’s equation, we have 

p 

{In case of steady motion and absence of external fore s} 
Since p=U t q = U 

then 

Substituting the values of constant C in (ii), we have 

or '=5+ll/*-|t/*sin«0 

which gives the pressure at any point of the sphere. 


C=?+}C/ J . 
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Now the thrust on that half of the sphere on which the 
liquid impinges. 



p cos 0.2 va sinJ0.fl dO 

*/*cn 9 


i 

2*a'P f*' 2 [n +i f/>-?t/‘sin^ j.si 

l-h*] 


, sin 0 cos 0 dO 


= 27Tfl 2 p 
■■2na 2 P 


Proved. 


=7 ' a2 [ n- l6 pt/I ] ‘ 

Ex. 3. A stream of water of great depth is flowing with 

uniform velocity V over a plane level bottom. A hemi '^ here f 
weight w in water and of radius a, rests wtth ,ts base on the bottom. 
Prove that the average pressure between the base of the hemisphere 
and the bottom is l!ss than the fluid pressure atony pom, of the 
bottom at a great distance from the hemisphere , ij 

32w 

U ' > / 7 ^- 

Consider the centre O of 'the hemisphere as origin and (rl H) 
be the spherical polar coordinates of a point referred to the axes 

through the origin O. . 

The velocity potential when the liquid is streaming past the 

fixed sphere with velocity U is given by 

4>=u(r+ £ 2 )cos0 

where x=r sin 0 cos <f>, y=r sin 0 sin 4> and z=r cos 0. 

If q be the velocity at the point P (r 0 <f>) on the sphere 


=- U 2 sin 2 0 
4 


£ Ref. Q. No. 2 
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Let n be the pressure at a great distance i.e. at infinity, then 

IP sia * e_ | Ref . Q. No 2 

Now the total thrust on k 


the hemisphere due to liquid 
along the direction XO 

-LCJ'O* 

— g U 1 sin* 0 jsin 0 cos <f> j 
.a sin 0 dj>.a dO. 


\>Sin9Cm<t> 
' //> 


OlX© 




where p sin 0 cos 4> is the component of the pressure 
along Af-axis and (a sin 0 d<t> a d0) the element on 
.surface of the sphere at P. 


=fl2p L !♦—»/* s ‘ n, ^|* s * n * 0 COS< £ d0 W 

=2fl,p 11 o {r +i{y,- i ut sin ’ e | sin ‘ 6 dB 

, n ii. „1 

=jm* n-j^pC-' 2 ]. 

So tota pressure on the base 

=*a 2 jn-^Pt/ 2 ]+>.’- 


, , Pressure on the base 

Average pressure on the base= % - -■ . 

area of the base 

- n -H p0,+ 5* 

Since Average Pressure < Pressure at great distance. 


or 

n "!5 < n 

or 



rr, 32W 

or 

U > 1 lp7ta 2 ’ 


Proved. 


Ex. 4. Liquid of density 9 fills the space between a solid 
sphere of radius a and density ?' and a fixed concentric spherical 
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envelope of radius b, prove that the work done by an impluse which 
starts the solid sphere with velocity U is 


LvaW 


{»&} 




Ref. § 6 3 Particular case. 

The impulse / necessary to start the solid sphere with velocity 
U is given by 

2a 3 +6* 

Since the impulse on the sphere of mass M 
= MU 

=3 wtft'U 

and M' be the mass of the liquid displaced 
Le. M' 

From (i), we have 


7T a 2 pU. 


■ I X 


Now the work done by the impulse 

=Impulse x Mean of initial and final velocities 
.0^ 

2 

=\IU 

n a»t/»f ?0 , | 2a*+y p ] 

3~ | 2p p J Proved. 

Ex. 5. The space between two concentric spherical shells of 
radii a and b (a > b) is filled with an incompressible fluid of 
density ? and the shells suddenly begin to move with velocities U, V 
in the some direction; Prove that the resultant implusive pressure 
on the inner shell is 

F } ■ 

Ref. § 6-3, we have 
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Let G5 be the impulsive pressure 
at any point P ( b , 0) on the inner 
shell. 

Q=-P <t> 

where <f> is the velocity potential 
on the inner shell 

a= a -i 


r Vjduiv V. 

spherical shell 

=J o (-a cos 0 ). 2 nbs\n 0 .bd 0 
= — 2tc b 2 ^ a sin 0 cos 0 do 

= _ S a {<^ S -^) + i (U-V) a’ }| 



cos* 0 sin 0 dO 


r ^,{ (£/a, -^+i(tf-r)a*) ] 


Negative sign is admissible. Proved 

Ex 6. Prove that for liquid contained between two instan- 
taneously concentric spheres, when the outer (radius a) is moving 
parallel to the axis of X with velocity V and the inner (radius b) is 
moving parallel to the axis of Y with velocity V, the velocity pole- 

and find the kinetic energy. 

Since the motion is irrota- 
tional. So B a velocity poten- 
tial <f>. The velocity potential 
$ must satisfy the Laplace 
condition Sy 2 (f >= 0 and also 
the following boundary con- 
ditions: 
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(I)— ^=Ucos9 when r=a 
or 


(II)—^=Ksin 0 when r=b. 
or 


{Ref § 5.1 (II) 


Assuming the velocity potential <f> be of the form 
= ^ cos0+ ^ Cr+^r) sin 6 

01 rr( A -W) ™ 9 +( c -™) * ia 6 

from (I) and (iv), we have 

or — U cos6=^A— cosfl+(C— sin 8 

Also from (II) and (iv). we get 
or — K sin 8=^A — cos 0+^C— sin 9 


...(ii) 

...(iii) 

...(iv) 

...(v) 

...(vi) 


The relations (v) and (vi) being true for all values of 8, we 


have 


A-~ = -U and C-^=0 




and 


C _ y 

c W v 


By solving these, we have 

Ua* 
A — 


c= 


fl 3 -^’ 

w 


5= 
2> 




2(a*-b*) 

V&b* 


a>-b 3 ’ • 2(n 3 -6 3 ) 

Substituting the values 0 / 5, C and Z) in (iii), the velocity 

potential ^ reduces to 

*-&( H-&) - *+S( *£) - « 


or 


or 


t=-*hp{ aiU - rcosB ( l+ &) 

-Ursine (l+gj)} 

-**> (*+£)} 


Proved. 
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Let T be the kinetic energy of the liquid at any instant. 

Then T=-\? jj *Yn dS 

the normal direction being the direction. 

£ ' cosj - $L=- Ksin ® 

-b>V ( i + '^y |(-t/cos 0)dS 


l 


+ 2- P 


-ip 

-Jp. 

=1p. 


-t*K(l+^>-} ( -K sin 6)dS 

m W+ 1L 


(fl 3 -* 3 ) fl 

UVa 3 [[ 

6 to 3 -*) 3 )] Jr.d 
f/ 2 (2a 3 +6 3 ) 


+1P. 


(d*-b*)b 
V * (a 3 +26 3 ) 


(fl 3 -^ 3 )fl * 4 * ’ {(P-b'ft) 

Thus kinetic energy is given by 

=| 5i ^{ 2( C/V+F*6* ) + fl »6»(^+K*) } 


r»b 


as product of inertia j j xj </S=0 

Mri J[^ (*+*)<» 

= M. I. of the hollow sphere of 
radius a about a diameter 

1 2Ma'__Ma- 

2 3 3 


= 47Tfl 2 . — 


4: :a 4 


Ex. 6. Incompressible fluid, of density P, «s amtabud between 
two rigid concentric spherical surfaces, the outer one of mass W, 
and radius a, the inner one of mass Mi and radius b. A normal 
blow P is given to the outer surface. Prove that the initial velo- 
cities of the two containing surfaces (U for the outer and V for the 
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inner ) are given by the equations. 

C „ , ( 2a'+b> q V=P 

( A/,+ _ 3la>-6 J ) ] U a 3 - 1 * 

f 2 (2fc»+fl») i v= W b l u 

and |A/tH 3 ( fl 3_ i>») 5 a 3 - IP 

Ref. § 6*3 equation (vi). 

(W-W)r+ {V ~2fi° ~ ] cos9 
Since a normal blow Pis given to the outer surface therefore, 
MiU=P- j \ r _ a P «» 9 dS ...(ii) 

M t V=P - ss Tmb P cos 9 dS ...(iii) 

( where p is an impulsive piessure on 
an element hs on the surface. 

Also p=P* - (iv) 

where 4> is the velocity potential just before an impulsive action. 
From (ii) and (iv), we have 
Af l U=P—jj cos 0 dS 

or 

-f * v — £ l cos ^ .cos 9 dS 

or M l U=P-^b\ n o {(y^Ua^)r 

1| cos 0.cos 6.2 rta sin 9 ad9 




i: 


cos 2 9 sin 9. d9 




{ at r=a i. e. surface of the outer sphere 
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or 


or 


or 


rr 2nP aW 

j Wl+ uo‘-i>>T.\ *=» v ~ p 

which proves the first result 

Now fiom (iii) and (iv), we have 
M Z V= — | jp<£ cos 6 dS 

+ ~ y ~2 r« ° 3fea ] cos e,C0S sin B ' bJ ‘ 

|( W- W>*J+ 1 (K-l/) a’j 

cos* 0 sin 


or 


2 7^5 { ^ (26»+a*)-3C/a»] 


3 a 3 - 


, 27tp6> (2fc*+<J 3 n „ 

which proves the second result. 


Exercises 

1 A sphere of radius a is moving with constant velocity U 
through an infinite liquid at rest at infinity. If p 0 be the 
pressure at infinity. Shew that the pressure at any point of 
the surface of the sphere, the radius to which point makes an 
angle 0 with the direction of motion is given by 

p=^ 0 -f Jp(/ 2 ( 1 — 5) sin 2 0 {Hint : Q. No. 2} 

2 Prove that the thrust on that half of the sphere on which the 
liquid impinges is *a 2 {II- API/*). Where n is the pressure 
at infinity, U the undisturbed velocity of the liquid and P the 
density. 

3 The space between two concentric spheres of radii a and b is 
filled with liquid. The spheres have velocities u and v in the 
same direction. Find the kinetic energy of the liquid. 

{Hint: Q. No. 6} 

4. A spherical shell of internal radius a contains a concentric 
sphere of radius Aa and density o, the intervening space being 
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filled with water (unit density) and the whole system is at 
rest. If a velocity V is suddenly communicated to the shell. 
Prove that the initial velocity U communicated to the sphere 
is 

u= VL 

3a (l— A 2 ; -H 4-2 A 3 

Hint : Since the motion is irrotational 3 a velocity poten- 
tial. The velocity potential <t> must satisfies V* ^ = 0 and the 
following boundary condition, 

U 

—JT- = V cos 0 when r=a 
or 

— cos 0 when r=Xa 

or 

Assuming the velocity potential be of the form 

cos 0 f Find A and B with the help 
1 of (i) and (ii) conditions 


(i) 

(ii) 


<f> 


W) 


Then *=--!L j(A 3 C/-F)r-f 


V) 

2r* 


} 


cos 0 


The impulsive pressure at a point of the sphere of radius Xa 
p=z—p<t> on the sphere r=aX. 

Impulsive pressure on the sphere 

= f p cos e.ttrrA* sin 0).Xa d9 } Su J S,i,u,e ,he va,ue of P 
Jo (.and integrating 




moving with velocity U. 


The sphere of density a starts 
Equation of motion is given by 

ft (Aa)» 

Find the velocity component U y which is the required result. 

5. A hollow spherical shell of inner radius a contains a concen- 
tric solid uniform sphere of radius b and density c and the 
space between the two is filled with liquid of density p. 
If the shell is suddenly made to move with speed u, prove 
that a velocity v is imparted to the inner sphere where 
3 ua 3 


v= 


2 (<i/P) (0 3 -^+a*+-26* 
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& 6 4. Equations of motion of a sphere. . 

Consider the coordinates of the «ntre of the n ovm^ ^ ^ 

referred to fixed point be (xo y, 21 ) at any ins _ 
are the components of the velocity along the coordinate axes. 

Then U, V, W=x, y, i (velocities of the centre). 

Assuming the velocity potential be of the form 

...d) 

( Ref. § 6 1 equation (iii) 


* > £ cos • 


Since 

v cos 0= Resolved part of the 
velocity v along CP 


{ 


where 


or rr 


=f U*Z*!+V V -^- 

Z — Zq \ 

+«'-r) 

■«=(x-x.)*+0’->'.>* 


+(a-^ 



or 


...(ii) 


...(iii) 


— (z-z,) i„ 

rr =-(x-x 0 ) U-(y-y 0 ) V-(2-z„) W- 

Substituting the value of v cos 0 in (i), we get 

N „„ ,h. i. fy ' ‘ 

extraneous forces) 

£.=F (0+^—9* - (iv) 

From (iii). we have 

(x _ Xo) U (x-x 0 ) 

0x 2r 3 2 r> l i 

+ F(y->’o)+ w '* z " Zo 'j et 

S 

(l/*+F*+^)+^r{ * (x-x, )+...+•••) 
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and frM 0(x ~ x °>+~+-}-|r.{ w+km-k'*} 

+ &{ o )+-+...} 2 

Substituting the value of ^ and q 2 in (iv), we have 

ot 

^nt)+^{u{x-x,)+...+...y^[u'+v*+w^ 

+53 \v (x-x„)+ ... + ... ] 2 - j£i ( U*+ y*+ H /2 ) 

?a* f 

“ 87s <£/(*— *o)+ — +••• f 
The pressure on the sphere r=a is given by 

{c/ (*-*.)+ . + ...j-g{t/* + F*+»'’J 

+ 8a i { C/ (x_ *o)+ — +—j ...( V ) 

Consider/is the acceleration of the sphere and 0 and 0 l the 
angles that CP makes with the direction of the velocity v and 
acceleration /, then 


V cos e=U'^—^ + V^- — — + W z —^ 
a a a 

{On the surface of the sphere r=a 

Also /cos e l =u — -°+ v ^Z a +iv £n£° 

a a a 

Substituting the value of v cos 0 and / cos 0 1 in (v), it 
reduces to 

“ = of cos 0i - | v 2 + | v 2 cos 2 0 


or p -=™+^ a/ cos 0i+g v* (9 cos 2 0— 5) 


...(vi) 


f If pressure is n at a great distance 
i e. p = U f r = oo 

Then from (v) F (t) = 5 


The resultant thrust on the sphere due to the motion is 
= — | p cos 0 dS 
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= _!’ ? jO + I v* (9 cos* 0—5) I cos 0 lira sin 0 ad0 

— j* Jfl/.p cos 0 i . cos 0i.2na sin 0\.a ddi 

=0 — tec 3 ?/ | cos* 0\ sin 0i d0 1 

= - | w a 3 P/ f Mass of ihe liquid displaced 

=—\M'f I Af # =t TTfl*? 

Let X Y Z are the components of resultant thrust 


Then - i-V/' C/= - 

Similarly Y=-\M'V and Z=-\M'W 

Again, consider X' Y' Z' are the components of the extraneous 

force on the sphere when no liquid is present and M, the mass of 

,he sphere of density a. The equation of motion parallel to AT-axis 
is given by 


or Mu+wu= a -r x ' 

M O-P y, 

or MU ~M + lto' o 

*«*» o-9 Y , fas M =t™ s <> 

or x1U= f^<r+i.Uo , y ° l and Ar= »" fl,? 

or A ^“J+iP * ‘ 

Thus the whole effect of the presence of the liquid is to reduce 

,he extraneous force in the ratio o-P : o+ip. 

Note : Sometimes the above ratio is represented as 

S-l : 5+1. u here S=- is the specific gravity of the sphere 

compared with the liquid. 

Kinetic Energy. 

Let T be the kinetic energy of the liquid, then 

r=-Jpj 

(where dt is an elementary volume) 

«*-S. |,+ S vW ' 


Since 
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Then r=- iP.iaV }'J ”. a (r« + ? C0Sl * ) 

X2wr sin 9.rd0 dr 

=j 7 to‘pv*. ^J'(l+ 3 cos* 9) sin 9 dO 

= \v?a*v x ^ a 

= JA/V ( where A ^-> ,tPa - 

So the effect of the liquid is to increase the inertia of the system 

by half the mass of liquid displaced. 

Ex. 8. Prove that at a point on a sphere moving through an 
infinite liquid the pressure is given by the formula 

*LzL*=\af cos 0 , + iv* (9 cos 2 0-5) 

where vis the velocity , f the acceleration of the sphere, and 9, 9, 
are the angles between the radius and the directions o) v, J 
respectively and p„ is the hydrostatic pressure. 

Ref. § 6 4. 

We have 

9 *= w+v+w*)- ¥{u(x-x 0 )+V(y-y<.) 

+ W (z-z 0 ) j’+^* (x-*o)+ v w (z-z 0 )| 

or <?*=£« (!/*+»'*+«'*)+ 3 £,{u(x-x 0 )+Y (y-y t ) 

+ IV(z-Zo)}‘ 

^ cosM 

and |£-i J/cos 9,-i £ (l/*+ V*+ B") 

+ I?{ U V W (— •)} 

Thus £ /cos 9,- i ^ v 2 + ^ v* cos' 9 


2 r> 


2r> 


w 

The pressure equation is given by 

f+5 e-^+r-rm 


..(i) 


{where V is the potential due to the external forces. 
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Since p 0 is the hydrostatic pressure it follows that 

' < 7=0 and ^=0. 

ot 

From (i), we have - ? + V= F (/) 

P 

From (i) and (ii), we have 
P~Po_d<t> 1 2 
P dt 2 q 

Substituting the value of ^ and a 2 , we get 

ot 

“1 (i? v ‘+ 5 v * cos ’ 9 ) 

Since the point is on the surface of the sphere i.e. r=a 
— cos #!— lv*+t V 2 cos 2 0- Jv 2 -|v 2 cos 2 0 

or —=%af cos 0i + jv 2 (9 cos 2 9— 5) _ 

? Proved. 

Ex. 9. When a sphere of radius a moves in an infinite liquid 
shew that the pressure at any point exceeds what would be the 
pressure if the sphere were at rest by 


a 


5 a 3 


2?f- s? (4r,+a * J ? (4r '-*> 9' 2 

where q is the velocity of the sphere and q' and fare the resolved 
parts of its velocity and acceleration in the direction of r and density 
of the liquid is unity. 

Ref. 6 4. 

Since q is the velocity of the sphere, then 

la* . . 3a 6 


and 


q'-V'+V'+Wt^-q'+^q'' 

q’=u *°+vy^y<'+W z -Zl« 

^ r r r 


5 


as q=v 

and q' =v cos 9 
(where q is the component velocity in the direction of r) 

f= 0 '1^2+ V y -^-°+ W — 0 
r r r 


+ 


+ 

3a 8 

2/ 5 


i ^ [ <7 ( - j» # )+ K (-j>)+ FF ( -i 0 )} 
[</ (x-x 0 )+K (>-+j'o)+^ (z-z«)} 8 
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The pressure equation is given by 

P + I 9 ._f£ + K=F(0 - (i) 

p p { P=1 (Given) 

Let p„ is the pressure when the sphere is at rest i.e. when the 
sphere is not moving. 


Then ?’= 0 . 17-O. 

From (1) 

From (i) and (ii), we have 

P-A-I H«* 

1 fl* f ,'*-! (ri^+77! ?' 2 ) 

or P-P*=2^ J 2 '2r* ** 2 V4r e 4r / 

V+X-) ^+1?- 

motion is the resultant of pressure 

(n-^j pF* ^ antf l^Pa 3 / 

ta ,he direction respectively opposite to those of, he velocity V, and 
the acceleration f, of, he centre of the sphere. 

Ref. § 6*4 equation (vi) 

£=n + ia /cos 0,+g * (9 COS 2 0-5) 

or ^=4{ n+ i pF,(9 cos * 0_5) } + p { |a/p 008 fll 5 

or p” p p 

p 1= n+| (9 cos* 0-5) 

p%=W? cos 


...(ii) 


where 

and 
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Let px and p 2 be the pressures on the hemisphere along the 
direction opposite to the velocity V and acceleration /respectively. 

Pressure on the hemisphere along the direction opposite to the 
velocity V 


-r 

= 2 ira 2 


( pi cos 0).2 Tza sin O.a dO 


io*{n + I p,/1 (9 cos * 0_s > ] si 

-’“’[(n-J 


sin 9 cos 0 <19 


. [ n -fe pyt ] 

which is the required result. 


Also pressure on the hemisphere along the direction opposite 
to the acceleration f we have 


( Pi cos 0 j).27 za sin Oi.a d9i 
J a'f cos ^.cos 9 J sin d9 x 
cos 2 Si sin 0i dO 

= lna>pf 

which is the required result. 

Ex. 11. Prove that when the sphere is in motion with uniform 
velocity U , the pressure at the part of its surface where the radius 
makes an angle 0 with the direction of motion is increased on 
account of the motion by the amount 

ft 9 U 1 (9 cos 26-1) 

16 




where p is the density of the liquid 

Assuming the velocity potential ^ be of the form 

(j>=$ cos 0. 

Let q be the velocity of the fluid at P , then 
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^ ,ta • )‘ 

(cos 2 0+1 sin 0)*- „.(ii) 


Let the sphere of centre C 
be moving along the z-axis 
with velocity U y at any ins- 
tant t. 

then U ~* o .-O'O 

and r=CP=V{* 2 +y 2 

+(2-20)'} 

Also 


( xyz ) 



Oc=Z 


cos 0- 


2 — Zo 


1 <J{x*+y*+(z-Zo)') ' 
Substituting the value of cos 0 in (»), we have 

Ua* (z — z 0 ) 

&+y 9 +(z-z 0 )*>* /r 

0 £ = , Ua*(^*p) 

* 


01 {x 2 +/+(*-Zo)*) s '’ 

(/a 2 (—1) 2 (z— z 0 ) 2 (— *q) 
+*■ (x*+>’ 2 +(z-z 0 ) 2 } 6 ' 2 

04 . (/‘a 2 I 3 l/‘a* cos0 

£""‘ -?- + 2— 

Let p be the pressure at any point (a, 0) i.e. on the spherical 
boundary 


or 

or 


/> , , IW 


or (cos 2 .0+i sin 2 0)-^f < 3 cos * fl - 1)=F (,) 

P 

9 


r 

or £ +i i/« (cos 2 0+1 sin 2 0)+}l/‘(3 cos 2 0-l)=f (0 


...(v) 
{at r=a 

Let p 0 be the pressure on the surface of the sphere 
then P=Po when l/=0 (le. there is no motion) 

P ±~F(t) 

9 


or 


{from (v) 
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Substituting the value of F (/) in (v), we have 

(cos* e+i sin* 9)+i£/* (3 cos> 9- 1) 

or (-cos* B-\ sin* 9 + 3 cos* 9-1) 

or £Z£«=I [/* (-sin* 9+8 cos* 9-4) 

= ^ £/* (16 cos* 9—8—2 sin* 6) 

=■— £/* {8 (1+cos 29)— (1— cos 29)— 8> 

= i U' (9 cos 29-1} 

10 

or /*— A> = 7 ^ p£/* {9 cos 29— 1}. 

Thus the pressure to the surface is increased on account of the 
motion by the amount. 

^ P U* {9 cos 29-1}. Proved. 

Ex. 12. Find the pressure at any point of a liquid, of infinite 
extent and at rest at a great distance , through which a sphere is 
moving under no external forces with constant velocity U, and 
shew that the mean pressure over the sphere is a defect of the 
pressure U at a great distance \?U 2 , it being supposed that n is 
sufficiently large for the pressure everywhere to be positive , that 

is, that n > | P U 2 . 


and 


Ref: As in Ex. 11. 

Ho 2 

4 >=\ —cosO. 

If q be the velocity of fluid at the point P t then 

U*a* 

(cos 2 0+ i sin 2 9) 
cos* 9-1) 

81 2 r 3 

The pressure p is given by the equation 

£+*<?*- £=*■(') 

p c H 


...Oi) 
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or 


i.e. 


or 


or 


or 


(cos* e+l sin* 0)-^ (3 cos* 8-l)=F«) 

Since pressure is n at a great distance 
p=U y r=oo gives 5=F(/) 

£zJ?=i ££ (3 cos* 0-l)-i ^(cos*+l sin* 8) 
P’ZP^U* {3 cos* 0-1— cos 2 0-1 sin 2 0} 


or 


{on the surface of the sphere r=a} 


U 2 {8 cos 2 0-sin 2 0-4} 

P 8 

=1 U 2 {9 cos 2 0-5}. 

8 

P=n+g pi/* {9 cos* e-5}. 
Now the mean pressure over the sphere. 

pdS 

dS 


...(iii) 


p’2na sin O.a dO 

J 2wa sin 0-a 

= \ J* PC/ 2 (9 cos 2 0 — 5)| sin 0 J0 
=i|2n+jp£/*(-4) ] 


=n-lpc / 2 

So n— mean pressure = lPC/* 

which is the defect. 

From (iii), minimum pressure is given 
when cos 0=0 ^ 

min. pressure =n— g pC/ a . 

It will be positive everywhere 


Proved. 


if 


n > £ ?u*. 

o 
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Ex. 13. A sphere of radius a is made to move to incompre- 
ssible perfect fluid with non-uniform velocity u along the X-axis. 
If the pressure at infinity is zero. Prove that at a point x in 
advance of the centre 




Since the sphere be moving 
with velocity u along the axis 
of X. Assuming the velocity 
potential 4> be of the form 

t=\ 75 - c ° s e •• (») 

where r 2 =CP*=(X- X 0 ) 2 

+r*+z* 



and 


ft X ~ X ° 

cos V{X-X a )-+ Y'+Z*) 

Substituting the value of r* and cos 9 in (i), we have 

. . 1 /fl 3 (X-X n ) 

9=4 


again 


or 


or 


and 


or 




{ (X-x 0 )*+r*+z*)** 
cos 6 )' +(-*“-£ sin 6 ) 

iPa? 

q 2 =— j- (cos* 6+1 sin’ 6) 

&t> icfiiX-X*) 
dt —*'{{X—Xi > )‘+ Y‘+Z‘} 1,i 

1 uefiX„ 

* {(*-*„)*+ KHZ’}*' 2 

. , uaH-l).2{X-X,H-X,) 

ua l 


i=i- -7T cos e -\ ^-*+f 


{ since w=Af 



Ir rotational Motion in Three Dimensions 


311 


or 


If p be the pressure at any point, then 

?+» *'- 8 7- F «> 
( cos2 s * q2 ^ 


/ „ ua* n , . a w 2 ^ 3 cos 2 0 \ r ,,, 

- ^ i 7T cos 7T + i ’ r i )= F (0 


Since pressure at infinity is zero 
i.e. p= 0, r=oo then F (0=0 


or 


/? , w*fl # 


ua ‘ 


£ = — i (cos* 0+i sin* 0)+£ cos 0 

. w 2 ^ 3 8 m 2 ^ 3 cos* 0 

-iT; +1 7* — 


...(ii) 


Now the point at a distance x in advance of the centre is given 
by substituting 0=0, r=x in (ii), we have 

P i “ 2fli , i uqZ i “ 2fl3 . a 

-=-i Tr+iT 2 “ i ^“ +a ^ 3 


or 


or 


*-* 




Which gives the pressure at a point x in advance of the centre. 

Proved. 

Ex. 14. A rigid surface of radius a is moving in a straight 
line with velocity U and acceleration f through an infinite incom- 
pressible liquid, prove that the resultant fluid pressures over the 
two hemispheres , into which the sphere is divided by a diametral 
plane perpendicular to the direction of motion are 

n Mf+ l \ 

where n is the pressure at a great distance , and M is the mass of 
the fluid displaced by the sphere. 

Assuming the velocity potential <f> be of the from 

{ Ref. Fig. Q. No. 1 1 




i t/o 3 


cos 0 
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Let q be the velocity of the fluid at the point P , then 

M59H 1 1)' 


U 2 a* 

(cos 2 0 + i sin 2 0) 


...(ii) 


Let the sphere of centre C (O, O t z 0 ) moves along Z-axis with 
velocity U at any instant of time t. 

Now r 2 =C/ >2 =.x 2 -f ( y 2 -f (z— z 0 ) 2 


and 


cos 0- 


z-zo 

r 


Substituting the value of cos 0 in (i), we have 

(*-*•) 


+£<*-*>+ Ti (*-*.)• 


C/fl» 

2r 8 


3 UV 
2r* 


or 


or 


H 

dt 




< 3 cos * ®- »+ § cos e 


Since ri is the pressure at a great distance 
i e. p=n, r=oo 

then pressure equation reduces to 

p p ^ dt 


or 


p n t/ 2 a 6 
P — P 2r e 


(cos 2 0+J sin 2 0) 


+ ^- ( 3 cos * 1 )+ cos * 

At the surface of the spherical boundary i.e. r=a 

V s (cos* 0+J sin 2 0) 

+ 1 U 2 (3 cos 2 0— l)+i of cos 0 
or u* (9 cos 2 0— 5)+J of cos 0 
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Let YOY' be the diametral plane perpendicular to its direction 
of motion which divides it into two hemispneres. 



Now pressure on the hemisphere at the I part. 

f */2 

= J p cos 0.2na sin 6. add 


w > CT ? + ! °* 19 C ° s2 *~ 5) 

+ \ af cos 2 cos 9 sin 9 d9 


sin 2 9 9 rr2 cos 4 9 

T *» ‘ U A 


. _cos 3 9}*l 2 
~ i<7/ — jo 


' 2ra2? {tp + J ‘t-D+W-i } 


MU 2 


= n 7ca 2 +i iV//* — { since A/=*57ra 3 p 

Also pressure on the hemisphere at the II part 

= | - p cos (n — 9). 2na sin 9. ad9 

J»/2 


— 2nd 1 ? 


H-i af cos 9 jcos 9 sin 9 d9 

— 2na 2 p 
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= n na 2 — ina 3 /— xa 2 ?u 2 

-n ~-lW-h¥ 


Thus the resultant pressures over the two hemispheres is 


n na *±l — 


Proved. 


3U 


Ex. 15. Shew that when a sphere of radius a moves with 
uniform velocity U through a perfect: incompressible , infinite liquid , 
the acceleration of a particle of liquid at (r> 0) is 

\%-1r) 

Assuming the velocity p >tential 
<f> be of the form : 

<£=£ cos S ...(i) 

Let the sphere moves along 
the Z-axis with velocity U t having 
the coordinates of the centre as 
(0, 0, zo). 

'A he relation (i) can be expressed in terms of x, y and z. 

, Uu* (z-zo) 

9 — t 



{**+>*+ (z-z 0 )*) 8 '* 

[as cos 6 


I 


z— z 0 
r 

and r=x 2 +y 2 +(z— z o) 3 


or 


or 


dZ d4> ,rr j J \ 

3 (z— zo) 1 

" {x*+y*+ U-zo) 2 ) 6/i j 

at the centre of the sphere C (0, 0, z 0 ) 


dz Ud* ...(ii) 

or dt ~ (z— z 0 ) 3 

Now to obtain the acceleration of a particle of fluid at the 
point C (0, 0, z 0 ), differentiating (ii) with regard to r, we have 
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d*z 3 Ua* \dz dz, \ 

di * (z— z*)*\dt at J 


C dza 
< as — 


C/ 


(Given) 


or 


or 


or 


or 


dfz = _ 3 C/a 3 C C/u 3 

4/ 2 (z-z 0 ) 4 ltz-z 0 ) 3 J 


?=3W 

dt 




{as r=z— z 0 


a particle of fluid at the 

Proved. 


Which determines the acceleration of 
point (r, 0). 

Ex. 16. /4n infinite homogeneous liquid is flowing steadily 
past a rigid boundary consisting partly of the horizontal plane y=0, 
and partly of a hemispherical boss x i +y i +z 1 =a l , with irrotational 
motion which tends , at a great distance from the origin , /o uniform 
velocity V parallel to the axis of z. Find the velocity potential 
and the surfaces of equal pressure. 

Assuming the velocity potential for the liquid streaming past 
a Axed sphere of radius a with velocity V parallel to axis of z. 

<j>=Vr cos cos r? {Ref § 6*2 


Consider E-axis be vertical then the velocity perpendicular to 
the plane y=0 vanishes. It follows that the plane y=0 is a stream 
surface, and the hemisphere also be a stream surface. 

Thus the velocity potential for the hemispherical boss 
x 2 +y*+z 2 =a 2 on the horizontal base> =0 is given by, 

Va 3 

<l>=Vr cos 0+i-jrr cos 0 ...(i) 

The pressure p is given by the equation 


~+£ ? 2 =constant — (ii) 

Since the velocity V is constant (being uniform), the motion 
di> 

is steady /.e.-^=0. 

The surfaces of equal pressure can be obtained by 
/>=constant 
Then from (ii), we have 
^ , =constant 
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or 


or 


or 


(SK »•— 

{ F ( 1- ^) cosa ] #+ {” K * r( r+ fr*) sin *} =const * 

K*[(l— ~ j*cos 2 0+ (l + I73) sin2 ^|=const. 


or 




cos*0 + 1 + 


— v 


sin 2 0=const. 


(■ ■ * 

{as K=constant being uniform} 

Which determines the surfaces of equal pressure. 

§ 6 5. Motion symmetrical about an axis. Stoke’s stream 
function. 

So far we have discussed two-dimensional motion in terms 
of a single complex variable and a complex potential. Here we 
shall consider the motion in three dimensions i e. the cases in 
which the motion remains same in every plane through a certain 
line. This line is called axis. Such types of motion occur, e.g. 
when a solid of revolution moves in the direction of its axis of 
revolution in a liquid otherwise at rest known as axis-symmetrical 
motion. 

Consider an arbitrary point 
P and a fixed point A on the axis 
of symmetry. Join the point P 
to A by curves and AV%P 

lying in the same plane through 
the axis. This is known as 
meridian plane. The position 
of the point can be determined by the coordinates (Z R) (in 
cylindrical form). By rotating the meridian curves about the axis 
of symmetry, we obtain a closed surface. 

Consider the Z-axis be taken 
as axis of symmetry. Let the 
coordinates of the point P be 
referred as (tf, 0, Z) {in cylindrical 
coordinates} in the fluid and 
q R and qz denote the components 
of velocity in the direction of 
axes of R and Z. 
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The equation of continuity for an incompressible flow is 
given by 

div. q = 0 


or 




{The functions at the point P associated with the flow are 
independent of 0. 

Now the condition that 

RqR dz—Rqi dR 

may be an exact differential, let it be equal to </</>. 

RqR dz—Rq < dR=d*P 


or 


RqR dz—Rqt dR=*^dz+ 




Equating the coefficients of dz and dR, we have 


RqR= and 


or 


q* 


1 H . 

R Jz 3nd 


1 


...00 


d4> 

q '~"R 0R 

By substituting the value of qR and qz in (i) we see that the 
relation is identical. Such a function ^ is called the Stoke's stream 
function. 

The stream lines are given by the equation 

dR _ dz 
<IR 

or qR dz—q t dR = 0 

or RqR dz—Rqg dR=0 

or df = 0 

or ^=constant. 

i.e. across such a line there is no flow i.e. no fluid crosses a 
stream line ^constant. 

Further, we can also represent the velocity components in 
terms of polar coordinates. Consider q r and q $ be the velocity 
components of the fluid at the point P along OP and perpendicular 
to OP respectively. (In the sense of O increasing). 

Here, let hs=§r, then the area of the surface of revolution of 
8s about OZ is 2nr sin 0 8r. 

Also the volume of fluid crossing from right to left 
=2 tu r sin 0 8r.q g per uint it time 
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If 0 be the stream function 

at P. 

then 27t&/»=27:r sin 6 8r q 9 
1 U 

or 

Consider 8s=rS0, then the 
area of the surface of revolution 
about OZ 

= 2nr sin 0.r%0 

The volume of the fluid crossing from right to left 
= 7r.r sin fi.rSO (—q r ) 
or 2*80 = — 2:tr sin 9rb9.q r 

1 a 4> 

or qr “" TSTTw 

§ 6 51. Property of stoke’s stream function. 

A property of stoke' s stream function is that 2n times the 
difference of its values at two points in the same meridian plane is 
equal to the flow across the annular surface obtained by the revolu- 
tion round the axis of a curve joining the points. 

The flow outwards across the surface of revolution 

i B 

(or cos 9—q t sin 9) 2nRds 

= 2 . 

= 2tC 0^-0!) 

which proves the property. 
Again, we can also define the value of the stoke’s stream 

function at any point P as — of the amount of flow across a surface 

obtainec by revolving a curve ATi P round the symmetrical axis. 


i e. 


[ P (qR cos 9-q t sin 0) 2 nRds 
271 ) A 


or (Rq* dz-Rq, dR) 

Which gives 

i a* . 1.04* 

qR -RTz d 9 ‘ RdR 


• • 


(i) 
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§ 66. Irrotational Motion. 

When the motion is irrotational, a velocity potential <f> always 
exists i.e. we have 

d4> . H 

qK= ~FA and *— ^ .. (i) 

and also 


<1R= 


1 3* , 

rTz and 


L M 

RdR 


or 

or 


From (i) and (ii), we have 

cty .3* 1 3* 

ay? /? az ana az /? a/? 


Since 



Again eliminating ^ from (iii), we have 


...(ii) 

{Ref. § 6 5 eqn. (ii) 


...(iii) 


-Civ) 


ay?* az 2 y? ay? ,..( V ) 

The relation (iv) and (v) shows that is not a harmonic 
function. 

The equation (v) is the Laplace’s equation in cylindrical 
coordinates when there is a symmetry about the axis, on the other 
hand the stream function t|> does not satisfy the Laplace’s Equa- 
tion 


§ 6 61 Polar coordinates (Irrotational motion). 

Consider q r and q 0 be the fluid velocity components at the 
point P along OP and perpendicular to OP and ^ be the stoke’s 
stream function, then 


<lr= 


1 dty 


• a 


and 


?•= 


r 2 sin 6 dV 
1 M 


-(>) 


r sin 0 dr 

Since the motion is irrotational, it follows that 3 a velocity 
potential 4>, then we have 

d l _ 1 H 
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From (i) and (ii), we have 

_ _1 _d<j> 

r 2 sin 0 30 dr 
i <ty. = _ia£ 
r sin 0 dr rdO 

cH JH 

Since O0Or drdU 


.. .(iii) 
...(vi) 


80 \r 2 sin 0 30/ 3r\sin d dr I 


or 

1 3/1 

r* ‘ 0 e\sin Ode] sine 3r l 


or 

-»-• ibb®- 

...(V) 


Suppose cos 0=n 



. „ a a 


or 


...(vi) 


From (v) and (vi), we have 





or 



or 


...(vii) 


Also, eliminating the stream function «/• from 

(iii) and (iv). 


we have 

K'-Shi 

Which is a form of Laplace’s equation and has the solution 
of the form 

f™ /», (|i)=</i (say) and r""* 1 P*(p)=fa (say) 

Let and <h are the solutions of equation (vii), then from (m) 
and (iv), we have 

d<pi_ t 
0/1" r 3r 

— I {'•'■■ «} 

= -nr"«f’,(l‘) 
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Also 


tyi • 

dp dr 

— '■sl'-AW ] 

= («+l) r~ K Pn (p) 

2+? =( i_ u»j 

=(!-»**) £{ '• Pn (P) ] 
=(!-»**) r«. Pn (P) j 


..(ix) 


=(1— ***)^l{ r— 1 Pn <P) } 

=(!-,*) r— |{/>.(,)} ...(,) 

By integrating (ix) and (x), we have 

■fc-Sr *•" kW*} 

and •!■%= ~ r- £ [*. (p) j 

Which gives the possible solution for the stream function if/. 

§ 6*7. Values of Stoke’s Stream function. 

Case I. A Simple Source on the axis of X. 

A Simple Source is a point of outward radial flow symmetrically 
from a point. 

We know that 




{ Ref. § 3*4 


But 

ii 

*ii 


or 

H) 

{ from (i) 


a* 


or 

■~=m 

dp 


or 

d4 r = m dp 
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ro 


{ as /*=cos 9 


By integrating, we have 

* p=m cos 9 

Thus ip (r, 9)=m cos 9 

Case II. A uniform line source along the axis. 

Consider FX be a uniform 
line source of fluid extending 
from B to X. Let RR' be a 
small element of length and 
RP equal tor. If +m is the 
strength per unit length of the 
line source then the element 


Therefore 



mbx cos 9 


or 

r ba 

+= 1 m cos 9.dx 

or 

, [" ««-*> 

Jo V((5-X)*+V} - 

or 

r f ^ j 

+=-« |(5-x)* + rin 


r / \!/a f 

or 

-|(5 

or 

P=m {BP-AP) 


.dx 


I ba 


Which shows that the stream surfaces ip = constant are given by 

BP— y4P=constant 

represents the confocal hyperboloids of revolution about BX having 
B and A as focii. 

Case III. A doublet along the Af-axis. 

We know that 

M cos 9 

1 .. (i) 


4 >= 


But 


as 


Then 


or 




P=cos 9 (say) 

dp r 1 


{ Ref. § 6*61 
.. (ii) 


{ from (i) 
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From (ii) we have 

a«/'_(l-M 2 ) M 
dr r* 

By integrating, we get 


A/ sin 2 0 


or 


0 (r, *>—(") «*»* 0 


§ 6 8. Solid of revolution moving along their axes in an infinite 
mass of liquid. 

Consider V is the velocity about the axis of revolution- AT and 
ds an element of the meridian curve. Since the motion being 
symmetrical about AT-axis, the Stoke’s stream function ^ exists. 

d /? 

Normal velocity at any point =V — 

do 

and normal velocity of the liquid in contact with the surface 


R dS 


Thus 


2A 


or 


or 


or 

or 


M _ f 





R ds ds 
dip= — VR dR 
By integrating, we have 

f iVR*+A 

+=-* Vr 2 sin 2 0+A 

Since R=r sin 0 
where ft = cos 6 
Vr 2 (1 —cos 2 0)+A 

*— J yim-w+A 

Which is the boundary condition. 

But the stream function ^ has to satisfy the equation 

aty 
V 




i 

{ 




"S£hi-*>3-0 


Whose solutions are of the from, 

1-ft 2 


{ Ref. § 6’61 Equation (vii) 


n + 1 


■n+l 


£ {*. to } and £{*(,)} 


Case of a sphere. Let the radius of the sphere be a , then from 
equation, (i), we have 

*=-* Ka 2 (l-/x 2 )-M 
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Suppose n=l, then we have a solution of tf of the form 

W 2 


4>=A 

I 

On the boundary, we have 
1 -^ 


KM- 


constant= l 


A — ^=-\ Va*(\-p 2 )+B V values off*. 
a 


l -I* 

r 


or 

Thus 

A = -± Va\ 

*=-l Vd>. 

or 

4>=-\ — s 

Again 

we know that 


<>-.■> %- 

or 



or 


dp * r* 


By integrating, we have 


or 


Va* 

<t>=\ -j cos 9 


..•(ii) 


{from (ii) 


Which is the same as the velocity potential obtained, if a sphere 
is moving in a liquid at rest at infinity. { Ref. § 61 

It follows that the sphere of radius a moving with velocity V 
has the same effect as a doublet of strength JVa 8 at its centre. 

Ex. 17. If AB be a uniform line source , and A and B equal 
sinks of such strength that there is no total gain or loss of fluid. 
Shew that the stream function at any point is 

1 KK) 

where c is the length of AB, r x and r, are the distances of the point 
considered from A and B. 

Consider m be the strength per unit length and c the 
length of the line source. Then the total strength of the line source 
is +mc. 
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Let £PAB=0 1 
and LPBX=Q t 

c 2 +ri 2 — r 2 a 


then cos 9\ 


and cos (n—Oz) 
or cos 02 


2cri 

-f)A= C l + r **- r '* 
2 cr t 

c 2 4-r2 a — r, 2 


2cr 2 



Now to neutralize the gain of fluid due to the line source, there 
must be two sinks of strength — \mc each at A and B. If is the 
stoke’s stream function at P , 
then 


or 


or 


or 


i>=m (r x — r ,)— \mc cos } me cos 9 a 

-£+£} 

"CHS)} 

= m * cl +* ( , 'i+' - a) 2 ] 

_ A {, ri _„).- £ . }(!-!) »h« re A-i 

Proved. 


Ex. 18. Discuss the motion for which Stoke 1 s stream function 
is given by 

V [a* r- 2 cos 9-r »} sin* 9 

where r is the distance from a fixed point and 9 is the angle this 
distance makes with a fixed direction . 
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or 


Since ^ =\V {n 4 r“* cos 0— r 2 } sin 2 9 

sin 2 6 cos 9 — J Kr 2 sin 2 0 




Consider the liquid streaming past a fixed surface of revolution 
with velocity V along the axis of X. Then the stream function 
for this motion is 

-1 d ±=V 

r a r 

or d+= — VR dR 

By intergrating, we have 
•l=iVR'+ const. 

1—iVR* 

*=_iKr 2 sin 2 9 


or 

or 


{const vanish as «/» and R vanish} 

(ii) 

{as R=r sin 0 

So the second term of (i) is due to the liquid streaming past a 
surface of revolution along the positive direction, which will give 
rise to the stream function 


L Va* 

a — r- sin 2 9 cos 9 


...(iii) 


the surface of revolution moving in a liquid at rest at infinity. 

But if a solid of revolution moves in an infinite liquid at rest 
at infinity parallel to Af-axis (in negative direction) with velocity 
V then on the surface, we have 

$=\Vr 2 sin 2 0 + const. ...(iv) 

equation (iii) can be written as 


cos 9 ^ r 2 sin 2 9 


...(v) 


From (iv) and (v), we have at the boundary 

a 4 

~ cos 9 = const =1 (say) 


or r 4 =o 4 cos 9 

Thus the motion is due to liquid streaming past the solid of 
revolution = cos 9 with velocity V along the AT-axis in positive 
direction. 

Ex. 19. A doublet of strength M is placed at the point ( 0 , a , 0) 
with its axis parallel to the axis of z. Prove that at points 
close to the origin the velocity potential of the doublet is appro- 
ximately 

Mz , 3Myz 
a 3 ^ a 4 
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neglecting terms of the order — and higher powers. Deduce that 

if a small sphere of radius c is placed with its centre at the origin , 
the velocity potential is then increased by the terms. 

, Me 3 z , 0 Me 6 yz 


2 IF • ^ ■ - 
A doublet of strength M is 
placed at the point P (0, a , 0) 
with its axis parallel to the 
axis of Z. Consider a point 
P (x y z) in the liquid. Let PQ 
makes an angle 6 with a line 
parallel to Z-axis 

or cos 9= V{* ! +0—«) 2 +z , ‘} 

Now the velocity potential 
of the doublet is given by 

M cos 

pQ2 


a 4 r 5 


AZ 



or 


or 


or 


M^z 

{x*+(y-a)'+z*)*'* 

, A^jL 

^ {r 2 — 2a.y-f where r 2 =x 2 +.y 2 +z 2 

jV/ Z c *)v 1-3/2 


(neglecting other terms of the order ~ and higher powers ) 


or 


Mz , 3Myz 
■P - a s + ^ 


which proves the first part. 

Again a small sphere of radius c is placed with its centre at 
the origin. Let <t>' be the velocity potential at any point. 

The velocity however remains unchaged at infinity. Assuming 
that the increase in the velocity potential be 

Az . Byz 
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then 


A iz, ZMyz yAz.Byz 
9 a* ~r 8 ' ~r*~ 

_ Mr cos 9 . 3Mr 2 sin 9 cos 0 sin u> 

i ; — — 


A cos 9 


or 


+ 


B sin 9 cos 9 sin <o 


8<t>' __ M cos 9 . 

dr 


6Mr sin 9 cos 9 sin to 2 A cos 9 


3 B sin 9 cos 0 sin o> 


or 


But the velocity potential <f> is such that 
d6' „ 

-r=0at r=c. 
or 

M cos 0 __2 A cos 0 _^_6 Me sin 9 cos 0 sin oj 


or 


i.e. 


or 


a 3 


3 B sin 0 cos 9 sin o> 


=0 




* , /6A/c 

cos 


3B 


)si 


sin 9 cos 0 sin w=0. 


M 2A n . 6A/c 3B n 
t-= 0 and — — =0 


a 3 

A 


c- a* c 4 

A/c 3 . _ 2A/c* 
—rand 

Thus the increase in velocity potential 4> is 


_ A/c 8 ^ , 2A/c 5 yz 
2o 3 r* a 4 r 4 


i 


A/c 8 




Proved . 


- _£_4-2 ^£l 

fl 3 • r z +2 qA 

Exr 2. ^ solid of revolution is moving along its axis in an 

infinite liquid , shew that the kinetic energy of the liquid is 

where ^ is the stoke' s stream function of the time , a the distance of 
a point from the axis and the integral is taken once round a meri- 
dian curve of the solid. Hence obtain the kinetic energy of infinite 
liquid due to the motion of a sphere through it with velocity V. 
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...(ii) 

...(iii) 


We know that the kinetic energy in an irrotational motion is 
given by 

r — *1 - (i) 

Consider an elementary arc ds of the meridian curve of the 
boundary. Since the solid of revolution moves about the axis, 
then 

ds= 27io ds 

• 1 3i/» 

or — ^-=outward normal velocity = — ^ 

from (i), we have 

*■=-*» J* (--i S5}- 2 -* 

r=Kp j <t> d*p 

By integrating the function, we have 

7*= 7cp {#— J «/• d4>) 

= —n? J «/» d<t 

The first term np# vanishes 
as «/»= const along the curve in the 
meridian plane. 


,..liii) 


{ 


Again 




ds 


L d L 

Q dn 


then from (iii), we have 


M 


T=-**y d f- ds 

T — *1*5 Tn dS 

Integration being taken round the whole boundary which is 
double of the meridian curve. 

Kinetic energy of the moving sphere. 

When a sphere moves with velocity V along the axis of 
rotation, then 

. , Va* cos d J , n Vo 2 sin* 0 
<t>=\ and * ~ 


or 


1 herefore kinetic energy, is given by 
T=-tt? I 4> d<p 

T=\r*V*q z | cos 2 0 sin 0 


d0 


{at r=a 
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or r= (-cos 3 flj’ 

or r=Jnpf /2 a 3 c where A/=frca 3 p mass of 

= \MV* s the liquid displaced by the 

(sphere. 

Thus the kinetic energy of infinite liquid due to the motion 
of a sphere through it with velocity V is 
= i MV* 

§ 6 9. Motion of a liquid inside a rotating ellipsoidal shell. 

The equation to the surface is 


—+ y ~+— =1 
a 1 + b* '• 


(i) 


Consider the coordinate axes fixed in space and coincident 
.with the axes of the ellipsoid at any instant f, a > Zt <v vt w a ate the 
components of the angular velocity. Then the components of 
linear velocities of a point P {x y z) of the ellipsoidal shell are 
given by 


zoj v —yco a , xoj, — zujg and yco x —xco v . 

The direction cosines of the normal are proportional to 



Let <f> be the velocity potential then the boundary condition is 
given by 


x dj> y d(f> z 

a 2 dx b 2 dy c 2 dz~~ a 2 


( zw v —y<o t ) 


+j? (xoj,-zu> m )+£- (ya*—xa>,) ...(ii) 

To satisfy the above relation assuming solution of Laplace’s 
equation of the form 

<f>=Ayz+Bzx+Cxy ...(iii) 

So the relation (ii) reduces to 


-Jr (Bz+Cy)-£(Az+Cx)~ ~ (Ay+Bx) 


=jr < zt “+ ->’"•) +£ (.xw,-zw.)+~ (yw'-xw,) 

or Ayz {i (c^+?) +C ^ (? +£) 

+zx “’ 



Irrotational Motion in Three Dimensions 


331 


Thus we have 


Sf»"' “ 4 c- ~ * 

Substituting the values of A , 5 and C in (iii), we have 


c 2 —a 2 


+ 6* 




b 2 — c 2 


•2 — fl 2 




co„ ZX 


W*> 2 


...(iv) 


The velocity potential j> depends only on the mutual ratios of 
a, b, c and not on their absolute magnitudes, it means that the 
motion is the same in all ellipsoids of the same shape rotating 
with the same angular velocity. 

Path of the particles relative to the ellipsoids. 

Let (A \i v) are the coordinates of a particle P referred to the 
axes of the ellipsoid. Then the velocity components of P referred 
to the axes fixed in space are 


A — V«»y, P — Vci»« + A<*>«t V — A^y-f 

Therefore, 

• , U 

A— /iW g +VWy=— ^ 

c 2 — a 2 a 2 —b 2 


or 

. 2fl 2 

or 

A *»+*.“* 

or 

a=o* (y/x-pv) 

• 

similarly n=b 2 (av—yA) 

and 

* • 

v=c 2 (pA — afx) 


2o 2 




...(v) 


f 2 CO a _ 2 OJy . 2ojg | 

{where «=£np 7 * P=7*+^ and } 


Multiplying (v) by | s and ^ and adding, wc have 

A - S +M r 2 +v -.=« (TP-M + P (av-yA)+y (PA-ap) 
tf 2 fr c* 


or 


. a • S • y 

A !*+'* £+ v ~* =zer0 
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By integrating, we have 


A<x vy 

^ + p‘ + ? =cons,ant - 


—(vi) 


.f 

Again multiplying (v) by p 2 , p and - 2 and adding, we 


get 


AA 


^+^+^=A (y/x-M+j*(«v-yA)+v (PA-o <*) 


=zero. 

By integrating, we have 

< ,-i+^ + r»= const - — (vii) 

Thus the path of the particle lies on the plane (vi) and the 
ellipsoid (vii), so that it is an ellipse. 

Again, assuming that the relation (v) have the solutions of the 

form 

A =Pe i > t , fi= Q e and v = Re 

Substituting the value of A, /*, v in (v) and eliminating P , Q t R , 
we have 




— y 


¥ 
b 2 


£ 


-3 


— a 




0 


where 


abc 


\a^b^c*) 


1/2 


Thus every particle of the liquid describes an ellipse relative to 
the ellipsoid as a particle moving under a law of force varying as 
the distance from a fixed point. 

Periodic time for each particle is 

_27C 

Particular Case. For a Sphere 

a=b=c 

then />=(oV+ coy 2 + a *•)*/*. 
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i.e. the period of revolution of the liquid relative to the s P h ® r * < ^J 
shell is the same as the period of revolution of the shell => t a 
shell is revolving alone and the liquid is left at rest in space. 

§ 6 91. Motion of an ellipsoid in an infinite mass of liquid. 
Equation to an ellipsoid, 

£V*+-=1. -(*> 

a 3 b* c* 

We know that the potential of a solid homogeneous ellipsoid of 

unit density at an external point (x y z) is 

x* y 1 


V=n abc\ [ l 


s;( 




b z -vu c 
du 


* + u) 


+ /* (**+«,»'* ( C * + U )*' 2 

where A is the positive root of the equation 

- 1 = 0 . 


x* ■ y* 
«*+A 6*+A 


c*+A 


Assuming 

where 


v=iz (S -ax*-A>’ , -yz*) 

•°° du 

Ia a’ 

_ Ju__ 

A (*>*+«) A 


...<ii) 


. . .(**•) 
...(iv) 


1 UK 

S=abc \ . -T- 


•00 


du 

A (fl 2 +w> A 


$=abc J 


and y=abc (c * +M) A 


•oo 


du 


and (^+“) l/t 

Let A', y, Z are the components of attraction at an external 

point. 

*V - dV d\ 


where 


But 


(I V _ , « ' 

AT=^— 2«cx +§x • gj 


0 /=o 

dx 


then 


X=-2**x, Y=-2nfiy and 


{from (iv) 

{from (iii) 
Z=—2nyz 

...(vi) 


(a, p, y are the functions of A or x, y, z). 

Since V is a solution of Laplace’s Equation 
ellipsoid moving with velocity U in the direction of AT-axis. 

Then the boundary condition is 


Consider an 


or 


_x d<fr _y %4> L0t = n — 

a* dx b 3 dy c* 3 z a 3 

| over the ellipsoid jr+p- =1 1 e ■ A==0 ) 


..(1) 
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To satisfy the above relation assuming a solution of the form 
<f>=AX 

or 4>=A (— 2nctx) {from (v) 

nr 8 *- 1 J I i d(t dx \ 

dx \ X 3A ' dx) .. (viii) 

where A=0, 

dA a 2 

By differentiating (iii) with regard to x, we have 

> 2 , z? i n 

a 2 + A aA-i(^+A)*^(^+A)*“ 1 "(c*+A) a 5 =U 
« £A_2 p z x 

° r dx a 2 +A 

i ** _i_ y* , z f 


where 


i = *!_ + y 2 i ** 

P a (a 2 +A) 2 (6*+A)*" r (c a +A) # * 


c . .. . 0A 2p 2 .y . 0A 2 p 2 z 

Similarly — = ,-rr, and v-“ • 

cy 6 2 +A *•* '• 2 - A - 1 


0z c 2 +A 


when 


^ \ 0 

Substituting the value of — and in (vii), we have 

CZ OA 

g— {-ASSoJ 

J A =0, then 

Similarly f,-2,A j- 2 ^) 

S- 2 - (-^) • 

Substituting tbe valuas ofg , f y and 3 in Wi)i „ e have 
2w<< .y* , z* »1 ttt 

2 * i* 1 ^-{* + bi- + s)rs 

2nA {S*-1£E *].!* 

l a * a*. />* i a* 
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Ux 


or 

2nA (ao-2)- 2 =^r 


u 

or 

2k (a 0 — 

Thus 

4>= — 2na. - 
* 


, U*x 

or 

* 2 — 


U 


In (a* — 2) 


which gives the velocity potential of the liquid motion. 

Hence if the ellipsoid have a velocity of which U, V , W are 
the components parallel to the axes, then the velocity potential 
4> becomes 

U*x , Vby Wyz 

*-J=Z+2-% ^2-y 0 ‘ 

Ex. 21. An ellipsoidal cavity (semi-axes a , b* c) in a solid 

initially at rest is filled with an incompressible frictionless fluid 

initially at rest. Prove that if the solid be moved with velocities 

u t v, w parallel to the axes of the cavity , and be rotated with angular 

velocities p , q , r round the semi-axis* the angular momentum of the 

fluid round the semi-axis a at any instant is 

. , (b 2 -c 2 ) 2 

A*P abc-p^ p. 

Since the ellipsoid is rotating with angular velocities. 

Here *>•=/>, w«=r. 

The velocity potential is given by 

b 2 —c x c 2 —a 2 a 2 —b 2 

^ pyz ~M qzx ~*+b' rxy 


-.( 1 ) 
{Ref. § 6-9 

• By superimposing the velocities —u> — v, — w along the axes, 
the ellipsoid can be reduced to simple rotation about the axes. 
Thus an expression —ux — vy—wz should be added to the velocity 
potential <f>. 

IP - — c 2 c 2 — a 2 a 2 — IP 

i.e. ^-ux-vy-wz—^^pyz-^tfzx-- rxy 

...(ii) 

Consider U t V, W be the velocity components at P (x, y , z) 

then U=— ~ ~ > W= — ...(iii) 

dx dy oz 

The angular momentum of the whole liquid about the axis 
of X* is given by 
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y* 


= | J ^(ylV—zV) P </.x </y dz 

where jr+'k+c^ < 1 

= -P S \\[ y 5z~ z dy) dxdydz {from (iii) 

=_p Si![ y { w+ »T? PY + C £i qx \ 

-* { v + r *}] dx dy dz 


^Substituting the value of Jj and from (ii) 


p ( £+£) P Ilf (/_Za) dx dy dZ 

(other integrals vanish) 

(Iqifi) P JJJp {C***.? 8 )- (**+**)} dx dy dz 
■■ (jj i+c » ] P ^ M. I. of the ellipsoid about Z-axis 

— M. I. of the ellipsoid about y-axis J 
p where M={n?abc 

. __ 

! A"**e P 


which is the required result. 
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The most general type of motion of which a fluid is capable is 
one which is a combination of rotational and irrotational motion i.e. 
the component velocities may be regarded as consisting of two 
parts, the first as derivable from the velocity potential and the 
second depend upon the molecular rotation. This motion was first 
developed by Helmholtz and afterwards proof of some of his theorems 
were given by Kelvin. 

§7 0 . 

I Let q represents the velocity of a fluid motion, then the:vorticity 
vector oj is defined as 


co = curl q 

In cartesian coordinates, let 5, "O. £ are the components of the 


vorticity vector oj and q=(u v w), then 


K dw dv 
dy~dz , ' n 


du dw du 

d~z~dx 9 ^~dx~~dy 


II ‘A vortex line is a line whose direction coincides with the 
direction of the instantaneous axis of molecular rotation’. In 
other words, we can define that a vortex line is a line drawn in 
the fluid such that the tangent to it is in the direction of the vorticity 
vector at that point. 

The differential equation to the vortex line is given by 


tuXdr=0 


or OfA-C dy) i+Mx-yzK+My -^dx) k=0 

dx dy dz 
or ~r= — =~v 

5 n Z 

III A vortex tube is obtained if through every point of a 
small closed curve, the corresponding vortex lines are drawn. 
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The fluid contained within the vortex tube constitutes the 
vortex filaments or simply vortices and the boundary of a vortex 
filament is called a vortex tube. 


§ 7-1. Every vortex satisfies the following fundamental 
properties. 

(a) Every vortex is always composed of the same elements 
of fluid. 

Consider an element of fluid whose initial coordinates are 
(a, by c) and at any instant t are (x, y t z). Then 


da db dc dS 0 _ . 




(say) 


Since 


, dx . , dx ,, dx , 

dX= 7a da+ 7b db+ 7c dc 


'A (?. 
p0S.dS, 

PUO 


dx dx 
da + V °7b 


ix dx\ 

Jb + '°jJ 


hence 


PodS 0 


OJf 


...0) {5 2-5p.e=5i 


Let (u v w) be the component velocities at (x y z) ; and 
(u+duy v+dv , w-\-dw) be the velocities at a neighbouring point 
(x+dx 9 y+dy, z+dz) on the same vortex line. 

Cy~~ f)~ oj~p 


Since 


b„ *-|*+5*+a* 

-?(<=«*« I) 

The quantity du is the rate at which the projection of the 
element dS on the axis of X is increasing in length. The projection 

is equal to c line dS still forms part of a vortex 


line. 


Proved. 


(b ) The product of the angular velocity of any vortex into 
its cross-section is constant with respect to the time, and is the 
same throughout its length . 
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{from (i) 


Consider a be the area of the cross-section at any instant /, 
since the mass of the element remains unchanged, 

Po cr 0 dS 0 =PadS 
or <j Q to 0 =oaj 

=> that (Tco is independent of the time. 

Consider Si and Sz be any two 
cross-sectional surfaces of the vortex 
tube drawn in the fluid region at any 
instant t. 


then 




dS=\ s ".dS+ 


dS 


4- I cu.dS ...(i) 

J walla 

where S is the closed surface enclosing 



the cross-sectional surfaces S x and S 2 . 

— ► 

Since on the walls of the tube, w is along the tube 
— ► — ► 

So uj.dS=to .n dS 

(Where n is a unit outward drawn normal vector) 

=zero 


Thus 


oj.dS=0 


wall a 


...(ii) 


Then from Gauss’s theorem, we have 

i o).dS=\ diva >.dv 
s ) v 


i 


div.(curl q).</v 


=zero ...(iii) 

Now the relation (i) reduces to with the help of (ii) and (iii), 


or 


\s “- ds+ is ^ ds=0 

oj.n dS+ w.n dS= 0. 


— (iv) 


Consider ni, 02 be the unit outward drawn normal in the same 
sense on the surfaces Si, Sz then (iv) reduces to 


[ oj.Hi dS= [ oj.nzdS 
jS l js t 

^.n </S=constant. 
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( c) . Every vortex must either form a closed curve or have its 
extremities in the boundaries of the fluid. 

It a vortex did not form a closed curve or have its extremities 
in the boundary, it would be possible to draw a closed surface 
cutting the vortex once only, and the surface integral would not 
vanish. 

§ 7 11. Strength of the vortex tube : Let k be the circulation 
around any closed curve. 

Then k= J q.Jr 

Consider the closed curve C encloses the vortex tube and lies 
on its walls, then by Stoke’s theorem, we have 

k= J q.</r=J n curl q dS 
= |^ <*>.n dS 

=constant {from (i) 

=> that the circulation round any closed curve enclosing a 
vortex tube is constant all along the tube. This constant is also 
known the strength of the vortex tube, or if w denote the angular 
velocity and A the cross-section of the vortex tube (supposed small), 
the circulation round this section is 2a >A. This product is constant 
for all sections, we consider it as a measure of the strength of the 
vortex. 

Let for a vortex filament of variable cross-section 
k=uj . n const ant. 

where n dS is any cross-sectional area of the vortex filament and 
the outward drawn 'unit normal vector n is taken in the direction 

of co. 

So k=oj dS = constant 

Thus vorticity at any section of a vortex filament is inversely 
proportional to its cross-sectional area. 
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§ 7 2. Rectilinear Vortices : 

Now we shall consider two dimensional vortex motion. The 

vorticitv vector is perpendicular to the plane of the motion. 

r* - aod p.r.n.1. ;» - 

cylindrical, with generators perpendicular to the plane 

'motion. Such vortices are known as rectilinear vortices. 

Since the vortex filaments are all perpendicular to the plane of 
motion. Consider the axis of Z parallel to the filaments. The 
motion being similar in all planes parallel to CT-plane, we have 

A 9ll 


0, |-0 


, dv n 
and ^-=0 
3 z 


or 


=> u and v are independent of z. 

Thus the only component of vorticity (spin) is 

r — — — — 

3 y 

Equation of the lines of flow are 

dx = dy 

u v 
vdx—udy = 0 
Equation of continuity is 

:0 




du , 3v_ 
3x 3y 


...(iii) 

it follows from (iii) that vdx-udx is a perfect differential Of, hence 

vdx—udy=d<p 


or 


3* . W 

u= __ and v=- 


Since 


or 


or 


9y 

3v_ du 
^dx dy 

r l^t\. 

^dx\dx] 

^ 3 2 * t S 2 + 


3 


(- 1 ) 


3* 2 ** 

The lines of flow are given by ^constant. 

Hence the stream function ^ satisfies the equation. 

on the vortex filament 
3x 2 

=0, outside the filament. 


...(iv) 
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The motion is irrotational except along the vortex filament 
and £ is zero ; the stream function + may be regarded as the 
potential at any point of an infinite medium, the density of which 
is zero (except along the vortex filaments). 

Consider P be a point outside the vortex filament, then 
we have 


dx* dy* 

In polar coordinates, since •/» being a function of r only i.e. 
independent of 6 due to symmetry, we have 


or 

or 


\ tt 4-1 ?+_0 
dr*r dr 



(constant). 


By integrating, we have 

4>=\ log r 

Since the motion outside the vortex filament is irrotational, 3 a 
velocity potential <f> there, such that 

< t >=-\0 

If w be the complex potential outside the filament then 


w=—X9+i\ log r 
or >v=iA {log r+i$] 

or w=i'A log ( re 01 ) 

or w=/Alogz 

Let k be the circulation in the circuit embracing the vortex 


then 


ra* 

A d9 =2ttA 


or 


Thus 


So 


k= 


2n 

< t>=—^ r e and 0=^ log r 


ik . 

tv=-lcgz 


Where k is called the strength of vortex. 
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Also the velocity components at any point in the direction of 
r and 8 are 

<¥_n 

q ' dr r 88 

, 1 H_8<\>_ k 

and q * r dd dr 2nr 

If there be a rectilinear vortex of strength k at z 0 , 

then M == ^ Iog 

If there be a number of vortex filaments of strength k X} kz, A: 3 ... 
at zu 22, z 3 ... then the complex potential is given by 

tv = ^ log (r-z,)+ log (z-r a ) 

+^ Iog (*— z 3 )+... 


= s|logb-r.) 

§721. Velocity Components. 
Consider a single vortex at 
P (x 2 j^), the stream function ^ at 
any point g (x y ) is given by 


, A: . 

^ = 2tt ° 8 ri 

where r x 2 = Pg 2 =(x--Xi) 1 +0'-.yi) a 


Since 

e 

II 

1 

II 

i 

dip dri 
dr x dy 


= k .1 

r* 

£ 

1 

1 


2nr x [ 

'1 J 


„ k y 

-y\ 

or 

U= ~2k - 

ri 2 

and 'i 

d>p 06 

V dx r dr i 

dn 

dx 


_k 

X—Xi 


2n 

n 1 


If there be any number of vortices of strength k\, kz, Ar 8 ...at 
the points (x a y x ), (xz y i), (x 3 y 3 ) ... then the velocity at any point 
outside is given by 



kt y-y ’« 
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and 

where 

and 


k, x-xt 

V=S 2re’ -77" 


dw 


ik 9 


UW y >22 

u—iv= ; 


dz~ ~ 2n (z-z.) 

§ 7*22. Centre of Vortices. 

Consider k n be the strength of the vortex (x n , y n ), so the motion 
of the nth vortex is given by 



^ — - Z kt' 

and 

Xn 2w 

*-s rfc * 

where 

n^ts and r; 

or 

•Zknin kn 


nj 


4.TZ 




interchanged, the denominator r*, remain positive. 

i.e. 2 k n *«=0 

Similarly 2 k n 

i.e. £ n is independent of the time /, we have 

Z kn x»=constant and Z k n y n = constant 


if*. 


" r - and y, Zk " yn 


S kn Zkn 

=» (X. Y) are constant. • Thus if ku k*, A:*. . .are supposed 

to be the masses then their centre of gravity is fixed through out the 

motion. This point is known as the centre of vortices, and the 

straight line parallel to Z may be called the axis of the system. If 
Z k= 0. the centre is at infinity or else indeterminate. 

Hence if there be any number of rectangular vortices, then 
there tendency to move is in such a way that their centre .s 

stationary. # . rectilinear vortex in an unlimited mass of 

liquid, it must remain fixed ; and when such a vortex s m the 
presence of other vortices, it has no tendency to move of 
its velocity is due to the influence of other vortices. 

§ 7 3. A case of two vortex filaments. 

Consider two rectilinear vortex h, i *2 r 

filaments of strengths Ar, and k t at ^ \ !i — 1 — t 1 

A and B, each will produce a * Ga ' B 

motion of the other perpendicular 1 


1 
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to the line joining them, le. the motion of . * » ^moUo'n of A 

i s ; sssiisxsi - - - by 

; ht pomm *. - - s >“” * !,v " *' 


w 


i^log (*-n)+ ?* l°g ( *- Zl) 

2tc 


...(») 

let „ and v be ^components ofTelocity of ^ due to the vortex 

filament of strength Arj, then ( , 

,»+ls- , 7 . 22 




r iki i i*« _J_+*s. - 5-1 

[ _ 2 ^ z“=7i 2 rt’ z-z» 2" 2 Z '* Z 


= z 1 

...(ii) 


= _^?. —5- 

MM, if au “ 

to the vortex filament of strength * i. then 

I 


Ml -!>!=- 


iAi 


...(HO 


2* 2» — Zl 

From (ii) and (ri), we have 

II— fr Ml — IV| 

kt k i 

fa (M-W — **^M1-W 

(AiM+A»Mi)-/ (Ariv+AiVi) — 0 

AiM+/faMi=»0 and A, v+fr»ii— u 
Which shows the position of th ® ““"“‘^sl ^heVine 

moving with verities (u v) and («i »i). 

/15 rotates about G. 

The velocity of A is, 

M—/V |*r- 


or 

or 

or 



t= 27r* fci+fo* (AB, 2 
t =GA<*> 

Where the angular velocity of A is 

ki+kt 


a>= 
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Similarly the angular velocity of B 


kx+kt 
2 tt(AB) 2 


about G. 


So that the line AB revolves about G with uniform angular 


, .. A:|4-A:2 

velocity ^/i? 

If ki, ki are of opposite signs then at any intermediate point 
the velocities due to A, B are in the same direction and at an 
outside point the velocity may cancel so that the centre must be 
beyond AB. If k\ > k 2y then the point G lies beyond B and if 
k\ < k 2t then G lies beyond A. 

The lines AB move round this point with angular velocity 

ki—kj 
2 n{AB)* 

§ 7 4. To determine the stream function when the strength of 
the vortex filaments are equal. 

Let ki and k 2 be the strengths of the vortex filaments. 


or 


Then k x =k 2 (Given) 

let AG=GB=>a 

i.e . AB=2a 

k k 

0=2 " l°g ri+2 ~ log 


or 0=— log ri n 

4 7C 



’* / o 

Since the centre G is the middle point of AB 

then cos 6 =— +? — — and cos (ir — ~ Tl • 

lar 2 ar 

or n 2 =r 2 +a 2 — 2ar cos 9 and r, a =r a +a a +2tfr cos 9 

From (i;, we have 

k 

0= — log {(r a +fl # — 2ar cos 9) (r 2 +a 2 +2ar cos 9)} 


or 


or 


An 

0= A. log {r 4 -f(7 4 -F2aV a — 4a 2 r* cos 3 0) 

0= ~ log {r 4 +fl 4 — 2fl a r 2 cos 29} 

For stream lines, we have 
0= constant 

Since the line AB revolves about G with angular velocity 

2k 


...(ii) 

.. (iii) 


2 n(AB)* 
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4na* 

The velocity at any point P due to this motion is 
^ kr 
Ana- 

Now to reduce the vortex system to rest, by superposing a 
velocity - . let f be the stream function in this case. 


then 


__ kr 

1 dr r d9 Ana 2 

Thus from (ii), we have 

lr kr 2 

</»= — log {r A -\-a i —2a 2 r 2 cos 20)-£^r 


••-(iv) 


{ from (iii) 


The stream lines are given by 

lr kr * 

~ log ( r*+a A -2u 2 r 2 cos 20)- 8 ^-=constant 


or log (r*+fl 4 -2flV 2 cos 20)-^=constant 

§ 7 41. Stream function for two vortex filaments of strengths 
k and — k. (Vortex Pair) 

consider Ar^ — Ara p 

. i/' kt . n 


then 




=> that the centre is at infinity. * * t / 

Let the strengths of the vortex , f r 

filaments be k and —A:. A * g B 

The velocity of A , due to B 
k 

= 2 tt AB P er P enc *icular t0 AB* 

and the velocity of B y due to A 
k 

*=*-= — perpendicular to AB in the same sense. 

In. Ad 

So the vortices move in the same direction perpendicular to AB 

k 

with uniform velocity - — — . The line may move backward or 

In. A d 

forward according to the direction of rotation. 
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Vortex Pair. Thus a pair of vortices each of strength k but 

of opposite rotations is called a vortex pair. 

The stream function t at any f 

point is given by ( [ A I ) 

* * 1 ° g r 1 -| r ,og '* 


(S) 


The stream lines are given by 
tfi = constant 

k . I ri \ .... 


(a) 


constant 


g— constant Vortex Pair^ ^ 

A system of co-axial circles k having A and B as limiting points. 



Particular Case. Let Constant is equal to unity, 
then n=r a which is the straight line bisecting AB at right angles. 
Thus the plane bisecting AB at right angles may be considered to 
be a rigid boundary as there being no flow across this plane and 
a single rectilinear vortex will move parallel to this plane boundary 
at a distance c from it with uniform velocity 

k 

2 7TC ’ 


§ 7 42. Vortex doublet. 

Consider a vortex pair of 
strength +k at z=ae and of 
strength —k at z=— ae %i . Let 
a tends to zero and k tends to 
infinity such that 


where \i is known as the strength 
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of the vortex doublet and axis being inclined at an angle a to the 
Af-axis. 

The complex potential is given by 

w = t * [ log < 2_ae ' I,-log (z+ae<X) ] 


or 

II 

£ 

log 2 | 


or 

» r 

lOQ 

r 

8 

H 

W 2» L 

,u o 

V 

or 

ik. 

f ae** 

.+^1- 

w — Tit 

L z 

22* 


or 


or 


or 


3z 3 


+ ••• 


at 


i* 


2 z* 3z» 


] 


W= — r- 
2rc 


ik 2a i‘ x 


a ik 

7C 


. «*■ 

- »*'■ re .< 

__ tii 

r 


r Arr. 

as i*-- 

land z=r. 


ka 

7C 

re®* 


cos («-0)+« sin (a-0)j 
. P cos (a— #) 


If the vortex doublet beat O, then 


So 




fx sin ft 
r 



Ub * sin ft 

r 


{ ft =Ub* (let) 


which is the stream function for a circular cylinder of radius b 
moving with velocity U along the Af-axis. 

Thus the motion due to a circular cylinder is the same as that 
due to a suitable vortex doublet placed at the centre with axis 
perpendicular to the direction of motion. 
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§ 7 43. Vortex inside an infinite circular cylinder. 


Consider the vortex of strength 
+ k be at the point A inside the 
circular cylinder of radius a with 
axis parallel to the axis of the 
cylinder. Put an equal and opposite 
vortex at an inverse point B, such 
that 



OA.OB=a 2 


or 




OA=f 


The circle is one of the co-axial system having A and B as 
limiting points hence it is a stream line. 

The velocity of A is given by 


2 n-AB 


Hj - f ) 


_ kf 
2n(a*-f*) 


(perpendicular to OA) 
The velocity of B is same that of A so OAB will not remain 
a straight line at the next instant. If A describes a circle about 
O with the above velocity, then at every instant the circle will be 
a stream line. 


§ 7 44. Vortex outside a circular cylinder. 

Consider the vortex of strength 
+ k be at the point A outside the 
circular cylinder of radius a. Let 
there is a vortex of strength — A: at 
an inverse point A (i e. B). 

The velocity of A is given by 



k 

2t r.AB 


kf 

2ti(/*— a*) 


2k 


('-f) 


where OA=f 
and OA.OB=a 2 



a 2 

or AB=f-j 


Now the vortex of strength — k at B gives a circulation —k 
about the cylinder. Let k\ be the circulation about the cylinder. 
So we have the vortex of strength +k at A t — k at B and k+ki 
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at the centre O. Then the velocity of A due to above system is 
given by 


k+ki __ k 
2 -k.OA lTt.AU 

k+ki k 



k+h _ kf 
Inf 2n(f 2 -a 2 ) 
kl ( f2- a '-)-ka 2 

2nf(f 2 -r) 

Thus A describes a circle with this velocity. 

Ex. 1. A long fixed cylinder of radius a is surrounded by 
infinite frictionless incompressible liquid , and there is a vortex 
filament of strength k in the liquid which is parallel to the axis of 
the cylinder at a distance c (c < a) from this axis. Given that 
there is no circulation round any circuit enclosing the cyhuder but 
not the filament. Show that the speed q of the fluid at the surface 
of the cylinder is 



r being the distance of the point considered from the filament. 

Since there is no circulation 
round the cylinder. The vortex 
of strength +k at P gives rise to 
a vortex of strength — k at an 
inverse point Q and a vortex of 
strength +k at the centre O. 

OP,OQ=a z 
or °Q=J 

The complex potential is given by 

ik , . x ik / a 2 \ , ik . 

w= - lo g( Z - C )_-log^- -) + -log 2 

dw_ik f 1 __ 1 , H 

dz 2n\z— c 

c 



or 
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and 


ik 

2 7Z 


z 2 — 2- z+a 
c 


(z _ c) (z-lj 


Thus 


9 = 


dw 
dz 2tt* 


. r*-2-z + a 2 

k c 


\z\\z-c \ z-°- 


k 

2 n' 


a 2 

z 2 —2 ?- z+a 2 


Again from similar triangles, 
QA = r 
a c 


Then 


= [(* cos «“)+<« sinjJ*+ (a»-Q 


^0 cos 0— ^ j — a 2 sir. 2 0 


+2ia sin 6 ^a cos 0— ^-j + ^a 2 — 
a 2 cos 2 — cos 0+ ^-a 2 sin 2 0+a*~£ 
+2ia sin 0 ^a cos 0— ^ 

2 a 2 cos 2 6— ^ cos 0+2/a sin 0 ^a cos 0— ^ 


z 2 - £ z+a 2 




a cos 2 0 — cos 0 
c 


)■ 


+sin 2 0 ^a cos0— ^ j j 

_ fa 2 

= 2 a j - — a cos 0 


} 
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■la 


[f~2Tc <■'+'*->} 

{ 


as cos 9= 


lac 


|a 2 — c 2 +r 2 | 
a 


Hence q= 




- (o«-c*+r 2 ) 
c 

ar 
a.r. - 
c 


_k^ a 2 -c 2 +r 2 

In' ar 2 

= AJ,_ c ±^ I J Proved. 

2na 1 r- J 

Ex. 2. // a vo/7ex /ra/r 15 situated within a cylinder, show 

that it will remain at rest if the distance of either from the centre 
is given by ( y/5—2) 112 a , whe 

Let P , Q be the vortex- 
pair where OP^OQ=r. 

The image system give rise 
to a vortex of strength — k 
at an inverse point of P 
(i e. P') and a vortex of strength +A: at an inverse point of Q 
(i.e. Q’)> such that 

OP.OP’=a 2 =OQ.OQ' 



or 


OP' = < j = OQ' 


The vortex will remain at rest if its velocity due to other three 
vortices be zero. 


i.e. 

or 

or 

or 

or 


*[_!_— L + -i -} =0 

2iz\PP' PQ Q'Pi 


1 !+_!_ 

2*l" 2 _ r 2r l 2 + r 

r r 




r*+4flV 2 -Q‘=0 

er** (a-*- 
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or 

or 


0r '-!=(V , 5— 2) 

r=aV(V 5 - 2 ) 

r=a (v/5— 2) 1 ' 1 Proved. 

Ex. 3. Investigate the nature of the motion of the liquid. 

ax—bv ay + bx , . 

u =~2 , ? v=-t— r and \v=0. 

* 2 +> 2 * 2 +>' 2 

determine the pressure at any point (x,y). 

Since w=0 and u and v are functions of x and y only. So the 
motion is two-dimensional. The vorticity vector is 


and 

or 

and 


y 

dx dy 
5=0, Y}=0. 

(x l —y i )+7axy 

*y u 2 +>v 

fo_ = _b( x 2 -y*)+2axy 

U a +>V 

=> that 5=0 

Thus the motion is irrotational in two dimensions. 


(i) 


Also 


or 


or 


or 


q*=u'+v 2 

,_ (ax-by)'-+(ay+ bx)* 

,_ a , x'+b t y*- 2ab xy+a*y*+b\x*+2eb xy 
a J +fc* 


x*+y* 


Thus the pressure is given by 

P 

-=constant — { q 2 

which gives the pressure at any point (x j). Ans. 

Ex. 4. When an infinite liquid contains two parallel equal 
and opposite rectilinear vortices at a distance 2b, prove that the 
stream lines relative to the vortices are given by the equation 


log . J> c 

* [*+V+brl + b C ' 


the origin being the middle point of the join, which is taken for 
axis of Y. 
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J±- 

( 0 . 6 ; 


Since the vortex system is x P(x.y; 

moving with uniform velocity S/7 

- — perpendicular to the s' / / 

2iz {An) / j 

line AB Now to reduce the a s^ / j y 

vortex system to rest, super- (0 ’~ b) ' 0 V {0 ' b) 

posing a velocity — --r. If 4 ,> be the stream function of the 

^7 TO 

superposed system, we have 

k 

dy 4ir b 
,, kv 

or * =4 Tb 


If w 1 be the complex potential then 

k 

Wl ~A7b Z 




The complex potential at any point P (x, y 9 z) due to fixed 
vortices of strength k and —A: is given by 


log ( z—ib )— ^ log (z+ib) 

Thus the total complex potential at a point is given by 
*°8 (z—ib)— £ log (*+tt )+^5 * 


...(ii) 


or w=^ log jx+i O’— 6)|— ^ log ^x+/ (>’+*)|+4~5 (*+<v) 

Equating the imaginary parts we have the stream function of 
the relative motion, 

i=^ log OHO-W 1 ' 1 - ^ log > 

^ 4rc l-^+O+Vj * 

Thus the relative stream lines are given by 
inconstant 


!og g 


x 2 +Q-fc) 2 ] , k 
x*+0+6)*J 4, 
*+<y-b n , j> 

**+<H-*W 5 


H S- 

H _C 


constant 


Proved. 
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Ex. 5. An in Ex. 2. If the vortices are of the same strength , 
and the spin is in the same sense in bothy shew that the relative 
stream lines are given by 

r 2 

log (r A +b l — 2b 2 r 2 cos 2d)— — 2 = constant. 

6 being measured from the join of the vortices , the origin being its 
middle point. 

Ref. § 7 4. 

Here the distance AB=2b. 

then i,= ~ log (/«+6 4 -26*r* cos 20-^*,. 

The stream lines are given by 
0=constant. 

k kr 2 

or — log (r 4 -f 6 4 — 2b 2 r* cos 20)— g^ 2 =constant 

r t 

or log (r i -\-b i —2lfr 2 cos 20— rr^=constant. 

zb* 

Proved. 


Ex. 6. An infinite liquid contains two parallel , equal and 
opposite rectilinear vortex filaments at a distance 2b. Shew that 
the paths of the fluid particles relative to the vortices can be 
represented by the equation 



r 2 + b z —2br cos 0 , r cos 0 

o . ... s -, - + — r — = const ant. 

r 2 +b*+2br cos 0 b 


Consider AT axis as the line on which the two vortices of 
strength -f k and —k lies. Ref. Q. No. 2. 

The stream function 4> is gi ven by 

K3HI 


or 


Y 
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Changing it into Polar coordinates, we have 


-&[ 


log 


r 2 +b z — 2br cos 0 , r cos 

■ , 


or 


or 


r 2 +t?+2br cos 0 
The stream lines are given by 
^=constant. 

r 2 -\-b 2 —2br cos 0 ,r cos 0 


'] 


u 


log 


r 2 +6 2 +26r cos 0 


]= 


constant 


log 


r 2 +b z —2br cos 20 cos 0 


=constant. 


r z +b z +tbr cos 20 ' 6 Proved. 

Ex. 7. 77zree parallel rectilinear vortices of same strength k 
and in the same sense meet any plane perpendicular to them in an 
equilateral triangle of side a , Shew that the vortices all move 
round the same cylinder with uniform speed in time 

2nd 1 

IF* 

Let r be the radius of the circum- 
circle of equilateral triangle PQR. 

Then r= ~7 v 

V 3 

The complex potential of the 
vortices at the points 

w=ik {log (z-re 3 *" 3 ) 

-f - log (z— re 4 *'/ 3 )} 

+log (z — re 6 * 1 ' 3 )} 
w=ik [log {(z— re 2 *" 3 ) (z— re 4 * 1 ' 8 ) 
w—/Ar log (z 3 — r 3 ). 

The velocity induced at z=re z ' 4 =r by the other vortices is 

Wi=U!-iv x =- 2 Z log { z *-r*)-ik log (z-r) j 

f 3z 3 17 

U\ — lV\ = lk { - 4 - } 

l z*—r*'z—r j 



or 

or 


or 


or 


U\ — iv\ = — ik 


2z+r 


z 2 +zr+r* 
Thus qi= | Ui—ivi | =k | 
k 


2 z+r 


z 2 +zr+r 2 lz=r 
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Hence the required time, is given by 
2n a Ik 2na a 
"Wr'7 3 ' V3A: 

27ra 2 
= 3k # 

Ex. 8. Prove that the necessary and sufficient condition that 
the vortex lines may be at right angles to the stream lines are 


IU d<i> d+\ 

“• v, . Ty , Vz ) 

where f*, </> are functions of x, y 9 z, t. 

The stream lines are given by 
</x_4y_</z 

...d) 

u “ v ~w 

and the vortex lines are given by 

dx dy dz . 
c,~ 1 ~ Z 

...(2) 


(1) and (2) will be at right angles, if 
u £+v v)+h» £=0 



The condition that 

u dx+v dy+w dz 
is a perfect differential is 

u dx-\-v dy+w dz—p d<f> 



d<t> d4> H 

or U=iL dx 9 9 W ~*lTz Proved. 

Ex. 9. In an incompressible fluid the velocity at .every point 

is constant in magnitude and direction : Show that the components 

of velocity w, v, w are solutions of Laplace's equations. 

Let 5, *), S are the components of velocity o>. 

So that <*>=VX$ a + r i 2 +s 2 )- 

The direction cosines of its direction are 

\ \ £ 

~ » > “ * 
to CO OJ 

The spin component V , £ are each equal to constant 

dw dv 
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„ du dw 
2l)_ 3z 3x' 


...(ii) 

...(iii) 


?* e Ji ...(iii) 

ax a/ 

Differentiating (ii) with regard to z and (m) w. r. to y and 

subtracting, we have 

3*u 0*h- ,!!? = 0 

3z» 3* 3z dx dy^Sy* 

3*118*11 ^/3v_ , 0vv\ =o 
or 0>.* + 3z s Bx^^Sz/ 

3u 3v 9w_„ 

But S+ST+te"® 

3 *u 8*u3(du\ Q 
then 8?+3? + dx\dx) 

or 3x !+ a/ + 3z ! 

which satisfies the Laplace’s Equation. Proved. 

Ex 10 Ifu dx-\-v dy+w dz=dO-\-\ dp where 0 , A, p are 
functions of x, y, z, t prove that the vortex lines at any time are the 
lines of intersection of the surfaces X= constant and p-constant. 

or u dx + v dy+w dz=^dx+ %dy+ J *+g * 

+ A g*+A|*+*S*+4f * 


Proved. 


then 


“= 0i +A 0? V ~0>- + V* 

00 ,,0(* n _?£+ A ^ 
W =^+ A a;> O- 0 r +A 0/’ 


The components of spin are 


dw 

0V 



dy" 

■02 



3 2 0 . 0V 3* 

0^ 0z + 0J- 0z + 0>’ 

& 

11 

0A 

dp 

0A 


• 0z 

m dz # 

21= 


0A 

0A 


3? 

02 


0A 0f* 


0** dp 
dy dz 
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Similarly 2r\— 


dx 

dz 

dX 

dx 

and 2£= 

dx 

dx 

dX 

dy 

djt 

dp 


dn 

dp 

dy 

dz 

dx 


dx 


2 ( 

2 \ 'dt +r, dt +K dl) = 


A, 

A» 

/*■ 


\y 

A* 


Xt 

A* 


= 0 . 


So 


5 A.+T) A„-K A*=0. 

Similarly 5 ^,+tj *i,-K *i,=0. => that vortex lines lie 

on the surfaces A=constant and fx=constant. Proved. 

§ 7 5. Image of a vortex filament in a plane. 

Consider the strengths of the vortices are k and — k (equal 
but of opposite sign) at z\ and z 2 . The complex potential at any 
point is given by 


w= 


^ log ( 2 - Zl )-~- log (r-ra) 


ik 


w= ‘£z lo 8 'ne 0 ' 1 )—‘^ n log (rae 9 '' ) 


W : 


2tt 

ik 


ik 


or 


2^ (log — — (log r 2 + 0 2 i) 

If ri=r 2 then 0=0, =► that the flow across the plane is zero. 

Thus the image of such a vortex with regard to a parallel plane 
is therefore an equal vortex symmetrically placed , the rotation of 
the two being in opposite sense. 

Similarly the image of a vortex of strength +k outside the 
circular cylinder consists of a vortex filament of strength —k at 
an inverse point and a vortex filament of strength +& at the centre 
of the cylinder. 

Ex. 11. An infinitely long line vortex of strength m t parallel 
to the axis of Z ; is situated in infinite liquid bounded by a rigid 
wall in the plane y=0. Prove that t if there be no field of force , 
the surfaces of equal pressure are given by 

{(x-ay+(y-b) 2 } {U-a) 2 +(>’4-W=A / {y*+b*-(x-af} 
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where ( a , b) are the coordinates of the vortex , and A' is a 
parametric constant. 

The image of the vortex Y 
of strength +m at A ( a , b) is 
an equal and opposite vortex 
of strength — m at the point 
A' (a, —b). Two vortex 

together form a vortex pair 
with the line* joining A and A ' 
perpendicular to the A'-axis. 

AA f -2b. 

The stream function for the steady motion is given by 

+= ^[ log 

-log {(*-<i)*+0>+l>)‘}+|] 

The components of velocity at a point (x, y ) are given by, 

m [ y-b y+ b } 11 

[(x-a) 2 +(y-b) 2 (x-a)*+(>+/>) 2 ’ t 2b\ 
m \y—b y+b 


or 


or 


2tc| 


and v 


2*L n 2 “ 
x—a 




x—a 


or 


dx 2nY(x-a) 2 +(y-b) 2 (x-a )*+(y+b)* ] 
rn\ x—a x—a '] 

2n[ ri 2 “ r 2 2 J 

If q be the velocity at the point P (x, y ), then 
q 2 =u 2 +v 2 

^_m 2 \<x-a\ 2 +(y-b) 2 (x—a) z +(y+b) 2 


4tt 2 |_ 


r»* 


2 {x~a)*+(y*-&)} 1 ty-b y+b 


_ 4 * 2 U 2 


ri* r t ‘ 


1 


( y-b >-+6\ 1 1 

■* ~ r A \ ra 2 /"*" 6 2 J 


, 1 ^ , 1 1 

^ r J + 4^J - (1) 
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Since the motion is steady, thus the pressure is given by the 
equation 

-=C— " (i,) 

P 2 

where C is a constant. 

The surfaces of equal pressure are given by 
p=-constant 
q 2 = constant. 


i.e. 


or 


{from (ii) 

_L, (*=£ _«±?) +4T= const - 


\ (say). 


or 

or 

or 


A [ri*+r,*-2 [(x-a)'+y 2 -b'}+ ^(.rS-rS) 

— (»i* + r»*)j = nV»* 

A [-2 <x— a)*— 2 </-*’) + ^(4yfc)]=ri*r»» 

A [2 {y t +b 2 -(x-a) 1 )]=rM* 

[{(x-rO’+O-W «*— r+O'+wi-v 

p„ 12 m d the motion of a straight vortex filament in an 

an infinite plane wall to which the 
infinite regw b ^ ^ pnuuM defect af point 

fi r m h all due to’ the filament is proportional to cos 2 6 cos 26 
°f the wall d * * f h lane lhrough ,he filament and the 

;r ,0 LtL". »«• 

Let A (xx, y,) be the posit, on 
of the vortex of strength +* « 

any instant with respect to *e 

section of the plane XOX • The 
vortex will have its image an 
equal and opposite vortex of 
strength -k at the points 
A • ( Xl> - yi ). These two vortices 

together form a vortex pair. 

The motion of the vortex A will be due to the vortex B which 
shall move with velocity 


i 

/ 

i 

l 


x<— 0 

1 


i 

A 

2.cx„- 
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k _ = — parallel to the Y-axis. 


~2r.(A*') . 

Since the vortex A moves parallel to Y-axis / e. x, will change 

with regard to time but yi remains constant 

Let O be the fixed point on the plane. The pressure equation 

is given by 

p-Jl-w+fio - (i) 

Let p 0 be the pressure when there was no vortex, 


then 


So 


36 

?=° and ^ =0. 

P i=fO). 


From (i) and (ii), we have 

P dt ™ ' 

Now the complex potential due to the vortex pair 
w> 


S ! ° g 7^ l0g 


...(H) 


...(iii) 


...(iv) 


dwjk_ 1 
dz~2n ’ z— z, 


?Ar 


1 


2tr * Z— 2i 

Let (w 0 , vo) be the components of velocity of 0, 

then 

2rc * Zi2i 

l* — 2/Vi 

2ir * xi 2 +yi % 

Equating real and imaginary parts, we have 

and v 0 =0 


1 


as zi=x,+0i 

2l = Xi-/>i 


kyi 

t/ 0 = 


or 


<? 2 =Wo 2 +v 0 2 

kW 


V UiH^i 2 ) 1 

/c 2 r 2 cos 2 0 /c 2 cos 2 6 A: 2 cos 4 0 


C Since yi=rcos 0 
Xi=r sin 0 


* 2 y< 


...(v) 


“ 7t 2 r 4 “ :t 2 r 2 “ 

Also the velocity potential at z=0, is 

(<£),.o=Real part ot ^ log (-Zi)-^ lo S ] 

(from (iv) 
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or 


or 


or 


dt 


Therefore — 

k 

TT 


*£=Real part of i tan" 1 ® +i tan" 1 

(?,) 

*(-&*■ ) 


*= tan” 1 

TT 


k 

7Z 


Xl‘ 


x i 2 yi*i k y^ t 


Xi*+yi 9 xf 7c • 


or 


or 


_k J_ k 
n ' ri 2 yi * 4wy 1 

_L 

- 4tc 2 ’ r, 2 

cos* 0 

0/ 4tt 2 • V cos'* 0 
k 2 cos 2 0 

“ 47T 2 .>’1* 

Substituting the value of <? 2 and ^ in (iii) we have 

/ , “Po cos 2 0 1 * 2 cos 4 0 

P ~ 47r 2 ^i 2 “2 

£l r ?: — 4^7IT {2 cos< 0 ~ cos 2 

=— Av .i yi r {2 cos* 9-1} cos* e 


...(vi) 


or Po-P= cos 20 cos 2 

Thus the pressure defect at any point O of the wall due to the 
filament is proportional to cos 20 cos 2 0. Proved. 

Ex. 13. If n rectilinear vortices of the same strength k are 
symmetrically arranged as generators of a circular cylinder of 
radius a in an infinite liquid prove that the vortices will move round 
the cylinder uniformly in time 


8n 2 a 2 
(n-1) k- 

and find the velocity at any point of the liquid . 

Since the n rectilinear vortices of strength k are symmetrically 
distributed then the angular distance between any two consecutive 
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vortices is Let the line through centre of the cylinder and 
n 

one of vortices be taken as A'-axis. Thus the vortices are at 
z=ae°, at 2 *"», ae* 1 '*, ... ae wi,n , ... 
which are the n roots of the equation z n —a n = 0. 



The complex potential due to n vortices is given by 

\v= {log (z — a) (z—ae 2 ' iln ) (z— ( z—ae 2 * ( "" 1,,/n )} 

J.TZ 

ik 

or w= — log (z n -o n ) 

Z7C 

ik 

or w= — log {r n (cos 7J0+I sin /j 0)— n B } 

Ztt 

or 4 > +/<}/= — log {(r n cos nO— a n )+ir n sin > 10 } 

Z7C 

Equating imaginary parts, we have the stream function 
(/*= A log {(r n cos w0 — a n ) 2 +(r n sin nO) 2 } 

4»== ^ log {r 2n +a 2n —2r n a n cos w0} 

Let q be the velocity at any point of the liquid. 
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or 


a = _k*_ f / 2n r 2 "-*-2/t/"- 1 a n cos K 0 y * 


l6ic*) \ 


2r n a" cos / 

2/zr" a" sin 

+ " 




2n + a z»*__2r n a" cos n0 


)■} 


or 

a>- n ' k '- 
H 4* 2 

or 

2 ft 2 * 2 

9 

or 

M 

II 

or 

, n 2 k*' 


(r 2n + a 2n — 2r n a n cos nd) 2 


} 


tr* n -ha 2n — 2r"a n cos nd) 2 



a" cos /i0 


} 


which determines the velocity at any point of the liquid. 
Again the velocity of any one of the vortices at z=a. 

% 108 log (r-a) 




or 


or 


0'+/0' 


fk 

— [log {(r» cos n$-a*)+ir* sin *0} 


—log {(r cos $—a)+ir sin 0}] 


0'= [log (r 2n 4-fl 2n — 2r" a n cos nQ) 


—log (r 2 -f a 2 — 2ar cos 0)] 
Let 0o be the stream function of the vortex (a, 0) lying on 
AT-axis. 

/30'\ k pnr 2 "" 1 — 2nr n ~ l a n cos n9 

\9r )r.a~ 47r L r 2n -fa ,,, — 2r» a n cos ti0 

?r—2a cos 0 1 

* Jr-« 

90o 

da 


r 2 +a*—2ar cos 

/c pna 2 "" 1 ( 1 — cos n0) 2a (1— cos 6) 1 
4w [ 2a 2n ( 1 —cos nO) 2 a 2 ( 1 — cos~0) J 

90o k_ p 1 |_ A: (ft — 1) 


and 


da 4tt ia 

90 o _p 90 f> \ 
*90“ Vr dO . 


47Tfl 

i e. 


I S J=0 


/r-o <Z 99 

It follows that the velocity is only along the tangent, there 
being no velocity along the normal to the circle. Thus the vortices 
will move round the cylinder uniformly with velocity 

k(n-l) 
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The time of making one round 

2na 

~ k(n- \ ) 

4 rra 

. Proved. 

£ («-U 

Ex. 14. JKAen a pair of equal and opposite rectilinear vortices 
are situated in a long circular cylinder a! equal distances from its 
axis. Shew that the path of each vortex is given by the equation 
( r * sin 2 0-b*) (r*-a i ) t =4a z b 2 r i sin * 0 
0 being measured from the line through the centre perpendicular to 
the join of the vortices. 

Let k be the strength of the Y 

vortex at the point P (r, 0) and an 

opposite and equal vortex of * 

strength —k at the point Q (r,— 0). f 

The image system consists of : | j ► ■ 

(i) A vortex of strength —A: V \-k/ 

at an inverse point P' 

(ii) A vortex of strength +k 
at an inverse point Q' ^ » —0 j . 

The complex potential at any point z is given by 
h>= ^ log (z-re*')“ log (z- ° e"') 

log (z-re-*')+£l°g (z- ;V # ‘) 

The motion of P is due to other vortices ; thus for the motion 
of P y the complex potential w’j (let) is given by 

[“I l0g (*- log {z-re-) 

+2 ^ | °g(z-;-V*')] z=re , i 
= - ^[log | re 9i - ^")-flog (re 9i —re~ 9 ‘) 

-flog ~e~ 9i jj 
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= ~£[ log {(' cos 0- f cos *) 

+i ^rsio 9—j sin 0 jj-flog (2i> sin 0) 

+ l°g|(r cos 0 — y cos 0^ +/ sin 0+y sin 
*— s[ 108 ( r - ^)+log(2rsin0) 

“ i log [^r — cos 2 0f ^r-f j j sin 2 0 JJ 

0=-^[ log (r- £)+log( 2 rsin 0 ) 

“1 log ^r 2 +^— 2a 2 cos 20^J 

* = "£[ log {('- 7).2r»infi]’ 

-log|r*+^- 2 a> cos 2flj] 


The stream lines are given by ^=Constant. 


— -~^!og {(r 2 — flV.4 sin 2 0 } —log ^ — ^ 


— 2a 2 r 2 cos 20 


Constant. 


(r 2 — a 2 ) 2 .r 2 sin 2 0 


=6 2 (let) 


r A +a A —2a 2 r 2 cos 20 v w 
6 2 (r 4 +a 4 -2n 2 /- 2 cos 20)=r 2 (r 2 -a 2 ) 2 sin 2 0 
6 2 {(r 2 - 0 2 ) 2 + 2 a 2 r 2 (1-cos 20)}=r 2 (r 2 -a 2 ) 2 sin 2 0 
2a 2 &*r 2 (1-cos 20)=(r*-a 2 ) 2 (r 2 sin 2 0-6 2 ) 

Aa 2 b 2 r 2 sin 2 0=(r 2 —a 2 ) 2 ( r 2 sin 0—b 2 ). Proved. 


Ex. 15. Three vortex filaments , each of strength k, are 
symmetrically placed inside a circular cylinder of radius a , and 
pass through the corners of an equilateral triangle of side y/3b. If 
there is no circulation in the fluid other than that due to the vortices 
Shew that they will revolve about the axis of the cylinder with 
angular velocity 

k (a 6 +26 fl ) 

{(P-b') * 

Let P\ Q' and R' are the inverse points of P , Q and R with 
regard to the circular boundary. The vortex filament, each of 


strength k are piaceu at -T, 2 • 
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Now OP=OQ=OR=b {as side of the triangle is -/3Z)} 



By the definition of an inverse points, we have 
or OP.OP'=c P so OP'= £-=A (let) 

Thus PP'=QQ'=RR'=(b'-b). 

The image system for the vortices, each of strength k at 
P, Q, R consists of the vortices, each of strength —k at 

P\ Q\ R' 

The vortex at P moves due to other vortices at Q, R, P', Q' 
and R' and describes a circle with an angular velocity about the 
centre. Let PQ'=PR'=r 
and £OPQ'=B=LOPR'. 

OP*+PQ'*-OQ' 2 6>+r ! -A l 
Also cos 6— ioP.PQ! “ 2 br 

or r i =0Q‘ 2 —0P 1 +20P.PQ' cos 6 

=A*+^+a* {as 0=120° 

Again, the velocities due to the vortex P are 

(i) Velocity due to P' along PM 

k _ k _ k 

PP' b'-b cP_ _ b 
b 

(ii) Velocity due to Q' along PY 

= k_ 

r 
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(iii) Velocity due to Q along PS 

. k _ k 
PQ y/2>b 

(vi) Velocity due to R is 

(v) Velocity due to R' is y 

Thus the velocities perpendicular to OP are, 

= k {^.-7 cos e+ VT b C0Sn,6+ VTb 


Vi b 


COS 7t/6 


/, f b 2r cos 0 , H 

. f b a*—b* \ 

~ K \a*-b‘ b (a‘ + fc«+fl 2 * 2 )j 
. f 6 2 (a«+6 4 +aV> 2 )+(a 2 -6*) (a 4 -* 4 )' 


^ COS 


* 1 b (fl*-**) J 

a , a*+2y 

6 (a 9 -6*) 

"““-‘sS?; “ •- k VipMf ) 

§ 6 6. Four Vortices : 


Proved. 


Consider four vortices in an infinite liquid such that the lines 
joining them form a rectangle PQQ' P' at any instant. The 
strength being k for the vortices P' and Q and the strength —k 
for the vortices P and Q', it is evident that the centres will always 
form a rectangle. Here we shall determine the motion of a vortex 
pair moving directly towards or from a parallel plane boundary 
between planes meeting at right angles. We see that the effect of 
the presence of the pair P , P' on Q, Q' is to separate them and at 
the same time to diminish their velocity perpendicular to the line 
joining them. Let the planes which bisect PQ, PP' at right angles 
may be considered as fixed rigid boundaries. 
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Let (x y) be the co-ordinates of the vortex P relative to the 
planes of symmetry (i.e. due to other three vortices), we have the 
components 


u 


and 



For the path of the vortex P, we have 
u=i and v=V. 

By dividing (i) and (ii), the differential equation of the path, 

= *_=_ — 

V 


...(Hi) 


or 


or 


v 

J 

dx 


y 

ii 

,3 

dy 

y> 


(from (iii) 


or 


By integrating, we obtain 

i+53-?-<G«>- 

d 2 (x*+ < y , )=x 2 >' 2 

Transforming it into polar coordinates, 

4a 2 r 2 =4r 4 sin 2 0 cos* 0 
r 2 sin* 20=4 a 2 
r sin 20=2a 

Which represents a cotes spiral with asymptotes parallel to 
the axes. 


or 

or 


7 - follows that the vortex moves as if under 
4* 


Since xj— yx 

a centre of force at the origin. This force is repulsive and varies 
as the inverse cube of the distance. 
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Alternative method of § 7 6 

Ex. 16. A rectilinear vortex filament of strength k is in an 
infinite liquid bounded by two perpendicular infinite plane walls 
whose line of intersection is parallel to the filament. Show that 
the filament will trace out a curve (in a plane at right angles to 
the walls) r sin 20— Constant. Where r is the distance of the vortex 
from the line of intersection of the walls , and 0 the angle between 
one of the walls and the plane containing the filament and the line 
of intersection. 

Consider the vortex of strength 
+k be at z„ where 

zo=x 0 +iy 0 . 

Let a vortex of strength — k at 
~o, +A: at — z 0 and —k at — ? 0 . 

Thus the complex potential is 
given by 




w 


^ log (Z-Z 0 ) + log (z+zo) 


-z 


- - * 

► 

■ a 

t 

X 





0 

to* 

\ 

1 

1 

-7 

V>- 

1 

• — K 
Y 

) 

■ Z. 


ik 


ik 


l0g l0g (z+Zo) 


ik 


w = 2 ^ { ,0 8 (z+zo )— log (z — 2 0 ) (z-f 2 o)} 

Now we shall determine the motion at z 0 , (neglecting the part 
due to it,) 


or 


or 


or 


or 


or 


U — IV 


T. {£&} <"« 
(-£) 


Lt. 

Z->Z 0 


Lt - [J 

2 n z-»z 0 \ z+r o z 2 — 3 0 * j 


ik f 1 270 1 

“ ,V 2n\2z 0 z.‘-Vj 

«_,V=_'— l ! 

2n 1 2 U 0 +»>o) (Jfo+0’*)* 

ik r 

u - ,v= - s{. 


2 (x 0 +iy 0 ) 1 

0 )*-(ao -i> 0 ) 2 J 


iyo x B +iy 0 \ 


•o 'Wo J 

Separating into real and imaginary parts, we have 

I * 


4#LF 0 Xq*+)-v 
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and 


Since 

• or 


^ *•! } 

4»l>’o (V+VJJ 
k f x. U 

V 4tc\x,*+J »* *o 5 
*r r.‘ I 

4it1xo (x,’ +>-,*) J 
u=ji 0 and v=yo 


dxo_u 

dy 0 » 



or 


d*o , ffr? = 0. 

Xo^V 

By integrating, we have 


-L+- i-=Const. =A 

■v* 1 V- a 


or 

or 

y* 

r 2 =Ar 4 sin 2 0 cos 2 0 

| Put 

x 0 =r cos 0 
y 0 =r sin 0 

or 

or 

r 2 =jAr 4 (sin 20) 2 
r sin 20=Const. 


Proved. 


Also r 2 'e=xoy 0 -y^o 

k x 0 y 0 2 Al _ 

*o f yo 

* 

or 

r °- An X, <*■+%»> An y 0 (x,*+y 0 *) 

*f y* J. *•* 1 


or 

r °~ AnW-ry.^Xo'+ytl 



or 

_£_= Const. 
sin 2 20 

1 


or 

— — — =Const. 
sin 2 20 




By integrating, we have 

r oc cot 26. 

Ex. 17. If a rectilinear vortex-moves parallel to two rigid 
planes which intersect at right angles, prove that on the line of 
intersection of the planes the excess of pressure due to the vortex 
varies inversely as the square [of the distance of the vortex from 
the line of intersection. 

Since the velocities due to vortex P and Q cancel each other 
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and also due to vortex Q and P' cancel. Thus the velocity at O is 
zero. Then 


(2n— 0) 

K 


* — Tn (ff+e >+ S Tn (n-6) 

or ^=constant — — 0 

7C 

or ^=- 2*i 0 

7C 

Since tan 0= - 
x 

or sec 2 9 Q= x ^l 

x 2 

Now the velocity of the vortex at P (x y) 

. k k . „ 

*— s— =r B — - — -r sin 0 
2 n. 2 y in .2r 

_ k _k y 
4ny 4irr ' r 

= -A * v * X 2 

” ‘ 4 *y 4nr 2 4n 9 y (x 2 +y 2 ) 



{where r 


and 


-o— K • . k 

S xTTx+Z^Tr ™ 6 


Jc 

4nx 

Jc 

47T*"*" 


r 47rr 

K.X 


X 

r 


_k y* 


4nr 2 4 n * * (x*+y*) 

Substituting the value of * and in (ii), we have 

: k*_ x 2 +y*~ h x*+yt 

2tt % • x*-\-y* 




x 2 +y* 
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: k*_ 1 k 2 

* 27T 2 • x 2 +>'*'“27r 2 r 2 

Then the excess of pressure at origin 


=P~Po 



Since the velocity is zero at O i.e. q= 0, thus the pressure 
d<f> 

varies as or <f>. 

i.e. pressure varies inversely as the square of the distance of the 
vortex from the line of intersection. Proved. 

Ex. 18. Prove that a thin cylindrical vortex of strength a, 
running parallel to a plane boundary at distance a will travel with 

velocity ; and shew that a stream of fluid will flow past 
4na 

between the travelling vortex and the boundary of total amount 

it*®-*} 

per unit length [ along the vortex , when c is the (small) radius of 
the cross-section of the vortex. 

Let A be the vortex of A 

strength a and BB 9 the plane 
boundary. The line AO A' as 
the perpendicular drawn from 

A on BB' intersecting at O. 

A ' is the image of the 
vortex at A. Velocity of the 
vortex at A 

Jc 

“2t v.AA' 

_ k A 

t== 27c.2<j 47 ra 

Consider an element at P at a distance x from A. The 
velocity at the point P , 

k \ k 1 

= 2tc 'x + 2tz % 2a^x <P er P endicular t0 AA ') 
Then the fluid flow cross AO, 
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= ^{ log *” log 

=— |log a — log a— log c+log (2a— c) j 
k . /2a-c\ 

"s 108 l—) 

=~ log { Since c is small 

f. 

But AA' moves with velocity so the vortex system can be 
reduced to rest by applying a velocity ^”4“ ) 


k_ 

4n 


Hence the flow is 


£ * (¥H 

£h (¥h } 


Proved. 


§ 7 7. An infinite single row of parallel rectilinear vortices 
of the same strength. 

Consider an infinite number of vortices of strength k each 
placed at a distance a apart. Let the line through the centres of 
their sections as the .Y-axis and origin at the middle one. The 
complex potential at any point is given by 

Y 


» -55qDqq^ 


-3a -2a -a. 


2a 3a 


r V 


or 


w='^|log z+log (z— a)+log (z+a) 

+log (z— 2a)+log (z+2a)+log (z-3o) 

+log (z+3o)+...| 

w-% (log z (z*-o*) (z*— 2*0*) (z“— 3*a*)... 

27C l 

(z»-n*a*)J 
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»=!b 

+ log 

-sb {?(■-$ 


When n -> co for an infinite row 

ik . • 

■’-5 108 s,n 7 


..(i) 


which gives tne complex potential 

Let mi and be the velocity components of the vortex at the 
origin. 

\ y k 'os sin 7 “!s 108 Z } at 2=0 

Ik fit , «_ii 

2tc[m 1 a z\z=0 

=zero 

Thus the vortex at origin is at rest. Similarly all other vortices 
at origin are at rest. 

Let u and v are the velocity components at a point z, 

dw. ik_ * cot — 

or u—iv— . 2 n' a a 


u ~ iv la 


izz 
cos — 
a_ 

nz 
sin — 
a 


it ix+ly) ■ " ( *-iy ) 

ik °° S a a__ 

u ~ ,v= ~Ta . ir(s-Hv) 

sm sm a 

Equating real and imaginary parts, we have 

t- siDh (?) C ° sb (?) 

20 sin* — cosh 1 ^+cos 2 ™ sinh* y 


as sic 0=6 (l-J) 
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sinh 


or 


u— — 


i 2 ?) 


2a 


“* (¥)— f-F ) 


and 


2* 


SID 


2tzx 




which will tend to zero as y tends to infinity. Thus the velocities 
along the distant stream lines are parallel to the row but in opposite 
directions. Therefore the row behave like a vortex sheet as regard 
to distant points. 

§ 7 8. Two infinite rows of parallel rectilinear vortices. 

Consider two infinite rows of vortices at a distance b apart, 
symmetrically placed with regard to the plane mid-way between 
them. The rotation in the t two rows is in opposite sense. The 
upper row having vortices each of strength k and the lower row, 
each of strength — k . 


-2 a 


- CL 


2 a 


0Q0QQ 

eoeboo 


(- 2a,-b ) (- a.-b ) (O 


- 6 > (a,.-b) 


Let the upper one be taken as Af-axis and the lower one as 
y= — b. The vortices of strength k are each at (0, 0), (±a, 0) 
(±2 a, 0) etc. and of strength — k are each at (0, — b) (±a, —b), 
( ±2a , — b) etc. 

The complex potential at any point z is given by 
ik f 

w= 2n V og zJ> log ( 2_ ' “)+log ( z+a ) 

+log (z-2a)+log (z+2a)+... 
-log z— log (z— ae -w )— log (z+a<r w ) 

—log (z— 2ae- w )— log (z+2ae~“;— •••]■ 
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As in last article, we have 

ik ttz ik . . z+ib 

*,=_ log sin --- log sin — 

Let u and v are the components of velocity at any point 


then 

. dw ik . izz , ik n 

u iv= — — = — cot — +.r- cot - 

dz 2 a a 2 a 

then 

If u 0 and vo are the velocity 

components 


ik\n tzz 

1 It Tt( 


MO — IV a 1 — COt — 

27c a 

— - COl — 

z a 

or 

ik t xbi 

u 0 —iv 0 = — cot — 

2 a a 

[as 

or 

k . 7 zb 

Uo — lV 0 =— colli — 



: 4 -/ 6 )1 

a J; 


ik 

2n 


Equating real and imaginary parts, we get 

wo=^-coth— and v 0 =0 
2 a a 


Thus the whole system will advance parallel to itself with a 

uniform velocity ^ - coth — 

2 a a 

Where b is the distance between the two rows. 

§ 7 81. ka'r ma'n vortex street. 

This is a modified arrangement. Let there are two parallel 
rows of vortices at a distance b apart such that each vortex in one 
row is opposite the centre of the interval between two consecutive 
vortices in the other row. 


The vortices of strength k are each at (0,0), (±<7, 0), 
(±2<z, 0)... and of strength — k are each at (ij a, b) t (±f a, b) 
... etc. 
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Uq — /Vo 


col 
2a 


Thus the complex potential at any point z at an instant t— 0 
is given by 

>v='A log sin — log sin -2. ( z+la+ib ) 

2 ” on (Ref. § 7.8. 

Let m and v are the components of velocity of any point 

then cot cot 5 (a+Ja+tt) 

Since neither row induces velocity in itself, the velocity of the 

vortex at origin is given by^ 

ik f n nz 1 

— — | — cot — — — 

2*1 a a z 

— JL cot — (z+ia+/6)l q 
a a J z—v 

(1 + t) 

where u 0 and v 0 are the velocity components of vortex at origin. 

= - ~ tan ^ [ and H> 0 =>v-^ log 2 

— tanh — 

2a 

Thus the vortex system advances with the velocity 

k . rrb 

— tanh — 

2 a a 

This arrangement under certain condition is stable whereas the 
system discussed in § 7.7 and § 7.8 are unstable. 

Ex. 19. An infinite row of equidistant rectilinear vortices 
are at a distance a apart. The vortices are of the same numerical 
strength k but they are alternately of opposite signs. Find the 
complex function that determines the velocity potential and stream 
function. Shew that the vortices remain at rest Shew also that , 
if a be the radius of a vortex , the amount of flow between any 

vortex and the next is 

v *«© 

Y 


-*X 


+■ K -K K ‘ 

-K 4- It 

rS- 

Ut 

-2 CL - CL 

y v — y v — / 

O a 2d 
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Let the vortices be placed along the -T axis at an equidistant 
a apart at points (0, 0) (±a, 0), (±2a, 0)... etc. 

Thus the vortices of strength k are situated at (0, 0), 
(±2*7, 0)... etc. and vortices of strength —A: are at(±a, 

(±3a, 0)... etc. The complex potential is given by 
H’='^ log z-£ J log (z— a) + log (z+a)j 

+ S { lt>S < z ‘" 2<l) + log (z+2a) } 

-£jlog (z-3a)+log (z+3a)j + — 

ik . fz(z*-2V) (z*-4*a*)...\ 

or w=^ . log|— (P=?n?=3v,-r 

or »='* | i~2S? *"( 27 ) ^ .1-t-Constant. 

55 ■ k J 

1Z2 

or w='^ log 2 JL assine=fl( 1~J)( 

C0S ^ cos - (-£)( 

or »v=— log tan ^ —w 

which determines the complex potential. 

ik , * rcz 

Again <£+np— ^ ,0 S tan 2a 

and 0— iV»=— ^ log tan 

By adding, we have 

ilr f «Z . 7T2*l 

a^-jbgtan^-loBUn 
By subtracting, we have 

2 i i ,= i { 108 ,an l +log tan S] 


as sin — e( 1_ ^)( 1 2v)" 

cos — (>-^)( 




• 108 


sin ^ sin 
COS ^ COS^ 
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or 


, k . 
^=- log 


, 7 zy nx 
cosh cos — 


. ny tcx 

cosh Kcos — 

a a 


•••(») 

determines the stream function. 

Now we shall consider the motion for the vortex system at 
origin 


ik . 

Wi=w — ^ *°8 2 


log tan~— log z 


L 


=l{ 

Then -o— 

A SeC 'Ta ZL — l] 

"'51 tan = • 20 Z 1 


{ from (i) 


Zero 


which shows that the vortex remain at rest. 

To determine the flow : Consider the stream function when 
y = 0 i. e stream function at any points on Af-axis is 

• k . 7ZX 

2tz l0g tan 2 a { from (ii), put y = 0 

Thus the flow between two consecutive vortices 
=2 x flow across (a, 0) to (Ja, 0) 

= 2 (‘/'l/xa— ^a) 


2k $ , 7T<X 

< log tan — — log tan 



^{'Og 1- 


log tan 


k . 7ca 

=--i° g ,an ^ 

=— log cot where a is the radius of the vortex. 

7z 2 a 

Proved. 


Conformal transformation. 

Ex. 20. The space enclosed between the planes x=0, x=a 
and y=0 on the positive sides of y=0 is filled with uniform incom - 
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pressible liquid. A rectilinear vortex parallel to the axis of Z has 
coordinates (x x , ys). Determine the velocity at any pom, of the 
liquid and show that the path of the vortex is given by 

co ,t ™ +C oth* ^ =Const . 


a ’ a 

Consider the transformation be 

•nz 

• cosy 




which transforms the semi-inBoite strip in z-plane to the upper 

half of the r-plane such that 

z=0 tends to r= — 1. 
and z=fl tends to »*= + >• 



^ = __i° g v 

or ui+ivi -- — cos (Xi+iyi) 

. nXl nyi 

Vl =s»n— smh -- 

Now 


{ from (i) 


or 


dt n . nzi\ 
—= - sin — 
dz a a i 


or 


or 


or 


^-=^sin^(x 1 +(>i) 

dz o a 1 


* "I sin — ' coshf+i cos -- 1 sinh 

dz a\ a a 

— =-|sin* — cosh ^ 1 + cos' ^-'sinh' SB } 
dz al a « 
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• Thus- A 2 (x 1 y 1 )=\ l ( Ul »,)+ — . 




= - £ log sin ^+sinh 3p 


+ 


~ log f- l( sin*^cosh*5L* 

4tc 1<W \ a a 

+ cos 2 sinh 2 — L | 

a • a i 


k 

-<S ,0 « 


s.in 2 — 1 cosh 2 — -f cos 2 — 1 ‘sinh 2 — 1 
a a a a 

sin^sinh *^- 1 


1/2 


a a 

(neglecting the constant terms). 

Aa (atj >'i)=~ log [coth* — -fcot 2 — ?i 


1/2 


or 


4n"~l a 
Thus the path of the vortex is given by 

A* (xi>i)= Const. 

coth 2 — 1 l -f cot 2 — = Const. 
a a 


* ) 


Proved. 


§ 7 82. Rectilinear Vortex frith Circular Section. 

Let the section be a circle of radius a in an incompressible, 
inviscid liquid in a direction perpendicular to the XY m plane. 
There is two-dimensional motion and let tfiS^orrtcity ..vector £ be 
uniform throughout the whole section. Its value "being constant 
with in the tube and zero outside, the vortex being rectilinear. 

The equation to continuity is *. 


3w dv _ 

Also the equation to stream-lines is 
dx dy 
u v 


...W 


...(») 


or vdx—udy= 0. 

If (ii) be a perfect differential, let it equal to d$ 

(where «/» is the stream function) 


or 


or 


vdx—udy*=~ dx+^~dy 
ox oy 

0*A , 00 

W=— -r- and v= -~- 
dy dx 


-(Hi) 
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The components of vorticity are 

d‘-* . 3V 


9 


’= (°’°' 3,*^. 

c=(0, f , VV). 

/.e The equations for the stream functions are 

inside the vortex 


o 


outside the vortex. 
By using the spherical-polar coordinates, we have 


" h “ r< “ 


or 


and 


i r 
3r* + r 3r ’ 

av . i u__,. 

dr 2 + r dr 


when r > a. 


...(iv) 

...(v) 


i 


or 


Since 0 is a function of r, being symmetrical about the 

a 2 * n 

origin, so ^2=° 

By integrating (iv), we have 

iX r i!) =1 ' r 

+=A log r + i>* + C when r < a ...(vi) 

Also integrating (v), we have 

i( - 1 )-» 

ip=B log r+ D. when r > a. ...(vii) 

Let the constant D may be chosen to be zero. Since the 
motion outside the vortex tube is irrotational, so 3 a velocity 
potential 


or 


or 

or 


30 _ 

?<t> 

dr 

red 

B _ 

1 ?0 

r 

r 33 


<t>= — B9. 


{ from (vii) 

{Neglecting the integration constant. 
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The strength of the vortex is its circulation k. 

But circulation = decrease in the value of on describing the 



circuit once only 

or 

lc=-B[d-(0+ 2tz)} 

or 

k=2nB 


k 

or 

b =t. 

So 

k k 

<f>= — 2 - d and i]/= — log r 

or 

\v=4>+ij*=ik {log r-f/0 } 


= ik log z. 


If the rectilinear vortex is placed at the point z=zo, then the 
complex potential becomes by changing the origin 

w=ik log (z— zo) etc. 

The strength k is positive when the circulation round the 
filarrent is count' r clockwise, we may refer to such a filament as 
a point vortex. 

Since the stream function •/> is not to be infinite when r=0, 
we must have A=0. If the motion is continuous at the sui face 
r=a, we have the stream function ^ and the tangential velocity 

be continuous, so that 
cr 

j*r 2 +C=£ log r+ D ' { from (vi) and (viii) 

or hC<t 2 + C=B log a+D { at the surface r=a 

or W=B. 


Neglecting the additive constant, we have 

0 = — (a 2 — r 2 ) when r < a ...(viii) 

and log ^ when r > a. ...(ix) 

The velocity is wholly trausversal both inside and outside the 

vortex, values being 'Cr and 


Again the circulation in any circuit which does not enclose 
any point of the tube is zero, then the liquid inside is said to form 
a circular vortex of strength k=na%. 

Now the stieam function in terms of the strength of vortex 


becomes 




when r < a 
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and 



when r > a. 


Pressure Distribution : 

The motion is irrotational outside the vortex so 3 a velocity 
potential <f> Let the complex potential be of the form 

w=i£a* log 

or a 2 log (t #/ ) 

or ** 0 

or 4>=—Z a 2 & 

I. Pressure distribution outside the vortex tube ; r > a. 



The pressure p is given by the equation 
Since the motion is steady, so it reduces to 



- = constant— \q 2 - 
9 

Initially the pressure is n when r is infinity 

then 


or 


or 


...( 2 ) 
{from (1) 


Now the strength of vortex, is given by 

k=na?.Z, 

—2 re a 2 .<» 

{ as £=2w, w is called the spin velocity 
Also the velocity outside the vortex 

iL 

q r 2rzr 

Substituting the value of q in (2), we have 

P_ n , ** 

p p 2 An 2 r* 


n k* 


9 9 

P =n- 


Ztz 2 r 2 
k*Q 
8* 2 r 


..-(3) 


determines the pressure outside the vortex i.e. at r > a. 

II. Inside the vortex tube ;r < a. 

The liquid is rotating uniformly with an angular velocity w, 
so that 

dp =9 dr.r<o 2 
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or 


~ =ttt*r dr. 


By integrating, we have 

P - = Wr*+B. 

Since initially p=p 0 (pressure at the centre of the vortex) 

r= 0, then B= P ±. 

P 

Substituting the value of the constant B in (3), we get 

f=W'"'+ 7 - 


-(4) 


...(5) 


Also the pressure has to be continuous across the boundary, 
then from (>) and (5), we have 



n *• ic U V+ / ’ B 
p 8 ttV 2 * r P 

or 

— ^!_ 
p P 2 877 2 fl 2 

or 

p 0 U k 2 * 2 

P ~P 877*0 * 8tt V 

or 

_ A 2 P 

/7o=n "w- 


{ Si 


ince co = - 




k 2 9 

which shows if n < » then p 0 becomes negat've => that a 

cylinderical hollow must exist inside the vortex. 
A*P 


If 


n > 


, then po is positive. 


4tc*<i 2 

Now substituting the value of p 0 in (5), we have 

P = -_— \-\w-r 2 

P p 477 *a 2 

^ 1 krr 2 

p~ p 4^-fl 2 ' 8 77*G 4 ' 

The necessary condition to have cyclic irrotational motion 
surrounding a hollow cylinderical spice is given by 

p = 0 when r=a 

n 


then 


or 


0= 

n= 


k 2 . k 2 

P 477*a 2 ' 

k 2 P 
8 tt -a*' 
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§ 7 83. To prove that in an infinite mass of liquid at rest at 
infinity there can be only one type of motion when the components 
of spin are given. 

If possible let there are two sets of values of the velocity 
components u , v, w e g. m, n> and v *» Wl each satisfying the 
equation of continuity and the equations 
dwi dv l 

^"57 ~Tz' fix' ** dy 


dvi ~du%_dw t r _9v* 

25 “07~fc’ 2 ^“aF ax* * Q_ 0x 


0U* 

0V 


at all points of space and vanishing at infinity. 

Then the differences v'=vi-v 2 , w'=Wi-wt also 

satisfy the equation of continuity and 

■ * 2..* 

=0 


0w'_0v'__ n af/_avv' 0_/_0f/ # 

aJT 02“ * 0z ax • ax 0^ 


at all point of space and vanishing at infinity. 

Thus (u\ v', w') are velocity components of irrotational motion 
of a liquid filling all space and vanishing at infinity. Hence we 
must have 

w '=v'=w'=0 every where, 
i.e. ui=ui, v,=v* and ui=>va 

=> there is only one motion satisfying the given conditions. 

§ 7 84. Steady motion. 

When the external forces have a potential function fi, the 
general equations of motion are given by 

Z)u_ __0n_]_ dp 
~Dt ox 9 dx 

and other two similar equations. 

Since the motion is steady then (i) reduces to 


.. 0 ) 


or 


du , du du 0Q_1 dp 

U 0x +V dy+ W dz dx 9 dx 
The above equation can be written as 

a u, du . du.ldu_av\ ldu_dw\ 
u Tx +v Tx +w ^ +v \dy s) + "ta ex] 

_an — l 
dx ? dx 

10 M v 0n 1 dp 

ih («*+v*+^)-2 (v »)— Tx 


...(ii) 
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or 

or 

or 

or 


o / y \ l , an 1 dp 
2 K— H-n)=- 2 -+-+ F g- 


2K-.v,)=| i {i 9 »+n + f^} 

2«-w»)-g {let y.-} 9 *+n+Jy 


ax 


2 (v<— »»i)) 


Similarly 


and 


^=2 ( w 5-« 0 
p=2 (tfll-v;). 


Thus 


and 


a ^ +v P +H .P -0 

3x dy dz 

_ r ax n 
5 0* + ’ 0^ +? 0I =O 


which shows that X=constant represents a surface the normai to 
which at any point is at right angles to both the voitex line and the 
stream line through the point. 


In an irrotational motion 

C-i-5-0 

and X is constant through out the liquid. 


Consider the axis of X normal to the surface X=constant, 
then w=0 and 5=0. Let dv is an element ol the normal to the 
surface 


and 


ax 

dv 


-=2 (v'-iv?) 


F-o-fs. 

dy dz 


Thus vortex lines and stream lines lie on a plane parallel tc 
yZ-plane. 

Let q is the resultant velocity at P , then 
v=q cos 0i, w=q sin 0 V 
Since oj be the resultant velocity at P , then 
i\=oj cos 02 , 5=02 sin 0a. 



Vortex Motion 


391 


^=2 qoj (sin 0 2 cos 0 L 

—cos 9% sin Oi) 

= 2 qoi sin (02— 0i) 

=2qaj sin 0 

where 0 is the angle between the 
stream line and the vortex line. 

Hence 

$X=2 qco sin 0 Sv» 

=constant V points on the surface X= constant. 

Thus we have the condition for steady motion that it must be 
possible to draw a family of surfaces in the liquid each covered 
by a net work of stream lines and vortex lines such that at every 
point of the surface qi*> sin 0 is constant, where $v is the normal 
distance between the two consecutive surfaces of the system. 

§ 7*9. Rankine’s Combined Vortex. 

Rankine’s combined vortex 
consists of a circular c>linderical 
vortex with its axis vertical in a 
liquid moving irrotationally under 
the action of gravity only the 
upper surface being exposed to 
atmospheric pressure n. The external forces are derivable from 
the potential gz. 

Consider the origin in the axis of the vortex and in the level 
of the liquid at infinity. Wc see that the kinematical conditions 
at the boundary are satisfied by considering the velocity system, 

£=constant - .-gz when r > a 

p o7t fc r* 

(The motion is irrotational) 
and -=constant+ when r < a. 

p 57 

(where — gz is the potential of the gravitational field) 

The free surface has a depression over the top of the vortex. 
The equation of the free surfaces are given by 
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k 2 

8tt 2 a 4 g 




+ constant 


when r > a 


and ^ 2 " fl2 )+ constanl ...(ii) 

when r < a. 

The constant can be determined to preserve the continuity 
at r=a. 

Considering the origin in the general level of the free surface 
when r > a, such that z= 0 when r=oo. 


constant 


from Civ) 


And the depth of the central depression is given by putting 
r= 0, we have 

k 2 

%n 2 a 2 g 

§ 7 91. Rectilinear vortices with elliptic section. 

To show that a rectilinear vortex whose cross section is an 
ellipse and whose spin is constant can maintain its form rotating as 
if it were a solid cylider in an infinite liquid. 

We know if a rigid elliptic cylinder of semi-axes a y b rotates 
with uniform angular velocity to in an infinite mass of liquid the 
complex potential for the cyclic irrotational motion with 
circulation k is 


nr-ifo (a+b) 2 (?) 


Ref. § 5*88 
§ 5-88 


i/c 

(a+6) 2 e- 2 t (cos I’/)-/ sin ~ (5+ft) 


Here 


«/«= iw ta+b) 2 e~~i cos 2-o-b;^. 

k=2\ab.o>' 


...(ii) 


where of be the constant spin. 

{/.<?. area of the cross section X angular velocity 

The stream function */» satisfies 

(Inside the vortex tube) ...(iii) 

dx 2 oy 2 

an( l W+|L* = o. (Outside the vortex tube) ...(iv) 

dx 2 oy 2 
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...(v) 


Assuming that 

0=o/ (Ax*+By*) 

Then from (iii), we have 

2Aa>'+2Bu>'=2aj' 

or A+B= 1 - (V1) 

Again the boundary condition is that the velocity of the 
liquid normal to the boundary is equal to that of the boundary, 

t. e. 




d* b 1 

From (iii) and (vii), we have 


...(vii) 


Aa*-Bb' 


2a/ 


...(viii) 


Now the condition of continuity of the tangential velocity 
at the boundary makes the values of -p from (i) and (v) must be 
the same. 


Substituting x=c cosh l cos 

and y=>c sinh l sin v in equation (v) 

At the boundary we have 

— L oj (a+b) z e~*t cos 2 i?— 5 d&=o/ c* cosh 5 sinh £ 

{A+B+(A-B) cos 2i?) 
V values of *n from o to 27t. 

The relation being true for all values of *1, we get 


-Lw ( a+b )* e- J £=o'c* (-4-B) cosh 5 sinh 

On the boundary of the section 

a=c cosh 5 b=c sinh 5 

a—b=c d*— 6*=c* 


Then from (ix), we get 
- 4 - 5 = 



(g+fr) 2 e- 1 * 
c 2 cosh 5 sinh £ 
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or 


or 


A-B=- 


O) 


c 2 e 2 t e-*i 


2<j) ' 


2 r 


c 


CO 




b_ 

c c 
a 2 -W 


ab 


...(*) 


From (viii) and (x), we have 

Aa=Bb=-^-j 

a+b 

Substituting the value of A and B in (viii), we have 



ba 2 ab 2 _ 

w'a 2 —b z ) 


a+b a+b 

2oj 


ab (a—b)__ a 

>(a 2 -b 2 ) 

or 

a+b 

2m 


lab , 


or 




2a.aV(\-e 2 ) 


or 

{a+«r\Ai — e 2 )Y 4 

i" 


2V0~e 2 ) 

t 

or 

W {1 + V( !-«*)}* 

OJ 


{as b 2 =a 2 (l —e 1 ) 

where e is the eccentricity of the ellipse. 

Which determines the velocity of rotation of the cylinder as 
a whole in terms of the velocity and eccentricity of the section. 

Path of the particles : Referred to the axes of the cross 
section, consider (x y) be the co-ordinates of a particle of the vortex 
in the fluid, then 

*- u >y-u=~ 


— 2 <o' By 
yw (a+b) 


and 


dJi 

f+m X =V=- 




=2o/ Ax 
_ xqj (a+b) 
a 

From (i) and (ii), we obtain 
(a+b) coy 


toy— 


c oya 

b 


...(ii) 


...(iii) 


4 
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and 


y=—ajx+ 


(a-f 6) ojx _ coxb 


a a 

Differentiating (iii) <*>.r to /, we have 

3^=-— V 
b y 




or x 
also 


oid Q)xb 
a 


—a> 2 x 


...(v) 

...(vi) 


b 

y= — oj 2 y 

which represents the S.H.M. whose time period is same i.e. the 
period of the relative motion is the same as that of the rotation of 
the cylinder 

Integrating (v) and (vi), we have 
x=La cos (cuf+f) 
y=Lb sin (arf+O 

=> that the paths of the particles of the vortex parallel to the 
boundary are similar ellipse. 

Ex. 22. An elliptic cylinder is filled with liquid which has 
molecular rotation w at every point, and whose particles move in 
planes perpendicular to the axis ; prove that the stream lines are 
similar ellipses described in periodic time 

rr_ 

oj * ab 

Since an elliptic cylinder is filled with liquid, the stream 
function satisfies 

<o inside the boundary. 

dx* dy 2 

The normal velocity at any point of the boundary vanishes, 
being fixed. 


“ 7 - +v 

Assuming the stream function ^ be of the form 

Then from (i), 2<o (A+B)=2<o 

or A+B= 1 


...(ii) 


••(iii) 
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and from (ii) 


— 2Bcoy.^+2A<vx 
Aa 2 —Bb 2 =0. 


t- 

...(iv) 


Solving (iii) and (iv), we have 

A =-ZT&- and ° = *+* 

"Thus ■/’=^qr£5 (A*jc*+«V) 

Consider P (x y) be any point in the fluid, 


and B= 


then 

3«/» 2d 2 yco 

* — dy c?+tfi 

and 

0t/i 2b t xui 

y = dx <?+&■ 

Again 

+ ^ 

or 

4 a 9 b 2 <*> 2 „ 

* (n’+fcV 

Also 

4a 2 6 2 o> 2 

y (a* +6*)* 7 

By integrating, we have 

Slab o> 

x—L a cos 

and 

y-Lb cos < 2+6J 


1+ A 


,as u= — dip/dy 
\ = —2Bu>y 

< v=3 tldx 

<• =2 A<ox 




=> that the stream lines are similar ellipses described in tune 

period 

2n 

= l( \ 

A]\(o*+tr>*) 

=7 z(tf±b^_ 
uj ab 


Proved. 



Vortex Motion 


397 


§ 7 92. Vortex Sheets. 

Consider the surfaces to be drawn in the fluid which is moving 
irrotationally every where except in that part which lies between 
Si and St Let the point P of 
the surface S% is the point of 
centroid of an element dSz and 
the points Pi and P 2 be taken 
on the normal at P , such that 
PP\=\ € n and PP 2 = — \ c n 
where n is the unit normal 
vector at the point f of a 
surface Sz and c be an 
infinitesimal positive Scalar. 

As P describes the surface 
5", the points Pi and Pt 

describe surfaces Si and Si parallel to the surface Sz which is 
way between them. 

Consider an infinitesimal area dSz on S% whose centroid is P. 
The normals at the boundary of dSz together with dSi and dS t 
enclose a cylindrical element of volume 

</v=c dSz 

Let s be the vorticity vector at P y then 
S dv=* €dS 2 
or £ dv=w dS 2 

where % c, now if € tends to zero, £ tends to infinity in such a 
manner that co remains unaltered, then the surface S 2 is called a 
vortex sheet of vorticity to per units area. 

Note. The normal components of velocity are continuous across 
the vortex sheet. 

The velocity will be continuous througout the fluid and if 
q, qi, q 2 are the velocities at P, Pi> Pz then we have 

qi=q + £ c (n V) q 
and q 2 =q — 1«(“ V)q 

By addition, we have 

q=£ (qi+q*) 

=> that the velocity of a point P of a vortex sheet is the arithmetic 
mean of the velocities just above and just below P on the normal 
at P. 
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By Gauss theorem. 

| curl q dv= X q 

or [k dv= J^nXq ds 

Applying the above theoiem to the cylinder of volume c/v, 
we have £c<£y=nx(qi — q*) ds 

or oT=nX (qi— q 2 ) (as = U 

It is evident that a non-zero value of w is associated with a 
discountinuity of the velocity components q t , qa perpendicular 
to n. 

=>■ that a surface across which the tangential velocity changes 
abruptely is a vortex sheet. 

As o>.n=0 => that <o is perpendicular to n and is therefore 

tangential to the vortex sheet. 



Waves 


Waves means the continuous transference of a particular state 
of form from one part of a medium to another. This does not 
mean the transference of the medium itself from one place to 
another but simply the propagation through it of a particular form. 
We are acquainted with waterwaves, when a stone is thrown into 
a well, some disturbance occurs which travels radially over the 
surface of water. This disturbance is known as waterwaves. 
Similarly there arc other examples of wave motion in liquids as 
high and low tides of the sea, standing waves in lakes etc. The 
wave motion is of great importance in physical investigations. 
The wave motion constitutes one of the principal modes of trans- 
mission of energy. The energy received from the Sun is transmitted 
by waves in the Ether, the energy of sound by air waves etc. 
Here we shall discuss water waves only. 

§ 8 1. Wave motion. 

Wave motion of a liquid acted upon by gravity and having a 
free surface is a motion in which the elevation of the free surface 
above a fixed horizontal plane varies. 

Consider an arbitrary disturbance y which moves along Af-axis 
with velocity c f so ^ is a function of the variables x and ti.e. 
f(Xy 0 (let). At r=0, the curve y=f(x) is generally known a 
wave profile. The wave profile will move a distance ct in the 
positive direction of Af-axis, if the disturbance travels without 
any change of shape. The equation to the wave profile is given by 

y=f(x-ct) ...(i) 

If we increase t by T and x by cT in (i), the wave profile will 
remain unchanged. 

i e. y=f {x+cT—c (f+T)} 

=/ (x—ct) 

=> that the profile y=f (x) moves with velocity c in the positive 
direction of Af-axis. 
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A simple harmonic progressive wave is represented by ® j* 1 *** 
curve moving with definite velocity in the direction o its en 


time /. 


or 


y—a sin ( mx—nt ) 
y=a sin m ‘ ) 




represents that the profile y=a sin mx at time /=0 moves with 

velocity c = along the positive direction of the Af-axis, c (=- J 

is called the velocity of propogation. 

The maximum value of the disturbance^, viz. a , is called the 
amplitude of the wave. 

The points P and P' of maximum elevation are called the crests 
an d the points Q and Q' of maximum depression are called troughs 
of the wave. 

The distance between successive crests is called the wave length 

x 2lz 

The aspect of free surface is exactly the same at time I and 
Thus the period of the wave is^ or ^ and - be the fre- 
quency. It denotis the number of oscillations per second. 

A =cT. 

Phase : Let the equation be taken as 

y = a sin {mx — «f+«) ...(tii) 

c represents the phase of the wave at the instant from which r is 
measured. From (ii) and (iii), we see that wave motion have the 
same amplitude, wave length and period, but they differ in phase 
The angle Unx-nt) in the equation (ii) is called the phase 
angle and n is called the phase rate. 
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§ 82. Standing or Stationary Waves. 

Two simple harmonic progressive waves of the same amplitude, 
wave length and period travels in opposite directions are given by 
the equations. 

yi=a sin (mx— n/) and y%=a sin (mx+nt) 

or y=yi+y% 

=a {sin (mx— n/)+sin ( mx+nt )} 

=2 a sin mx cos nt ,..(i) 

A motion of this type is called a standing or stationary wave. 
At a given value of x the surface of the water moves up and down, 
also at any instant t the form of the surface (i) is a sine curve of 
amplitude 2 a cos nt which varies between 0 and 2a. A wave of 
this type is not propagated. 

The points for which mx=pn t /?=...— 2, — 1, 0, 1, 2... are 
always at rest in the mean surface i.e. the points of intersection of 
the curve with the Af-axis are fixed points known as Nodes. 

The points for which mx={2p+l) ? are points of maximum 

displacement for a given value of / and are called loops. When 
cosn/=±l the surface is in the form of the sine curve 
y=±2a sin mx, which shows the maximum departure from 
the mean level. When cos nt = 0 the free surface coincides with 
the mean level. 

Similarly a progressive wave system is taken as the combination 
of two systems of stationary waves of the same amplitude, wave 
length and period, the crests and troughs of one system coincide 
with the nodes of the other. 

e g. \fy\=a sin mx cos nt be one of the stationary waves the 
other must be 

yz=a cos mx sin nt. 

then y=y\±yz=a {sin mx cos nt± cos mx sin nt } 

or y=asin (mx±nt) 

represents a progressive wave. 

§ 821. Progressive-type solutions of wave equation. 

(i) One-dimensional wave equation. 

&y 

dx 2 c 2 dt 2 •••(*) 

Let f=x—ct and g=x+ct. 
dy = dy , dy 8g 
dx 3/’ 3x dg' dx 


then 
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dx df r dg 
d —±+± 
dx~df dg 


py-(±+±.\ l*y+&\ 
a? W w w 3 ?' 

8x* a/Wi 5sW/ d S\SgJ 


8‘y d 2 y -. a 2 .) 1 + 0»>! 
ax* of^^'of'og 3g* 
3y = a>> 3/ , 3y ag 
8/ df 3/ a?' a/ 

8/ C «/ + 3* 


...(ii) 


L =c /i.-±'\ 

0/ W if) 

3’>_ r 2 

dt*~ C U» 3/7 W 3// 
a*j>_ 2 ]!l?y\—!Ll*y\ 

8r«~ c l3iV3«) Sg\dfl df\dg) dJWli 
£ 2 y .Id *y , 3 2 y .Py\ 

3 7*” c W’ 2 0/0« + 0«*) 


0V , /3 f j> 2 8«j> + 8*>~\ 

3/* c W* 3/0* a«*) 

Substituting the values of and |p in (i), we have 


...(iii) 


8*y,- 8*y 3V = 1 /£v_ 2 i*£ +!^\ 

3T* +2 V3^ + 3? c* W* 0/3? 0*V 

3V n 

or ¥sg 

whose general solution is given by 

y=h(f)+k(g) 

or y=h (x—ct)+k (x + c/) 

where h and k are arbitrary functions. 

(ii) Wave equation in Two Dimensions. 

3^ , 3V = I 

or dx^dy* c* 3r* 

Consider f=lx+my—ct and g=lx+my+ct 
where /•+«*=!• 


...(ii 
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Now 


and 


dx df * dx dg * 3x 

=/ aT+' f* 
a/ ag 

i_=, 

a*-' w w 
&.n(l+L\ (*t + m 

dx * W 3 g)W dgl 


or 


av -fsa 

ex 2 L3/ 1 

Similarly, we have 


+ 2 -^-+ 
3/* + 3 /dg 



and 


0*0 M ,W., 3*0 , 3*07 

¥ ,=«*|a 7i +2y Fg +g g2 } 

3*0 . 8*0_,» , w . 2 _£* + w] 

0x* + 3y» _(/ + } l3/ l+2 0/0« + 8<*3 


= ^+2 
a/* + 


3*0 ,3*0 

s/3? a* 1 


{ 


a, 30 

Also g F 


.80 ^.80 3? 

a/' 3/ 8*' dr 

,- c i++ c 3 l 

3/ + 3* 


as /*+m*>=l 
...(«) 


and 


9 ^_ ray,_ 

3r» 19/* 


2 J!i+ 

3/3? 



•••(iii) 


3*0 ... 


Substituting the values of V*0 and-^-, ‘ n (')> we ^ ave 


3*0 , » 3*0 | 

3/ t+ 3/ag 


3*0=1 c z [ 9 J0_ 

3?* c*' C l5/ 2 


8 2 0 

3 / 3 ? 


+ 



or 


= 0 . 


3*0 
3/ 3? 

gives the general solution'of the from 

0=A (/>+* (?) 

=/i (/x+my-cr)+A: (/x+my+cr) 
where h and k arejarbitrary functions. 

Similarly we can determine the solution of the wave equation 
in three dimensions. 
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§ 8 22. Stationary type solutions of wave equation. 

(i) One-dimensional wave equation. (Separation of variables). 

... 0 ) 

c* a/ 2 


dx* 

Assuming the solution of the type 

T(t ) 

f„„ (0, we have 


...(ii) 


dx * 


* y * 

di 2 


or 

1 d 2 X_ 

i i <* 2 r 

•A* (say) 

X dx 2 

V Tdi 2 


1 d 2 X 

\ 2 o f i 

i^t = _a* 

or 

X dx 2 

— A* ana 

Tdt* 

or 

d 2 X 

dx*' A X 

0 and 5^” 

hA-c*r=0 


which gives the solutions 

*■=,4 cos Ax+B sin Ax 
an d T=C cos Acf + Z> sin Act 

If we consider A* in place of - A* then it will give the solution 
of the type 

v ±Ax . - ±cpt 
X=e and T=e 

(Hi Two-dimensional wave equation. 

5!!+ . W = 1 ?!+ 

dx* dy* Pd i* 

Assuming the solution of the type 
+=X(x) Y(y ) T(t) 

from (i). we have , .... 


or 


__ Q- A . I _ * yy “J. 

yr 2F + * r <5* c* XY dt* 

Dividing both the sides by XYT> we get 

i d*x ^ i _gr i » 

* dx 2 

1 


i_« , _l 

and Y dx* ^Y 


Y dy * 
\_d*T 
T di* 
d*Y 




=-u* 


f/v 2 


...(ii) 

...(iii) 


or 


^ +cV r=° 

whose solution is given by 

r=-4 cos ct*t + B sin cytt 

from (iii), we have 


...(iv) 
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where p*=p 2 +q 2 

Since the expressions with ia the brackets are independent of 
each other, it given that 

or t +p,=0 and T + 9 ” 0 

or X"+p*X= 0 and Y"+q'Y= 0. 

whose solutions are given by 

X=C cos px +D sin px ...(v) 

Y=E cos qy+F sin gy ...(vi) 

Thus the solution is of the type 



where p 2 +q*=n 2 


If we consider, 

P 2 =p'-q 2 

Then its solution will be of the form 

} pX exp{±qy) sin ] 

Similarly we can determine the solution of the wave equation 
in three dimensions. 


§ 9 3. Types of liquid waves. 

The theory of wave motions in a liquid (water) is generally 
divided into two forms, 

(i) Surface waves (ii) Tidal waves or long waves. 

Surface waves arises where the vertical acceleration of the 
fluid can not be neglected and the wave-length is small in compari- 
son with the depth of water. The disturbance does not extend far 
below the surface. 

Tidal Waves or Long Waves describe the alternative limit 
where the wave length is large in comparison with the depth. Here 
the vertical acceleration can be assumed negligible compared with 
the horizontal accelerations. The disturbance effects the motion of 
the whole of the liquid. 

§ 8 31. Surface Waves. 

Consider the AT-axis on the undisturbed surface and T axis 
vertically upwards. Since the motion generated originally from 
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rest by the action of ordinary forces, is irrotationl, the velocity 
potential <f> exists, we have 


and 


dx 2 dy 2 


f *-0 

dV 


».(i) 

through out the liquid. 

...(H) 

at a fixed boundary. 


Surface condition. 

Now we shall determine the condition which must be satisfied 
at the free surface i.e. p= const. Consider the origin O at the 
undisturbed level and OY be drawn vertically upwards. The 
pressure is given by Bernoull Bernoulli’s equation 

4 -(i«) 

P dt 

Substituting fi=&y and neglecting the square of the velocity, 
we obtain. 

gy+F(0 ...(iv) 

Let V denote the elevation of the surface at time t above the 
point (x, 0). The equation to the surface is 

y (*. 0 

Let p 0 be the pressure on the surface, then from (iv), 

{Let F\t) be marged in ^ 


Since the pressure is uniform 

1 /a*\ 

v g\dl ) t -■n — ( y ) 

Provided the function F (I) and the constant be absorbed, in 
d<J> 

the value of 57 - • 
ot 

Since the normal to the free surface makes an infinitely small 


anE le Q- with the vertical. We know that the normal component 

ox 

of the fluid velocity at the free surface must be equal to the normal 
velocity of the surface, which gives 

tit \ •••( V| ) 
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from (v) and (vi), we have 

W*A 

g \dt 2 limn \ dy) v-* 

or P +g |L = ° -(viO 

Since the oscilliations are small, (neglecting higher orders) so 
value on L. H. S. is considered at y=0 inplace of y=f\. Thus the 
motion in a gravitational field can be determined by the following 
system of equations 

V 2 *= 0 


( » s )„" 0 < at the free surface) 

In the case of S. H. M. the time factor being e (<r,+e) , the 
above condition becomes 

The relation (vii) can be obtained from ^=0 at the free 


surface 


or 


5£ +h ££+„?£ =o. 

Tt dx +v dy 

dp _d±_ 3 P_- d A. ?£= 0. 
dt dx ' dx dy ' dy 

From (iv) substituting we have 

d 2 <t> e* dH _p d±tcV _ g =0 
p sT* p dx ■ dxd! p dy \dydt ) 


?!* +g *=o. 

or a/ 2 dy 

(neglecting other terms) 

§ 8 32. Progressive waves on the surface of a canal. 

Now we shall use the above conditions to determine the 

propagation of simple harMnK_wavesof*e form 
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at the surface of a canal of uniform depth h with parallel vertical 
walls. 


'i 



Now the conditions are 


or 


or 


(a) 

(b) 

(c) 

Again 


W= 0 

g--0a‘ y=-h 

^T + S=0at,=0 

/at)\ =(- e A\ 

\dt /v-o dy / y - 0 

~ na cos ( mx—nt ) 

\oy /v-o 


Assuming the solution be of the form 
4>=f (y) cos {mx—nt) 

From the condition (a), we have 

/" (y) cos ( mx—nt)—m 2 f(y ) cos (mx — nt)= 0. 

d 2 f 


...(») 

from (i) 

...(iii) 


dy 2 


So 


m 2 f= 0. 

f(y)=Ae m *+Be- m » 

where A and B are arbitrary constants. 


Substituting the value of/(>0 in (iii), we get 

<t>=(Ae mv + Be‘ mv ) cos (mx—nt) ... (D) 

From the condition (6\ we have 
Ae- mit =Be m *=iC(kt) 

or <£=£C (e m o '+*>+ e ~ m ( *+ h) } cos (mx—nt) 

or <f>=C cosh m ( y+h ) cos (/n.x—nf) ...(iv) 

From the surface condition (c), we have 
{gmC sinh m ( y+h)—n 2 c cosh m (y+h)} cos (mx-«/)=0 
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or 

or 


n 2 =gm tanh m (y+h) 
n 2 =gm tanh mh at y=0 


...(v) 


If 


then 


c= - denote the velocity of propagation and 
m 

A= — denote the wave length, 
m 

c 2 = ~ gm tanh mh 
mr 

„ g\ . 2 tM 
c^tanh T 


...(vi) 


The constant C in (iv) can be expressed in terms of the 
amptitude a of the wave. Thus from (ii), we have 

mC sinh m (y+h) cos (mx—nt)=na cos ( mx—nt ) 
mC sinh mh=na at y=0 

Substituting the value of the constant C in (iv). we have 
na cosh m ( y+h) 
m 


or 


nu 

— sinh mh 


cos (mx— nt) 


or 


ga cosh m <y±h) cos {mx 
Y n cosh mh 


- nt ) | 

-nt) J 


Jas m 


...(vii) 


n‘ 


g tanh mh 

from (v) 

Let (X, Y) be the co-ordinates of a particle relative to the 
mean position (x y) t then 


• ty cosh m (y+h) . ( . 

u= X = — — = na — : — r — r — sin (mx nt) 
dx sinh mh 


• Z<t> sinh m 

and v =Y=-f = -na sinh mh ~~ cos < mx > 


...(viii) 

...(ix) 


Path of the particles 

Integrating the relation (viii) and (ix) with regard to time t , 
we have 


X=a 


cosh m {y+h) cos (mx _ nt) 


sinh mh 


sinh m (y+h) . , v 

and v sin (mx—nt) 


sinh w/i 
By eliminating /, we have 
X 2 


Y 2 


cosh 2 m (y+h) ^"sinh 2 m (y~rii) sinh 2 mh 
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Thus the particle describes the ellipse about its mean position. 
The distance between the focii is 2 a cosech mh which is same for 
all such ellipses being independent of y. The major axis are 
horizontal. The major axis and the minor axis decrease as the 
depth of the particle increases, the minor axis vanishes when 
y— — h. Thus at the bottom, the ellipse degenerates into a 
straight line. 

§ 8 33. Waves on a deep canal. 

Consider the depth h of the canal be sufficiently great i.e . h 
tends to infinity (say). From Equation (D) § 8*32, we have 
(f>=z(Ae mv + Be~ m *) cos (mx—nt) 

Since h is great in comparison with A for e~ mv to be neglected 
then we must have B=0, 


or 

and 

or 


<f>=Ae mv cos (mx—nt) 
n 2 =mg 
•2 = £* 




{ 


m m 


Let 


then 

or 

or 


t as c 

ri=a sin (mx—nt) is the free surface 
—an cos (mx—nt)=*—Am e mv cos (mx—nt) 
an cos (mx—nt)=Am cos (mx—nt) at y= 0. 

an = Am 


\[*L\ = _ 

\9yJ. 


Substituting the value of A in (i), we have 


v-o 

at free surface 


<f>= — e mv cos (mx—nt) 
m 


...(ii) 

Let (X Y) be the co-ordinates of a particle relative to its mean 
position (x, y), then 


. 86 

u=X=— — e mv sin (mx—nt) 

86 

v= Y=— -~- = —na e mv cos (mx—nt) 


...(iii) 

...(iv) 


Integrating the relation (iii) and (iv) with regard to time /, 
we have 


X=ae mv cos (mx—nt) 
and Y=ae m » sin (mx—nt). 

By eliminating f, we have 


y2.L V2— '2o2my 
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1 hus the path of a particle is a circle described with uniform 
angular velocity n. 

»-(*»)■»- (&)“ 

§ 8 34. Energy of Progressive waves. 

Assuming the progressive waves at . the surface of water of 
depth h. Consider the wave profile be of the form 

v)=a sin (mx—nt) •••(*) 

and gal osh m(y _H») cos (mx _ nl) ...(H) 

n cosh mn 

{Ref. Equation (vu) § 8 "32 
Let V be the energy of the water between two verticle planes 
parallel to the direction of propagation at unit distance apart. 
Then the potential energy for a single wave length is given by 

y= i gpj\* dx 
v=\ gP fl 2 J X sin* (mx-nr) dx 
V=\ gP a 2 J X {1-cos 2 (mx-nt)} dx 


or 


K=i g p a 2 A 


{ 


...(iii) 

Since A=— 
m 


Since the motion is irrotational The kinetic energy is given 


by 


r=-ipj*§;<fc -< iv ) 

integrated along the ^profile of a wave length and Bn is measured 
along the normal into the water. To the order of small quantities 
(iv) can be written as 

— * - 1: * (-a. - 

T= J g? a 2 j cos* (mx—nt) dx 
T=i gP a 2 A 

Thus the total energy E per wave length is given by 
£= V+T 

= 4 g P fl 2 A+i g 9 a 2 A 
= 1 gPfl*A 


or 

or 

or 
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§ 8*4. Progressive waves reduced to a steady motion. 

Consider the progressive wave move towards the positive 
direction of AT-axis with a velocity c without change in shape. By 
super-posing a velocity c in the negative direction of Af-axis on 
the whole fluid, the wave-profile becomes fixed in space. Thus the 
problem reduces to one of the steady motion. The streamlines 
are same as the paths of the fluid particles. 

Since the motion is irrotational 3 a velocity potential <£. If 
there are no waves i.e. the free boundary coincide with the Af-axis 
then there is a uniform flow with velocity c in the negative direction 
of Af-axis. Let the complex potential be 

w=c ( x+ly ) 

=cz 


Consider the complex potential be of the form 

w=cz+P cos mz—i Q sin mz ...(i) 

or 4>+i+~c (x-\ -iy)+P cos m (x+iy)—i Q sin m (x+iy) 

Equating real and imaginary parts, we have 

<t>=cx+(P cosh my + Q sinh my) cos mx ...(ii) 
an d l / J =cy—(P sinh my+Q cosh my) sin mx ...(iii) 

The velocity potential and stream function satisfy the Laplace 

Equation, 

For the bottom to be a streamline, we have 
^=const. at y=—h 

so — c /| — ( — /> sinh mh + Q cosh mh) sin mx=constant 

{ from (iii) 

or —P sinh mh + Q cosh mh= 0 

P Q 

or cosh mh~ sinh mh ^ ^ 

Substituting the values of P and Q in (ii) and (iii), we have 

icx+p (cosh my cosh mh+ sinh my sinh mh) cos mx 

t^cx+P cosh m ( y+n ) cos mx •••' (> v ) 

and tp=cy—p (sinh my cosh mh+ cosh my sinh mh) sin mx 

ty=cy—[L sinh m ( y+h ) sin mx •••( v ) 

If the free surface be a simple sine curve 

rj=a sin mx •••(vi) 

The equation (vi) will be a stream line provided 

ca—p sinh mh=0 ...(vii) 

(neglecting squares of small quantities) 
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or 


or 


By Bernoulli’s equation, pressure is given by 
^+gy ~ f £ $ 2 =constant 


{+»>+* 


constant 


m+m- 

At the free surface, it reduces to 

sin mx+i im/* cosh m (, y-\-h ) sin mx j 

+mV f sinh 2 w (y+A) cos 2 /wxj = constant 

^4-ga sin mx+1 c 2 ^1 — 2ma coth mh sin mxj=constant 

{ from (vii) 
(Neglecting higher oiders of a 2 .) 
But /?=constant at the free surface 
then ga sin mx+i c 2 (1 — 2 ma coth mh sin mx)=constant 

or ( ga—mac 2 coth mh) sin mx=constant. 

The coefficient of sin mx must vanish 


ie. 

or 

or 


ga—ma c 2 coth mh 
g=mc 2 coth mh 

gA 2nh 

c»= 2 - ,anh T 




Superposing on this steady motion a uniform flow towards 
the positive direction of Af-axis with velocity c, the fluid at great 
distance is brought to rest and the wave profile in the form of 
sine curve will move with a velocity c. Thus we obtain the 


progressive waves of wave length A. 

§ 8 41. On Deep water (Progressive WLves). 

Now we shall discuss piogressive waves on deep water i e. 
when h tends to infinity. The conditions being that the upper 
surface is free and the total depth infinite. 


Consider 

4>=cx+Ae m * cos mx —(i) 

and i/>=cy—Ae m * sin mx ...(ii) 

Let the equation to the free surface be 

r t —a sin mx ...fiii) 

The free surface will be a streamline 
if 0=constant 

or ca sin rnx—Ae ma s1n mr sin mx = constant 
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or (ca — Ae matlnma ) sin m.x=constant. 

This will hold if coefficients_of sin mx must vanish 
ie. ca=A 

then <f>=cx+ca e mv cos mx 

•\>=cy—ca e my sin mx 

By Bernoulli’s equation pressure is given by, 

! + ®’ +i {(i)* + (i)V cons,ant 

At the free surface, it reduces to 

£>,+i {(S)* + (|) t } =cons,ant 

or 8y+\c % {1—2 ma e my sin mx+m 2 a 2 e 2m *}= constant 

Neglecting the terms of a*, we have 
gy+ic 9 {1 —3 rnae mv sin mx}=constant 
or ga sin mx+ £ c 2 {1—2 ma e™ sin mx}+ constant 

Equating the coefficients of sin mx to zero, we have 
ga= £ c 2 (2 ma) 

or c 2 =g/m {at free surface p=const. and */»=0 

Which gives the velocity of propagation of two-dimensional 
waves of given length propagated over infinitely deep liquid. 

This equation also represents that the pressure is constant along 
each streamline. 

§ 8 5. Stationary or standing waves. 

Assuming the equation for a stationary wave be 

4>=A sin mx sin nt ...(i) 

{ Ref. § 8*2 

Where A is a function of y only 

Then from the condition (a) § 8 ’32, we have 

a x^dy 2 ^ 

( d 2 A \ 

j^p—m 2 A j <f>=0 from (i) 

whose solution is given by 

A = Be"" / +Ce- m * 

where B and C are arbitrary constants. 

Substituting the value of A in (i), we have 

<f>=(Be rr "'+Ce- m '') sin mx sin nt ...(ii) 

Again from condition (b) § 8 32, 
dd> 

^ 7=0 at y= —h, we have 

* f 
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or 

or 


or 


or 


Bme-"* — Cme* 1 * = 0 
Be- n *=Ce mh =li* (say) 

So equation (ii) reduces to 

4>=\n {e"»(v+A)^_ e -mcr+A)j s j n mx sin nt 
(f>=l * cosh m sin mx cos nf ...(lii) 

By using the condition (c) § 8*32 

8 !p + S =o at -> ,=0 ' we have 

{gpm sinh m (y+h)—p n 2 cosh m (.y+/i)} sin mx sin n/=0 


which gives 


ri*=gm tanh m ( y+h ) 


The phase velocity e is given by 


C i= \=f- tanh m (y+h) 
m m 


or 


or 


c*=- tanh mh 
m 

, g \ A . 2tc/i 
c*=f- tanh — 
27c A 


{at >>=0 


{ 


...(iv) 

2tc 

as m= T 


The constant can be determined in terms of wave amplitude 
by using the condition 


d* = tej>\ 

dt \ dyJt 


or 

or 


v-0 

—na= —mp sinh mh 
na 


sin mx sin nt 


...(v) 


m sinh mh 

Substituting the value of y. in (iii), we get 
. na cosh m ( y+ h ) 
sinh mh 

Paths of Particles. 

Consider (AT, Y) be the co-ordinates of a fluid particle relative 
to its mean position ( x , y). 

cosh m (y+h) 


X = - 8 + na 

ox sinh mh 


cos mx sin nt 


and 


v d<t> sinh m (y+h) . 

i = — -r-= — na — ; sin mx sin nt 

cy sinh mh 

By integrating with regard to /, we have 

v cosh m (y+h) 

X =a — — t — cos mx cos nt 
sinh mh 
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, v sinh m (y-\-1i) . 

and Y =a — — - — sin mx cos nt 

sinn mn 

Y 

or -=tanh m (y+h) tan mx 

which is independent of the time t. The motion of each particle is 
rectilinear. The direction varying from vertical below the crests 
and troughs, to horizonal below the nodes. 

§ 8 51. On deep water. (Stationary waves) 

Now we shall discuss standing waves on deep water i.e. when 
h tends to infinity. 

Since <f> = (Be mv + Ce- mv ) sin mx sin nt 

{ Ref. equation (ii) § 8’5. 

When h tends to infinity the constant C must vanish, so it 
reduces to 


<f>=Be mv sin mx sin nt 
By using the condition (c) § 8' 32 
dd> . c 2 6 

8 Ty + d?=° at y=0, we have 

gm Be •»» sin mx sin nt-Bri 1 e m » sin mx sin nt = 0 
or B ( gm—n a ) e m » sin mx sin nt=0 

which gives 

gm—n 2 = 0 


.U) 


or 


n 2 
m = — 

8 


Thus 


.gm-g ~g* 


m 2 m 2 m 2tz 
The constant B can be determined in terms of the wave 
amplitude. Thus 
na=Bm 


or 4>=-^e mv sin mx sin nt {from (i) 

and &=— e my cos mx s j D nt 
tn 

Paths of the Particles. 

We have 


d<£ 

X=-{-7-=na e mv cos mx sin nt 



• =na e mv sin mx sin nt 
oy 


and 
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By integrating with regard to /, we have 
X=ae m 9 cos mx cos nt 
Y=ae my sin mx cos nt 
By dividing, we have 
Y 

-p=tanmx. . 

Thus the trajectory of the particle is a straight line with slope 
tan mx. The particle oscillates in the vertical direction at the 
antinodes and oscillates in the horizontal direction at the nodes. 
The amplitude of the oscillations (ac"») decreases as depth 

increases. • • ' 

§8 52. Energy of Stationary Waves. 

Consider the wave profile to be of the form 

rj=a sin mx cos nt —0) 

ga cosh m iy+1 sin mx sin nt 
n cosh m/i 

{Ref. equation (v) § 8 5 

Let the elevation be *). The mass of liquid standiog above a 
base dx in the XT-plane is P ndx, its centre of mass is at a height ft. 
Let V be the potential energy*, then 

V=\ ft.gmdx 

JO 


and 


or 


dx 


or 


or 


V=\g? a * ^ sin* mx cos* nt dx 

y = igp a t cos* nt (1— cos 2mx) dx 

K=JAgP a* cos* nt 

when cos nt = 1 . the potential energy is ftgPa\ 

Again, let T be the kinetic energy. 

then r-ipJV* 


r=Jp 


i: 4S* 


(See chapter 4) 


^Tbe^>oteotial energy is due to elevated water in a wave length. So we 

measure the potential energy relative to the undtsturbed system. 
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or 


or 


or 

or 


T ~ ir !‘ ( 

T= i p - m tanh mh sin 2 nt J* sin 2 mx dx 


^ .a* sin 2 /ir. — tanh 
n m 


mx 


i. 


(1— cos 2 mx) dx 


T= 1 X?ga * sin * »' ■ ■ ■ «* • 7i fas c 2 = -£ tanh mh 

L I m 

T =lg?a 2 A sin* nt I t „ n 2 

( and c 2 =~ 

*- m 2 

I hus the total energy E per wave length at any time t is 
= V+T 


= igPa 2 A (cos 2 «f+sin 2 nt) 

= i g?a 2 \ 

The kinetic energy and potential energy change continuously 
with the time. 


§ 8 6. Waves at the common surface of two liquids. 

Consider a liquid of density ?' and depth h' move with velocity 


Y 



V' over another liquid of density p and depth h with velocity V in 
the same direction. 

Consider X-axis in the undisturbed interface and y-axis to be 

vertically upwards. To make the motion steady, superposing on 
the whole mass a velocity (equal and opposite to that of propagation 
of waves) c thereby bringing the wave form to rest in space. Now 
velocities of the streams reduce to V'—c and V—c. 
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Let the velocity potential and stream function related to lower 
liquid be 

x+A cosh m(y+h) cos mx 

and xli=—(V— c) y— A sinh m{y+h) sin mx ...(i) 

{ Ref. equation (iv) and (v) §8*4 changing the 
velocities of the streams to V'— c and V—c. 
Similarly the velocity potential and stream function related to 
upper liquid are 

*£'=— (W— c) x+Ax cosh m(y—h') cos mx 
and — (K'— c ) y— A\ sinh m(y-h') sin mx ...(ij) 

Thus the complex potential for the lower liquid moviug with 
velocity — (V— c) in the negative direction of AT is 

»v=«£ + /^= — (K— c) z — cos m ( z+ih ) ...(iii) 

JV-c)a 
sinh mh 


{ 


as 


Ref. equation (vii) § 8 4 
and the complex potential for the upper liquid moving with velocity 
—( V'—c) in the negative direction of X is 


n-i=*'+^'=-(K'-c)z+ 


a(W-c) 


or 


or 


sinh mh' C0S m (2 ~ ih "> 

...(iv) 

Let q be the speed in the lower liquid, then we have 
, dw dw 

q2 ~dz • 3r 

9 "{ (V-e sin m(z+ih) } 

{ sin * ( *-“) ] 

2 / \ 2 2ma(V—c) 2 . 
q = ( v c) ___sin mx cosh m (y+h) 

(neglecting a 2 ) 

Let q 0 be the speed at the interface, substituting y=Q, we 


have 

or 


<7o 2= ( c ) 2 — 2m a-. 


( y-c )* 


cosh mh sin mx 


sinh mh 

tfo 2 =(V—c) 2 {I +2ma coth mh sin m.r} 
The equation to the free surface is 
l=a sin mx (say) 
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thep qo t= ( v — c) 2 {1 — 2my coth mh} ...(v) 

Similarly if q 0 ' be the speed at the interface due to upper 
liquid 

then qf*=(V' — c) 2 {i-\-2mq coth mh'} ...(vi > 

' [substituting —h' for h in (v)J 

• The expressions for the pressure at the interface, are 

r 1 D * 

-T- + i^o*+rn=const 



+ J qf* + £*? = const 


Since the pressure is to be continuous across the interface. 
p=p’> then 

' i?V*-ip‘7o l +S t ) (P'-P)=const 

or \p' (P"— c) 2 {1 4- 2mq coth mh'} 

— J? (K— c) 2 {1—2,71^ coth mh}+gq (p'— p)= const. 
Since R.H.S. is constant, the coefficient of the variable v must 
vanish. So 

' 5 - mp' (V'-c) 2 coth mh'+mp (P'-c) 2 coth mh=g (P— p') 

N . . . ” *. •••(vii) 

This equation determines the velocity of propagation c of 

waves of length— at the common surface pf two streams whose 
. m 
velocities are V and V\ 

Since the tangential velocities on opposite sides of the interface 
are different , even if V , F'=0, the interface must be a Vortex 
Sheet. 


Case I. If the liquids are at rest i.e. K=0, V=0 9 

then mp'c 2 coth mh'+mpc 2 coth mh=g (P— P') 

2 = g_ P— P* 

or m * p coth mh+P' coth mh' 

Case II. Consider the upper fluid to be air of specific 


gravity 



at an infinite depth, substituting V=0> V'=0 9 we have 



P-P' 

P coth mh+p' coth mh f 
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or 

or 

or 

or 


2_C 


-? 


c*= 


c*-« 


2 — 


C- = 


m coth mh-\- p coth m/i' 

1—5 

m coth m/t+5 coth mh! 
g 1 -* 


m coth mh-\-s 


{at an infinite depth 


c*=- tanh mh (1—5) (1—5 tanh mh) 
m 


or c 2 =- tanh mh {1-5 (1-f tanh mh)} 

m 

{neglecting higher orders of s 2 


Thus the pressure of atmosphere tends to decrease wave 
velocity c. 

§ 8 61. Waves at an interface with upper surface free * 

Let a liquid of density p' and depth h' lie over another liquid 
of density P and depth h. Assuming the liquids to be at rest 
save for the wave motion. Consider a common velocity of wave 
propagation c at the free surface of the upper liquid and at the 
common surface. Superpose on the whole mass a velocity equal 
and opposite to that of propagation of waves, to make the motion 
steady. The wave profile gets fixed in space and the fluid flows 
with velocity c in the negative direction of AT-axis. 

The complex potentials of the lower and the upper liquids 
are given by 

w=cz-f — cos m (z+ih) ...(i) 

sinn mh 

be cos mz ac cos m (z— /V) ,.. x 

and wi=cz+ sinhm/i W 

{Ref. § 8*6 


be cos mz 

In the (iij relation there is a term f j(/ p- 


which denotes 


complex potential of a simple wave r ,z —b sin mx at t — 0. 

Let q be the speeJ in the lower liquid ; 

dw dw 

then ' q 2 =J z • ^ 

• Surface of the upper liquid is free e.g. a layer oi oil upon water of a 
layer of fresh water upon salt water. 
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or 




or 




.c{, 

2 ma 


ma 


sinh mh 


sin m (z 


-ih) | 


sin mx cosh m 




sinh mh 

(neglecting the terms of a 2 ) 

Let <70 be the speed at the interface due to lower liquid, 
substituting y=0, we have 

q Q 2 =c 2 ^ i _ 2lH a s ' n mx cos ^ 


then 


or 


sinh mh 

Consider q' to be the speed in the upper liquid : 

, J= dwx d»t 

H dz dz 


i 


••(iii) 


q' 2 =c 


. f. bm sin m 

\ sin mh' 


mz . am sin m (z — 


z-ih')\ 

5 


or 




sinh mh' 

f« bm sin mz am sin m (z + ih') 
X \ sinh mh ' + sinh mh' 

2 bm sin mx cosh m y 
sinh mb' 




+ 


2 am sin mx cosh m (y— h') 


J —(iv) 


sinh mh' 

(neglecting the terms a 2 , b 9 and ab etc.) 
If q' be the speed at the interface due to upper liquid, 
substituting ^=0, we have 




2bm sin mx . 2 am sin mx cosh mh 


sinh mh' 


r + 


sinh mh 


>sh mh 1 j 


are, 


and 


-(V) 

The expressions for the pressure at the interface r (1 =a sin mx 

^o /a +^7i=constant 
p+I ^o 2 +^i=constant. 


Since the pressure is continuous across the surface 
So P—p' 

or ip^oHsP^i+constant^p'^+gP^li+constant. 

or (pVo' 2 — Pqo z )+2gVi (9'— P)=const. ,..(vi) 
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Substituting the values of q Q 2 and q 0 ' 2 from (iii) and (v) in (vi) 
we have 

7b m sin mx lam sin mx cosh mh' 


c*P'(l- 


sinh mh' 


osh jnh'\ 
sinh mh' / 

( , 2ma sin mx cosh mh \ 

~*{ l sinlT mh ) 


+2ga (p # — F) sin mx=constant. 
Since R. H. S. is constant, the coefficient of the variable 
sin mx must vanish. 


So g (p -p')=c 2 m |p' coth mh'+P coth mh 


—b'(-) cosech mh 
\a 


' | ...(vii) 


Since p' is constant at free surface 
then sin mx 1 

or g?' »?i+ipy 2 =constant 

Ibm sin mx cosh mh' 


or 


g9' (h'+b sin /wx) + ip' c 2 ^l — 


+ 


sinh mh 1 
2am s in 
sinh 


in mx\ 

TriT i 


constant. 


{Substituting y=h’ in (iv) we get q' 2 ) 
The coefficients of sin mx roust vanish, 

2 bm cosh mh 1 


So gb+ict 




or 

or 


...(viii) 


or 


sinh mh 

g=c 2 m ^coth mV— cosech mh' j 

b c 2 m 

~a~ c 2 m cosh mh'—g sinh mh' 

This determines the ratio of the amplitudes of the waves. 

By eliminating ^ in (vii) and (viii), we have 

g (p— p')=s c 2 m coth mh'+9 coth mh 

P* c 2 m cosech mh 1 1 
c z m cosh mh'—g sinh mh' J 

c*m 2 (P coth mh coth mh'+p') 

—c 2 mgp (coth w/j+coth mh')=g 2 (p r — P). 

...(ix) 
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two 


possible velocities of 


or 


gives 


Thus we see that there are 
propagation for a given length, if p > p' 

Particular Case. When the lower liquid is deep : 

Substitute coth mh= I in relation (ix), which reduces to 
c € m % (p coth mh'+ p') — c 2 mgp (1 + coth mh') 

+g 2 (P-P')=0 

(mc 2 —g) [me 2 (p coth m/z'+p') — g (p — p')}=^0 

c 2 =- and c 2 = - . i ~- ? n >• 

m m 9 coth mA'+p 

§ 8 7. Group Velocity. 

When waves are started by a local disturbance e g. droping 
of a stone into a canal or the motion of a boat through water, 
the successive waves have different lengths and are propagated 
with different velocities. Since the velocity of propagation depends 
upon the wave length so the waves of slightly different wave lengths 
will be sorted out into groups. The velocity with which a group 
of waves advances is called the Group velocity. 

Consider the case of two simple harmonic waves of same 
amplitude and slightly different wave lengths. 

Let i?j=a sin (mx-nt) 

and -Oi=n sin {(//r+8m) x— [n+Hn) /} 

where 8m and 8n arc infinitesimals. 

The elevation at any point, is given by 
^l = 7| + ’?2 

or v=a [sin (mx—nt) + sin {(m+8m) x— (n+Sfl) t}] 

or *) = 2 a sin ( mx—nt ) cosi (Zm.x—Sn.t) 

V=A sin (mx—nt) •• 0) 

as 8 m << m 
8n << n 

where A=2a cos (8/n.x— Sn.t). 

The relation (i) represents that the amplitude of the resulting 
disturbance, varies as a wave of velocity 

_Sn 
Cff 8m 

known as Group velocity 




So 


dn 

C ° dm 

{mC) 


{ 


as c— — 


n 

m 


or 
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or 

or 


{ 


or 

or 

or 

or 

or 


r,= C +m^ 

on the surface of water of depth h, we have c*=> S - tanh mh 

f. , m dc*\ 
r,-c [ 1 + 2c* dm] 


m 


c t c tanh mh' 

[, , 1 (hm sech 2 mh , \\ 

r ‘ =c { l +2l”ro^r )J 


g ( hm sech 2 m h — tanh mh) \ 
nr j 


1 C. , 2 mh 1 

2 C 1 1 + 2 sinh mh cosh m/* j 
1 C, , 2mh 1 

c ° 2 C { ^ sinh 2mh J 


sinh 2mh J •••00 

=* that in the case of waves on the surface of water of depth 
//, the ratio of the group velocity to the wave velocity is 

1 + mh 


2 sinb mh 

where — is the wave length. 
m 


h . 


Particular Cases : (a) For shallow water, - is small. 


Then 


_ ^ sinh 2 mh . 
Lt : — =!• 


or 


2 mh 

From (ii), we have 

r g =ic(l + D 

Cg=c 

=> that the group velocity c-j equals to the wave velocity c. 

(b) On deep water. 

For the waves on the deep water, - is very large 


Then 


Lt -s 


2 mh 


sinh 2 mh 


From (ii), we have 

c Q = \c 

=> that the group velocity c a for d.ep water waves is half the 
wave velocity c. 
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§ 8'71. Several Harmonic Waves- 

Assuming the waves of different wave lengths and of very small 
amplitudes *i, <22 - consider the wave groups of approximately 
same length (which differ but little from one another). Let one 
such group whose elevation at time / be given by 

r\=a sin sin {(m-b&^i) x 

— (n + Srt!) /+«}+ • • • 

or y\=A sin (mx-nt) + B cos (mx-nt) 

= C sin (mx—nt — e) 

where A=a+a x cos (xSmi— fBrtj+cx) 

-f a% cos (xSm2— /8H2+«a)4- — 

B=a x sin (xSmj— f8wi+cx)+<2i sin (xSm*— / 8212 + 22) + ••• 

D 

C*=^*+B*. tant = -^. 

So xSmi— 1^;) +«« 


or 

and 


x5/wi— /8/ii+€i=»Smi (x— r„ f)+«i 

*8m*-»8/t»+€*-=8«.(x-f ^) +«« 


or /)+*« and so on. 

By hypothesis 

8mx 

Thus /«, B and therefore C and « are functions of (x-c, I). 
Thus the amplitude graph moves as a wave with group velocity r, 

§ 8 72. Dynamical significance of Group velocity. 

The rate of transmission of enery is measured by taking a 
vertical section of the liquid at right angles to the direct, on oj 


propagation . 

We shall determine the rate at which the liquid on one side of 

this section is doing work upon the liquid on the other side. Let 
depth of the liquid be h. We know that 

ga cosh miy+h) cqs {mx - nt ) 
v n cosh mh 

{ Ref. equation (vii) § 8 3 
Neglecting squares of small quantities, the variable part of the 
pressure is given by 
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All 


or 


lp=9ga 


cosh m ( y+h ) sin (mx __ nt y 
cosh mh 


The horizontal velocity is 


0* 

dx 


Thus the work done in unit time is 
w= -\\ Sp -Tx dy 


or 


or 


or 


or 


or 


or 


S ” cosh m (y+h) . / 

~^Sh ~mh~ Sm {mX ~ n,) 


gam cosh m (y+h) cos {mx - n t).dy 
cosh mh 


n 


— f cosh 2 m (y+h) dy 

cosh 2 mh J ~h 


W—Z 2? a ~ m sin* (mx—nt) r0 
n * cosh 2 mh 

(Taking the upper limit as V=0) 

g 2p ° lm , sin» f {1+cosh 2m (>-+/.)} ^ 

n cosn* mh J 0 

u/ _g 2 P a 2 m sin 2 (mx- n/) 1 / s i?^ \ 

2n cosh 2 mh * 2 \ 2m / 

2 mh \ 


W 


,i/__ g 7 P ° 2 m sin 2 (m x—nt ) s in 2m/? 
4/j * cosh 2 m/i 2m 

H'-iW 


O^sinh Imh) 


{ 


as c 2 = — tanh mh 
m 


The above expression fluctuates with time. The average value 
of sin (mx—nt) is zero but that of sin 2 (mx—nt) is J. 


So 


,= i * palc ( 1+ slS/i) 


W 

W= igra*cg 


jas r,=ic (l + sl ^a 3f ) 
( Ref. § 8 7. 


77?w 5 //*e expression for the energy transmitted in unit time is 
equal to JgPtf 2 X Group velocity. 

But igpa* is the whole energy per unit length at any instant. 
Hence the energy is transmitted at a rale equal to the group 
velocity. 

This is known as Dynamical Signiflcance of Group Velocity. 
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§ 8 8. Long Waves. 

Long waves are the waves whose length is large compared 
with the depth of the water. Let h be the depth of water in a 

horizontal canal, the hypothesis is that j is small where A is a 


typical wave length. Here the quantities | and ^ are small. 


Y 



Let the condition to be satisfied by the long waves be, 

av H n u / 

^-*-=0 When, -A (1) 

{Ref. § 8-32 (c). 

(Surface condition for wave profiles of small height and 
shape). 

and f = 0 when ,=0 ...(ii) 

as there is no flow across the bottom. 

Consider the complex potential to be, 

V=W(z,t) 

or V=<b (x, y, t)+i</i (x, y, t) ...(iii) 

From (ii), we see that V is real when ,=0. By the principle 
of analytic continuation, V can be expressed in the region 
-/!<,< 0 . 

So V{Z,l)=<t> (x,y. t)-i<l>(x,y, t) ...(iv) 

From (iii) and (iv), we have 

tix,y.t) = i {Viz. t)+V IZ, t)} 


and •!> (x,y, t)=— V {V (z. t)—V (Z, f)( 
Substituting ^ and ~ in (i) at y=h, we have 
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Ui [ f(x+/A, O+f' (*-'*• '>] 

+«^^U+i*. t)—V(x—ih, »)}=0. -(v) 

Since V is an analytic function, the above relation must be 
true for any point in the domain- Write z for x in (v), we have J 

~^v {z+ih, t)+V{z-ih, o] 

+ig^V(z+ih, t)-V (z-ih, l) ]=0 ...(vi) 

or fjj (Vi+Vt)+ig£ z (P»-*'*)=-°- 

where Vi=V ( z+ih t 

V t =V (z-ih, t) 

This is known as Cisotti’s equation. 

Let V (z, t) be the complex potential of the long waves, 

So V(z+ih, l)=y (z, t)+ih ^ V (z, f)+... 

and V (z-ih, t)=V (z, t)-ih V (z, «)+•■• 

neglecting the terms containing h * and higher orders 
V (z+ih, l)+V (z-ih, t)=2V (Z, I ) 

and V (z+ih, t)—V (z-ih, t)=2ih ^ V (z,r) 


From equation (vi), we have 

2% rt V(z,,)+ig.2ihl{2 i V(z,t)}=0 


or 

or 


which is 


&V \j&V 

0z* ~gh dt 2 
&V _\_ d*V 
02 * “c* dt 2 

the standard relation of wave 


...(vii) 

{ if gh=c* 

equation whose general 


solution is given by 

V=V 1 (z+cl)+V t (z-ct) — (viii) 

where V\ and K a are arbitrary analytic functions, subject to the 
condition that V is real when y=0. 
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Equating the real and imaginary parts, we have for the 
velocity potential and stream function, 

<t>=4> {x y t)=4> 1 {x + ct,y)+4>2 , x-ct y y) ] 
i=+ixy t)=+ 1 ( x +ct t y)+'l> 2 (x-cr , y) j 
Since V is real when y = 0 i.e. 0 (x, o, r)=0 
By Maclaurin’s theorem, we have 


^ (x o D+y {gj + teyt) + (X) 

Since y lies between o and h. the other terms' in the above 


expansion is 
have 


infinitesimal as compared with the first. So, 


we 


4>—4> ( x o i) 

t(xy 0**1 (x+cO+fc (x-ct) .. ( Xl ) 

The same method applied to the stream function in relation 
we have <|>=0 

Thiis relation (xi) is the complete solution of long waves. 

It (relation xi) shows that all particles which are in the 


same vertical plane have the same 

to remain in a vertical plane. 

Again from (x), we have 


horizontal 


velocity — 


ti<f> 
dx ’ 


-I— 

-*{fi 

The first term on the R. H. S. is the vertical velocity at the 
bottom, which is zero 


=>• that the vertical velocity is of the second order and is 
proportional to the height above the bottom . 

§8 81. Pressure. Let n be the pressure at the free surface 
and v) be surface elevation for given values of x and /, then 

f+^-lr-F+s 

o / 

Since q l is neglected and ~ is independent of y. (Considering 

wave length to be large in comparison with mean depth and vertical 
acceleration is negligible), then 

P=n+g? (h+v—y) 
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which shows that the pressure at the depth (^+» 7 — >") below the 
free surface is the same as that calculated by the laws of 
hydrostatics. 

§ 8*82. Ware progressing in one direction only. 

Let the waves move in one diiection (A'-direction) only. If w 
is the velocity of the liquid and rj the surface elevation, we have 



or 


or 


and 


or 


11 4 h * (x_c,) 

» )=- C -i'(x-Cl) 

u =- 4- (x-ct) 

U = — 4 >' (x—Ct) 
From (i) and (ii), we get 


So 


...(0 


...(ii) 


— *(iii) 

{Since c 2 =gh 


To determine the motion of a particle originally at P in the 
undisturbed surface of water in a canal of depth h, we see that the 
displacement is 


J u dt= ^ J ci ) dt 


The second integral measures the shaded area. Thus the 
displacement of the particle is obtained by dividing the area of 
the profile which has passed P by the depth on the undisturbed 
water. 


§ 8 83. Energy of a long wave. 

For a wave in a canal of rectangular section the potential 
energy is due to the elevation or depression of the liquid above 
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the mean level. The potential energy V for a unit breadth of the 
wave is 

V=\g? | rfdx 

where y is the elevation at x and the integration is over the whole 
length of the wave. 

Similarly the kinetic energy T is 

T =i?h^u 2 dx •••(»> 

for the same range of integration. 

But for a wave travelling in one direction 

{Equation (ii) § 8*82 


c 

TJ- U 


or 

or 

or 


•nV 


t .<2 


c*u 


dx 


...(iii) 
{from (ii) 


y t g 2 =gh.u 2 
rfg=hu 2 
From (ii). we have 

r-W? 

r— \?gfrdx 

Thus kinetic energy is equal to the potential energy and each 
equals to half the total energy at any instant. 

§89 Long waves at the common surface of two liquids, 
bounded above and below by two fixed horizontal planes. 

Consider P and P' be the densities of liquids, A and A the 
cross-sections of the two liquid streams and b the breadth of the 


or 




u+u’ 

A 

f 

\J+KA. 


common surface. Superpose a velocity equal and 

the velocity U of propagation of the wave to make ' he 

stationary. Let v be the elevation of the common surface due to 
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the wave motion and u, u' the small additional velocities due to 
the wave motions in the two liquids. 

The equations of continuity in the two liquids are 
{A+b-o)(U+u)=AU 
and (A'-b^W+u^A'U 

Neglecting the quantities of second order, we have 

Au+bU' 7 = 0 *~W 

and A'u'-bUv = 0 -<“> 

If Sp and bp' denote increments of pressure close to the 
common surface in the two liquids due to the waves, then we 
have 


®f+S’l+i iu+u'-iu* 

and ^+«’l+l(t/+«') , = it/ i 

Neglecting the surface tension, so that Sp=Sp', we have 

g (p-p')i)=(pV-pw) U 

/ , bUi) . „ bUv \„ 

g(p _ P '),= ^p._ r+ p. — )t/ 

{ from (i) and (ii) 

g(P-p') 


or 


or 


or 


U 2 = 


■(f+f) 


Ans. 


Ex 1 A fixed buoy in deep water is observed to rise and fall 
twenty 'times in a minute, prove that the velocity of the wave is 
about 10\ miles per hour. 

Consider c be the velocity of the wave, then in deep water, 
we have 


C 2tt 

Frequency of the wave 

= 20 times per minute 

= J per second. 

Hence A=3c 

from (i), we have 




c 2 = 


3 eg 
2tc 
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or 


ft /s ec. 

ATT 


.3*32x7 
2 X 22 


168 

11 


ft /sec. 


= 10£ miles/hour. Proved. 

Ex. 2. The crests of rollers which are directly following a 
Slip 220ft. long are observed to overtake it at intervals of 16\ 
seconds and it takes a crest 6 seconds to run along the ship. Find 
the length of the wave and the velocity of the ship. 

Let c represent the velocity of the wave and v that of ship. 
In deep water, we have 


also 



(c-v) ~=A 


and (c— v) 6=220 

from(ii) and (iii). we have 

* 6 


X~=605 f(. 


...<«) 

...(iii) 


or 

or 

and 


Substituting the value of A in (i), we have 

1/ 32x605x7 \ 

C =J( 2X22 ) ft/SCC * 


2x22 
c=55 ft./sec. (app.) 
c= 37} miles/hour. 


■ ( -215L) ft/scc. 

hs-m ft/sec. = ” ft/sec, 


Ans. 


= 12£ miles/hour. Ans. 

Ex. 3. Find the type of waves that would travel on deep water 
at 30 knots. How much is the velocity of wave affected by the 
presence of atmosphere above the water , its density being 0013 ? 

Let the fluids be at rest ; save for the wave motion the wave 
velocity c is given by 

C 2 = £_ p-p' 

m P coth mh+?' coth mb' 


{Ref. Case I. § 8*6 

where ? and p ' are the densities of the fluids and h and //', the 
depths of the fluids. 
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Since the wave is affected by the presence of atmosphere, 
the wave velocity is given by 

c*=V*, g fp-p*) 

* l p coih mh+P ■ coih mh '} 

or C 2_ g <P~P') 

m (Pi-?') 


C 2 = gJizi?) 

m ('-fa) 


as — _ 


specific gravity 
of air 


If the wave is not affected by the presence of atmosphere 
then, let c 0 be the corresponding value of the wave velocity 

c 2 = (<o=30 nautical miles/hr, 

° J _30 x 6082 „ , , 


60X60 


ft //sec. 


2ncJ_ 

g 

2X22 

lx3i 


(-V=-= L 

\ cj Ao 1 


x 2X22 / 30x6082 \ 2 

Ao- 7x32 ' [ 60X60 ) 
or A 0 =504 ft. (App.) 

If the atmosphere also be present 

/ c \ 2 A __l-a_0.9987 
,hen l cj A, l+o 1.0013 

“0 9974 (app.) Ans. 

Ex. 4. When simple harmonic waves of length A are propa- 
gated over the surface of deep water , prove that , at a point whose 
depth below the undisturbed surface is /i, the pressure at the instant 
when the distuibed depth of the point is //+*) bears to the undis- 
turbed pressure at the same point the ratio , 

71 2 r.h 

,+ T e "- ;1 

atmospheric pressure and surface tension being neglected. 

For a simple harmonic wave profile 

V=a sin (mx— nt) ,..(i) 

the velocity potential at any point ( x y) given by 


</>=— e ny cos (mx—nt) 
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So 


^t = — e mv sin (mx—nt) 
dt m 


(ii) 


=gri e mv 
The pressure equation is 

l_ + *A = IL 

9 dt 9 

where n is the atmospheric pressure at the surface. 

At a point which is at a depth h t we have >>=-/* 
from (ii) and (iii), we have 

PrJ} 
p 


{as 

(from (i) 


...(iii) 


zgrie mV-gy 


p - U -=g IV^+A) 
P 


or — = S W* — t«; {at^— h ...(iv) 

P 

Let p 0 be the un disturbed pressure at a depth h 

then - ° - ^ ^g/i ...(v) 

Neglecting the atmospheric pressure n, we have from (iv) 
and (v), 

p _h+' r\e~ mh 

~Po h 


or 


or 


pH 11 !''"* 1 

rl 


{ 


Thus 


p:Po - *+4 e 


2nh 


: 1 


2tc 

as m=~r 
A 


Proved. 


Ex. 5. Two fluids of densities Pi, t, have a horizontal surface 
of separation but are otherwise unbounded. Shew that when waves of 
small amplitude are propagated at their common surface , the pa t, 
cles of the two fluids describe circles about their mean positions, 
and that at any point of the surface of the separation where the 
elevation is V , the particles on either side have a relative velocity 

4 rrCV 
' • 

A 

Consider that the wave propagated at the surface be 
rj=a sin (mx—nt) 

2tt 
m=— 


where 
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Let 4> and <f>' be the velocity potentials in the lower and upper 
fluids and may be represented as 

<f>=Ae mv cos (mx+ nt) . . .(ii) 

<t>'=Be~ m ' cos C mx-nt ) — (iii) 

Both the functions <f> and $ satisfy Laplace equation and the 
conditions 

d<f> 

jjp-* 0 asy ->—oo (for lower fluid) 
d<f>' 

^— > 0 as y ->-f-oo (for upper fluid) 

At the surface 

?H=(- d A\ =(-W\ 

to V ty)w o \ dy /r-0 

. (when rj is small) 

So from (i), (ii) and (iii), we have 

- on cos (mx-nt)=-{Ame^ cos (mx-nt)} V . Q 

= — {—Bme- m ' f cos (mx—nt)} v . 0 

or —an cos (mx-nt)— —Am cos (mx—nt) 

=Bm cos (mx—nt) 

.an , an 

or A — — and B= 

m m 

Substituting the values of A and B in (ii) and (iii), we get 
4>=~ e m * cos (mx—nt)— act"* cos m (x—ct) 

and 0' = -~ e- m * cos (mx-nt)=-ace’ m * cos m (x-ct) 

Let (xc^q) be the co-ordinates in the equilibrium position of 
any point ( x , y) in the lower fluid. 


so 

*=* 0 +-*' and y=y 0 + Y 

or 

dX. S4>_ 


dT~ Tx~ 

dt J dy 

—ac me sm /w (.x 0 — cr) ...(iv) 

and 

—acme cos m (*o—c/) ...(v) 



(upto first order) 


Integrating (iv) and (v) with regard to r, we have 


X=—ae my ° cos m (x 0 —ct) 
and Y=ae my ° sin m (x 0 —ct) 

which g»ves { as X=V=Y initially 

**+ Y 2 =a 2 e 7my o {cos 8 m (x 0 -cO+sin 2 m (x 0 -ct)} 
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or X*+ Y t =a*e 7my * 

represents that the path is a circle with centre at (x 0 y 0 )- 

Similarly we can prove that the path of a particle in the upper 
fluid is also a circle. 

Again relative velocity at the interface 


{(-8H-H')} 

acme mf sin m (x— sin m (x— ct) | 




i 


JV-0 


= 2 acm sin m (x— ct) 
=2cmrj 

_ 47rciy 

A 


{ 


{ from (1) 
2n 

as m=- 


- {(-SM-8L 


:-{amc cos m (x— cf )— ante e~ mv cos m (x— cr)} 
=zero 

Hence the relative velocity at the surface is 

Proved. 

A 

Ex. 6. If a canal of rectangular section contains a depth h of 
liquid of density p on which is superposed a depth h! of liquid of 
density p\ the free surf ace of the latter being exposed to constant 
atmospheric pressure , prove that the velocities of propagation of 

waves of length are given by 

where 

P (u coth mh—1) (u coth mti — 1 ) =9 (1—u ) 

Ref. Equation (ix) § 8 61. 

or c* m* (p coth mh coth mh’+ P')-c 2 mg? (coth w/i+coth mh ') 

+g 2 (P — P')=*=0 

... 0 ) 


since 


m 


..-(ii) 


or c*m=gu 

from (i) and (ii), we have 

g*u* (P coth mh coth mh‘ +?')~g' l 9u (coth /wA+coth mh') 

+fi ! (P— P')“0 
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or p {m* coth mh'—u (coth m/t-f coth mh')-\-\}= p' (1— u 2 ) 

or p (u coth mh—\) (u coth mh'—\)=p' (1— w 2 ) Proved. 

Ex. 7 If there be two liquids in a straight canal of uniform 
section , of densities ai, <r% and depths l l9 / 2 ; shew that the velocity 
c of propagation of long waves is given by the equation 

(£-')( s -')-2 

where o 2 < <r\. and it is assumed that the liquids do not mix . 


Substituting P=a 2 , p'=<ii, h=l 2 and h'=li in the equation 
(ix) § 8’61, we have 

c*m 2 (<r 2 coth ml% coth mli+a)-- c 2 gma t (coth /w/ 2 + coth mh) 

+ g 2 (cr 2 — (Tl) = 0. 

For long waves, we have 


coth mhcz -4 
mh 


Thus 


c A m 2 


(°*4- jk +a ‘)~ ctgma ‘ (i + i) 

+ g 2 ( a 2— °l) = 0 

or C j^+c i m % ai-c t go t (£+/;) +S 2 (««— »i)— 0. 

Again for long waves m=~ is small ; neglecting the terms 

A 

containing m 2 y we have 


c % o 2 


v« 




or 


or 


g%U g (/, + /,) + l- « 

(sHGH-S 


Proved. 


2n 


Ex. 8. Two dimensional waves length — are produced at the 


m 


surface of separation of two liquids which are of densities 
P> P* (? > ?') and depths h, W confined between two fixed horizontal 
planes. Prove that , if the potential energy is reckoned zero in the 
position of equilibrium , the total energy of the lower liquid is to 
that of the upper in the ratio 

P {(29-9') coth mh -f - p # coth mh '} : p # {fo-2p'j coth mh ' 

— p coth mh}. 
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Consider the wave profile to be 
fl=a sin (mx—nt) 


or 

f\ =a sin m (x—ct) 

...(>) 

Let (f> and <f>' be the velocity potentials to the lower 
liquids. 

and upper 

then 

and 


— (ii) 

...(iii) 

9 s j n |i cosn c ° s Cl) 

ac 

*'~sinh mh' COSb m(y *' ,cosw(x c,) 

where 

c 2 (mp coth mh+mp' coth mh , )=g (p — p') 

...(iv) 

Let T 
length 

be the kinetic energy of the lower liquid per wave 

( Ref. § 8-6 case I 

Then 

r= -* e \ + d £ ds 


or 

when 7) is small. 

or 

T=\ p m a 2 c 2 coth mh l cos 2 m (.x- 

* 0 

- ct ) dx 

or 

T=i p Xa 2 c 2 m coth mh 

..(v) 


And the potential energy in the lower liquid per wave length 
of liquid is given by 

V— i *) 2 dx 

or F=JgPa 2 | sin 2 m (x—ct) dx 

or V=±g?a 2 A -(vi) 

Similarly kinetic energy of the upper liquid per wave length 

= i P' A arc 2 m coth mil ...(vii) 

and the potential energy is given by 

= -Jgp'a 2 A — (viii) 

Thus the energy of lower liquid 

= i gPa 2 A + i PA a 2 c 2 m coth mh {from (v) and (vi) 

(P — ?') coth mh 1 

P coth mh + P' coth mh 9 ] 

{ from (iv) 
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. (2p— p') coth mh+ p r coth mh' ( . . 

P coth mh+p' coth mh' 

and the total energy of upper liquid 

= i p'Afl*c*m coth mh '— i gp'a*A 

{from (vii) and (viii) 


i iv/ f (P-P') coth mh' 

* gC A ‘ 1 P coth mh+p' coth mh' j 


{from (iv) 


S (p— 2P*) coth mh'— p coth mh \ 
i A p | p coth m /j-f p' coth /w/i' 3 


...(x) 

Thus the ratio of the total energy of lower liquid to that of the 
upper liquid is given by 

p {(2p— p') cothmA+P' coth mh'} : {(P— 2p') coth mh'-? coth mh) 

Proved. 


Ex. 9. An open rectangular box of length b contains two 
liquids of densities p y p' and depths /i, h' respectively , that of 
density p being at the bottom. Prove that the periods of oscillation 
when the liquids are slightly disturbed so that there is no motion 
perpendicular to the sides of the box are determined by the 
equations of the type 


(p>co,h™ h - 8 f) (p 2 coth 


+z\r 


nnh f gnn 

b~ b 

g*n-Ti 2 

b* 


) 


where n is an integer . 

Let the stationary wave propagated at the common surface be 
r\=a sin mx sin pt •••(*) 

Let <f> and <£' be the velocity potentials in the lower and 
upper liquids respectively. Since the upper surface of the upper 
liquid bears constant pressure assuming the velocity potentials 
of the form 

<£=c cosh m (y+h) cos mx sin ht ...(*>) 


and <t> ,= {A cosh my-\-B sinh my) cos mx sin pt ...(iii) 

At the common surface, boundary conditions are 
S’? ( H\ 1 W\ 
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v-o 


or 

or 


HI [^L + n‘W'1 =u {Condition of constancy of the 
\dt 2 8 dy J v „x {prejjwre a/ the upper surface. 

From I, we have 

—ap sin mx cos pt=—cm sinh mh cos mx sin pt 

= — Bmcosmx sin pt 
ap=C m sinh mh=B m 

-- aP - and B= aP 

m 


...(iv) 

...(v) 

...(vi) 


m sinh mh 

From II, we have 

P {—C/7 cosh mh+ga)=9‘ {- Ap+ga } 
and from III, we have 

p 2 [A coth mb’ + B}=gm {,4 + Bcoth mh'} 

From (v), we have 

Ap'=— coth mh— — (p — p') 
m p 

Substituting the values of A, B and C in (vi), we get 

p 2 | coth mh' ? coth mA — y (?— P') P'J 

p coth m/i— — (P— p')+p' coth m/i 
P 




or 


n 4 

— p cotb m/i coth mh'—gp * p (coth m/j-fcoth m/i') 
m 


} 


H-P'^+g'ni (P-P')=0 
m 


or 


(p 2 coth mh—mg) ( p 2 coth mh'—mg) 


+ — g *)=0 


...(vii) 


But normal velocity of the fluid particles must vanish at the 
end x=6, 


So 


or 

ot 


(- 11 .=° 

sin mb = 0 


, Mr 

mb=mz or m=~r 

o 

Substituting the value of m in (vii), we have 
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Proved. 

Ex. 10. 7/fl horizontal rectangular canal of great depth has 
two vertical barriers at a distance l apart , prove that the periods of 

oscillation of the water are 2 » where s is a P ositive 

integer , and that corresponding to any mode , all the particles of 
fluid oscillate in straight lines of length inversely proportional to 

exp. )> where z is the depth . 

Let be the elevation of the stationary waves at the surface 

v\=a cos mx cot nt •••(0 

...(H) 


where 

Now 


<l>= — e mv sin nt cos mx 
m 


n 2 =mg 

~=0 for x=0 and / 
dx 


{Ref. §8-51} 

. . .(iii) 


or 

or 


From (ii), we have 
sin m/=0 

ml=sn where s is a positive integer. 


STZ 

m= T 


n 2= 


STZg 


From (iii), #. — l 

Periods of oscillation are given by 

2n 


n 




Also 


~=u=^=an e mv sin nt sin mx 
dx dt 


Proved. 

...(iv) 
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Let ( x 0 , y 0 ) be the equilibrium points. 
Substituting x=x 0 +.Y 

y=»+ y 

X=an e my ° sin nt sin mx 0 j 

and Y=— an e my ° sin nt cos mx 0 ' 
Since the path is a straight line 
Y-B 

^= — cot mx 0 = const. 



...(vii) 


and V{(X— A) 2 +(Y— B) 2 }=a cos nt e my ' . . . (viii) 

The maximum value of (viii) is ae mY ° . . .(ix) 

Since z is the depth, hence y Q =— z 
From (ix), we have 






Thus all the particles of fluid oscillate in straight line of length 


inversely proportional to exp. 



Ex. 11. Shew that if the velocity of the wind is just great 
enough to prevent the propagation of length A against it, the 

velocity of propagation of waves of wind is 2c > where a is 

the specific gravity of the air and c the wave velocity when no wirtd 
is present. 

Let V be the velocity of the wave, U and V' the velocities of 
of lower and upper fluids of height h and W respectively. Let ? 
and p' be the densities of the fluids. 


We know the relation 

g (P-P ')=m {(U—V) 2 ? coth mh+ (U'—V) 2 P' coth mb') 
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or g /]- p i^= w {(y-Fj*cothm/,+ (t/'-F)» ^-cothmfc'J 

-.-(») 

Since the sea is at rest, so U= 0, h=h‘ tends to °° and 


o= — (let). 

P 

or g(\-a)=m{V*+W-V)'c) 

If no wind is present f/'=0, then V=c t 
So g (1— a)=m {c 2 +c* <r} 


...(ii) 


r t_A \aA 

or c m \+<* •••(*») 

The velocity V which prevents the propagation of waves is 
given by 

g (1 — a)r=mU' i a 
{Substituting ^=0 in (ii)}. 

Thus the velocity of propagation of the wind is 


-.(iv) 



g (\-o)=m{V*+[U'-V)*o} 


or 

— (l-<r)=K 2 (l+“)-2l/’ V a +U' s ° 

tyi 


or 

Sri 

U'* o=K* (i + o)-2 U' Vo+U'* a 

{from (iv) 

or 

V* (l + o)— 2t/' Vo = 0 



„ 21/' a 


or 

y l+o 


or 

V= l° . 1(1. 1=1) 

1 + a a] \ m o ) 

{From (iv)} 

or 


{From (iii)} 

or 


Proved. 

Ex. 

12. A canal , of infinite length and rectangular 

section, is 


oj unijorm aepin n ana oreuuin u in une yuu ✓ 

to uniform depth W and breadth b' in another part At infinite train 
of simple harmonic waves travelling in one direction only is propa- 
gated along the canal. Prove that , if a , a' are the heights and 

the lengths of the waves in the two uniform portions. 

m m 
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m tank mh=m' tank mh' 
and a 2 b seek 2 mh (sink 2mh+2mh) 

=a' 2 b' seek 2 m' h' (sink 2m ' h'-\-2m' h' ) 
Let the mean profiles of the wave in the two parts be 

7 )=a sin (mx—nt)=a sin m (x—ct) .. (i) 

and ri=a' sin (m'x—rit)=ri sin m' (x—c't) ...(ii) 

So that 


c 2 = — tanh mh 

m ..(in) 

and c' 2 =-iL t an h m'h' 

m' ...(iv) 

From (iii) and (iv), we have 

tanh mh 

c' % m ’ tanh m'h' . (v) 

The period of simple harmonic wave must remain the same all 
along the canal, which gives 

2tc_27c 
n n' 


or 


m ± = n^ J_ 
n m ri m' 


or 

or 

or 

or 


1 __ 1 c_ 

me m' c' m c' 
m' 2 _m' tanh mh 
m 2 m tanh m'h' 
m' _ tanh mh 
m tanh m'h 9 

m' tanh m'h'=m tanh mh. Proved. 


Also the energy transmitted shall also be the same in either part 
of the canal. Then, we have 


or 


or 


£ g P a 2 be (1 +2 mh cosech 2 mh) 

= i g P a' 2 b'c 9 (1 + m 9 h' cosech 2m' h') 

{Ref. § 8-72) 

a 2 b sinh mh ( 2 m/?-f-sinh 2 mh) 
cosh mh sinh 2 mh 

__ a' 2 b' sinh m'h' (2m f y+sinh 2 m'h' ) 
sinh 2 m'h' cosh m'h' 

{from (v)> 

a 2 b sech 2 mh ( sinh 2mh+ 2mh) 

=a' 2 b' sech 2 m' h' ( sinh 2m 9 h'+2m ' h') 

Proved. 
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So far we have been concerned with perfect (ideal) fluids 
(frictionless and incompressible). In the motion of such per r ect 
fluid, two contacting layers of the fluid experience no tangential 
forces (shearing stress) but act on each other with normal forces 
(pressure) only or in other sense we can define that a perfect fluid 
exerts no internal resistance to a change in shape. In this chapter we 
shall consider the cases of actual (real) fluids. In real fluids the inner 
layers of the fluid transmit tangential as well as normal stresses. 
Viscosity of the fluid is that property of actual fluids which exerts 
such resistance. 

Because of the absence of tangential forces, a difference in 
relative tangential velocites exists on the boundary between a perfect 
fluid and a solid wall i.e. there is a slip, on the other hand, in 
actual fluids the existance of inter-molecular attraction causes the 
fluid to adhere to a solid wall and it gives rise to shearing stress. 
The difference between a perfect and a real fluid is the existence of 
shearing stress and the condition of no slip. 

§ 9 1. Measurement of Viscosity. 

Consider the motion of a fluid between two very long parallel 
plates, at a distance h apart. Let the lower plate be at rest and the 
upper plate is moving with a ^ ^ 

constant velocity U parallel to 
itself. The pressure being 
constant throughout the fluid. 

We see that the fluid adheres to 
both the walls, so that its 
velocity at the lower plate is 
zero and that at the upper plate is equal to the velocity U. Again, 
the velocity distribution in the fluid between the plates is linear, is 




t 
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linear, so that the fluid velocity is proportional to the distance y 
from the lower plate (there being no slip on the walls). 

Then U=U \ 

Since the tangential force to the upper plate be in equilibrium 

with the frictional forces in the fluid. Also the exper.ments shows 

that this force is proportional to the velocity U of the upper plate 

and inversely proportional to the distance h. Let t denotes the 

frictional force per unit area 

U 

or 

rj . du 

In general ^ can be replaced by the velocity gradient ^ • 

du 

or T * dy 

du 

or *=? J- y .. (i) 

where fi is a constant of proportionality depending on the pressure 
and temperature. For gases p is independent of the pressure 
at ordinary temperature. The relation (i) is known as Newton s 
equation of viscosity By transformation, we have 


** dufdy 

which is known as the coefficient of viscosity or Absolute viscosity 
or Dynamic viscosity. A fluid for which the constant of pro- 
portionality (i.e. viscosity) does not change with rate of deforma- 
tion is said to be a Newtonian fluid. The coefficient of viscosity 
a is small for the fluids such as water, alcohol or gases but it is 
Jot negligible, but large in the case of very viscous liquids such 

3S ° The V physteal dimensions of the coefficient of viscosity can be 
determined as follows : 

shearing stress 
^“velocity gradient 

C Shearing stress Force/unit area 

and velocity gradient= velocity /length 

or ix (force per unit area/rate of shear) 

ML 

T*L 2 M 
TL 
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In all fluid motions in which frictional and inertial forces 
interact, we consider the ratio of the viscosity to the density such 

as 



which is known as kinemetic Viscosity. 

9 2. Strain Analysis. 

When the various elements of a system undergo relative 
displacements under the action of impressed forces, it is said to 
be strained. In other words strain is a non-dimensional deformation 
which measures the change of relative positions of the parts of a 
body under any cause. In a body under the influence of external 
forces, the displacements may consist of a translation, a rotation, 
and a distortion. Since a translation and a rotation represent rigid- 
body displacements which do not produce any relative displacement 
of the various elements of the system, consequently they do not 
constitute any strain. Strain is classified into two kinds, viz, 

(a) Normal Strain is defined as the ratio of the change in 
length to the » riginal length of a straight line element. 

(b) Shearing Strain is defined as the change in angle between 
two linear elements from the unstrained state to the strained state. 

Since the motion of the fluid is completely determined when 
the velocity vector q is given as a function of position and time 

q=q (xyz /). 

3 kinematic relations between the components of the rate of strain 
and this function. Let the velocity of an infinitesimal clement at 
P (x y z) at any time be (u v »»•)- 

Let PQi andPga be two z 

perpendicular lines through P 
having infinitesimal length SSi 
and bSt and direction consines 
are (/i m ni) and (/ 2 m% n t ) 
respectively. The coordinates 
and velocities at Qi and Qi be 
at the same time t are. 

(x+tei 9 y+tyuz+*zii U +* U1 > x 

v+$v,, iv+8wi) S 
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and (at+Sati, y+Sy 2 , z-fSz 2 ; u+Sut, v-f8v 2 , w+Sw*) respectively. 
Evidently 5S 2 =r S.v 2 

zyt 

or 8x=l8S, 8y=m8S, 8z=n8S ...(i) 

Since PQ X and PQ 2 are perpendicular 

then Z 5a:i 8at 2 =0 ...(ii) 

xyt 

The relative velocity (8w, 8v, 8\v) of Q relative to the point P 
can be written as 

8u=Z u x 8x, 8v=Z v K Sx, 5h>=E \v z $x 

xyt xyt xyt 


Now assuming the following symbols. 


Cxz = 2u xt e vv =2v Vt e t g=2w t 
and eyg=etv=yvv + v s 

etx^ejy^Uj+Wz 

Cx’j=e vx =v x +u v 

also 5=wy-v t , 'n=u z -w x , :=v x -u v 
Form the above assumed relation (iii), we have 
u x =i e xx% t/ y = i {e xV — ?), w,=i (***+*)) 

V*=i {e xv + Z) t Vy—i Cyy. V,— } f^y* — £) 

= i (^Zf — »?), M-y = i + >»*=J er. 




Where c, v, S are the components of vorticity about the 
coordinate axes OX t OY, OZ. 


Now the velocity of Q in terms of these symbols is 


uq=up + 8u 

=up + 2 {?xz 8x+emy Sy+e xt 8z 
vo=vj»+5v 

(cy x 8x+e vv 8y- f-e y , 5z) 

+ i (? 8z) 

and )i* 0 sh'j»+ 8 h' 

=»' /’ + i (^r* Sx+^xy $?+*» Sz) 

+1 (5 8y— ^ 5 a:) 

The velocity at Q consists of three parts : 



(a) Velocity of translation (up) which is the same as that 

of P. 
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(b) Rate of deformation (Rate of component of strain) as 
i (e„ 8x+e*y 8y+e„ 8z) t i (e ya 8x+e vv 8y+e v , 8 z) 

£ (ez* 8 x+e zy 8y+e t t 8z) 

(c) Velocity produced by rigid body due to rotation of 
angular velocity (£5, IK) about straight lines parallel to the axes 
of reference through P. 

Velocity of Q relative to the point P is 

Si/=£ 8S {fe** + m*«,,+ne«+(^-mS)} 

Sv=£ 8S {le vx +me y y+ne vt -\-(l Z-n *)} > 

8w=i 8S {letz+me t y+ne tl 4-(m- — J 


§ 9*21. Rate of elongation. 

Consider P\ Qi\ Qz be the position of P , Qu Q 2 respectively 
at time / + A*- Evidently, the coordinates of P' are 


z+wAO 

and that of Q\ {x+8x+(w+8u) A', y+8y+(v+8v) A*. 

z - 1 8z+(w+8w) AO 

then (/ 5 '2i') , =(S*+ 5 “ A t) z +(8y+8v A t) 2 +(8z+8w At) 2 

or />' 2 / = {(8x+8u At) 2 +(8y+5v At) 2 

+(8z + 5w At) 2 } 1 ' 2 

or / >, e/ = {(85) 2 +2At (/$S 8w*f 8v + nSS 8w)} 1 /* 


Using the relation (i) and (vi), we have 

/>'£?/=[ l + i At {/ 2 e«,+/n 2 ^w+t2 l e«+2/m e* v 

+ 2mn eyt + 2nl e**}+0 (At) 2 ) .. (i) 


Rate of elongation 

_ P'Qi'-PQ . J_ 

’ At 

= i [/ 2 ^*«+tn 2 e yr +iiV*i+2//M e zv + 2m;i 

-\-2nl Csx] • • • (ii) 


Which gives the relative rate of elongation of PQi. 

Consider PQi, parallel to the AT axis then the direction cosines 

becomes (1,0, 0), hence from (ii), 

\e xz represents the relative rate of elongation in 
the direction of Af-axis. 

Similarly \e vv represents the relative rate of elongation in 

the direction of 7-axis- 

an d \e tz represents the relative rate of elongation in the 

direction of Z-axis. 

Ex. 1. Consider a rectangular parallelopiped with edges 

PQi, PQ* PQ 3 parallel to the axis of reference of lengths 8S U 
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8S 2 and 8S a respectively , then the relative rate of increase of its 
volume is given by 



SS X (l+ie**AO.SS 2 (l + K* A t).8S 3 (14k.* A*) 
Lt — ZSi 8S 2 8S4 

A'-> 0 ~ 

* {■ 


At 


8S i 8S2 8S3 A t 

(l + |e M AO 0 + 1*™ AOU+fo. AO-l] 




{ neglecting the terms of 
higher orders of At. 


=//«4»V+H- fi 


= , 3v , 

dx d y dz 

= div. q (where q is the velocity vector) 

The relative rate of increase in the volume is called dilation 
and generally is denoted by A- 

Thus A=i (*»•+***+*») 


If the rate of increase vanishes then it is known as equation of 
continuity. 

§9 3. Rate of Shear. 

Here we shall discuss the rate of change of the angle between 
the lines PQ\ and PQz y which are orginally taken perpendicular to 
each other. 

Let P'qi and P'q 2 be drawn parallel and equal to PQi and 
PQz respectively. 


Consider, 

Q'iP'Q'x=\-a&t ] 

P'Q'iq*=\-b&t > -(0 
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(It is not necessary that P'Q'i* P’Q ' 2 will be in the plane of 
PQi and PQz or even in the plane parallel to this plane through P'.) 
From (i), we have 

cos Q\P'Q \= cos 

=sin (a&t)=a&t ...(ii) 

(to a small approximation). 

Again, we have 

P'Qi.P'Q%~* (8xi+5wi^O ($x*+8i/iAO 

=Af 2 (8xi8w 2 + 8 x 2 8 wi) 

(Z 8x18x2=0, being at right angles) 

= 8si8s z &t {hU e'z+mimzen+riimeit 

+(/ifWa+f*rwi) -M/wiflj+ttte/ii) e v x 

+(ni/a+flt/i) £sz} ...(iii) 

{ from relation (vi) § 9*2 

We can also determine this product in the following manner 

FQ\.P'Q\-*si (l+tfiAO*toO+^AOcos Q\P Q\ 

=8si8s*a&t { from (ii) ...(iv) 

neglecting the quantities of higher order of A t and considering the 
relative rate of elongation along PQi and PQi as o\ and a 2 . 

Thus from (iii) and (iv), we have 

a=lihe xa -\-mimze V y-\-n l mezt-\-(lim%-\-kmx)e Z y 

4 ymim+rmni) eft+inih+nth) •••( v ) 

Taking PQi and PQi parallel to OX and OY, then direction 
cosines reduces to 

(/1 oil Wj)=(I 0 0) 

(l 2 mi ni)={ 0, 1, 0) 

From (v), we have a=e xv . 

Thus e x v represents the rate of the decrease of the angle 
between the lines which were originally parallel to the axis of X and 
Y respectively i.e. e xV => the rate of shear in the XYplane. 

Similarly we can determine that e yt and e Zx as the rates of 
shear in FZ-plane and in ZAf-plane. 


§ 9 31. Rate of strain tensor. 

We shall prove that the rate of strain matrix 


["" C xx 

e x >j 

e sZ 

1 

1 

\ e v* 


e V z 

1 

L Cl* 

e Z y 

eu 

j 

is a symmetric tensor, i.e. 




e x >j=e y*, e yz =e z y and etx—e xz . 


{ Ref. relation (iv) § 9 2 
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Let Xi and v< (/= 1, 2, 3) denote the coordinates and velocity 
components of a point. Consider another coordinate system x't 
obtained by change of axis according to the following manner 



Xl x 2 

Xt 


x\ 

lz»l ll»* 

list 


x\ 

1 2»2 

h.a 


x\ 

U,i la »2 

1**» 


Then 

x\=lui Xj and x 4 

= /i,i x', 1 


Also 

v'i=/i,j v/ and v« 

=//,< v'i l 

...(ii) 

In this notation 




dV.dVi 




eu= ^Tx t 




_8V’, dV' t 
e “~8S t + d—, 


-(ii)) 


Now jJj (/,)_{ 


.... Wv 


Thus from (iii). 



e 'u 


y dx't dx'i 

— epk 


.dx, 8x„ 

8x'i dx‘, Ctk 
which shows that is a second order tensor. 


§ 9*32. Rate or strain components. 

Let (« v w) be the components of the velocity parallel to the 
coordinates axes at the point (x, y, z) at time /. The components 
of the relative velocity at an infinitely near point (.v+8x, y+Sy, 
z+8z) are : 

8u=$ (eM^AT+eirSy+fcSzJ + i (>/8z— ?8y) 

8v=i (ey.8x+e„8y+e v ^z)+J (?8 j:-58z) 
and 8»'=J (e,Jx+e n Sy+e.Jz)+i OL&y-^x) 

— '-= 2 S-= 2 i-"'4: 
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e**=e va 


dv du 
dx^dy 


and E- dw ~ n- du ^ r dv du 

and F } r«P '~Tz- a? ^Tx-fy 


5> *), ? are the components of the vorticity vector oj and 
o>=Curl V 

where V (w, v, w) is the velocity vector. 

The quantities e 9z% e yy etc. are called the rate of strain 
components and \e*a represents the rate of extension of a line 
element in the direction of the X-axis. e yz is the rate of change of 
the angle between two lines along the axis of X and axis of Y. 

Consider the general case of the rates of strain in three 
dimensions. The relations between coordinates and velocity 
components in the two systems are, 


*' 

y 

z' 

Then 


x y z 

lx mi m 

Iz m% m 

U mz m 

u' =hu+miv+niw 
v'— Itu+mtv+ntw 
w'=/zu+mzV-\-nzw, 


where (u\ v' t w') are the velocity components along (x‘ y' z') 
Similarly x-/ix'+/ f /+/»z' 

y = mix' + m 2 y' + m t z' 
and z = nix' -f my ' + n z z' 

So e x’x ,=2 dx !=2 ( h k +mi i} +ni k) 

• / 1 2 ex* +m£e w + n x 2 e u + 2 mime yt + 2 nihe t z + 21 \m x e n 

s 

and 


dw' dv' , . 

e y'z' = dy' rfa'—iiWxx-rmzmsew+tentfgt 


+(m 2 ri3+m 2 n,) e„+(n t l,+nj t ) e x . 

Similarly we can have corresponding relation for the other quantities. 
The quadric 

($x) 2 + e v „ (W+e* (8z) 2 +2e yt $y8z+2 etx 8zdx 


+2e xy 8xdy=Const. 

can be referred to its principal axes parallel to the axes, x' y' z' 
then the quantities e y 2 *, e z » x ^ e x >y will vanish. Such motion is 
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called one of pure strain and the principal axes of the quadric are 
called principal axes of the strain. 

§ 9 4. Stress Analysis. 

In general, the forces acting on an element of a media are of 
two types : (a) External forces and (b) Internal forces. The weight 

of the body and electromagnetic forces are called as the body forces 
which are distributed over the volume of the medium. The 
internal forces are regarded as acting on an element of volume 
through its bounding surface. 

Assume a surface A A of a fluid in cor tact with a solid body. 
The forces exerted on the fluid across a portion of the surface A A 
are equal and opposite to the force exerted on the body across 
the portion of &A (By Newton’s third law of motion). We know 
that a set of forces on the surface of the body can be resolved into 
a single resultant force P together with a couple G. A stress is 
the limit of the ratio of the force to the area on which it acts when 
the area reduces to a point, it follows that the ratio of the couple 
to the area must vanish. 

Consider a point P (x y z) in the fluid medium and 
take infinitesimal area A A 
surrounding the point P. The 
fluid on each side of the area 
exerts a force A/ 7 on it. Then 
the stress S of the fluid at P 
on the area A is defined as 
Lt. _A F 

A^->0 A A' 

(This is finite and non-zero) 

In other words the forces 
per unit area which two neighbouring elements of volume with a 
common surface exerts on each other are called stresses. For a 
fluid at rest, stress is normal to the surface and is in the nature 
of a pressure. When fluids are in motion, 3 also shearing stress 
in addition to normal stress. 

The stress components can be represented by P a p, where a 
denotes the direction of the normal to the area and p is the 
direction in which the stress component is taken. 




457 

Viscosity 

Considering the right handed system of coordinate axes, we 
define the stress matrix 

P=Pi, 


where Pi, is the component of stress acting on an area A 4 
perpendicular to the axis x« taken in the direction parallel to 

xj-axis. 

§ 9 41. Stress Tensor. 

Now we shall prove that P is a symmetric tensor. We know 
by D' Alembert’s principle that the reversed effective forces and 
the impressed forces acting on 
a dynamical system at any 
instant are in equilibrium, 
and the factthat the force on an 
infinitesimal area in any direc- 
tion can be taken as the 
pr duct of the area and the 
stress acting at its centre in 
that direction. 

Consider a rectangular 
parallelopiped with edges parallel to the coordinate axis and of 
infinitesimal length a, b , c having centre as ( xi x 2 x 2 ). The forces 
acting on the opposite faces of the parallelopiped can be taken 
equal in magnitude if>e neglect the quantities of higher order 
than the second in linear dimension of the parallelopiped. The 
forces acting on the forces perpendicular to the axis-A 2 in the 
direction of AT* are given by 



| P 22 ((.vi,x 2 +^*a) dxi dx % 

11^23 (a*i -Vi .Ys) + ^ Xt ' Ys) 


+ 


=ac P 23 (Ai X2 -v 3 )+0 (/ 3 ) 


jdx 1 dxs 



dx 1 dx 3 


and 
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= \ (*« x * x »)~ 5(^7) (xi x * *») 

+ | dx i dx» 

=ac Pu (*, xt x.)+0 (/*) ...(ii) 

Similarly we can consider other components. Taking the 
moments about the axis X lt we have 

(P 23 ac) ob)^+(P 2 t ac 

-(Pnab) |+0(/ 4 )=0. ...(Hi) 

Where the terms of order / 4 arise on account of the body 
forces and reversed effective forces which are of the order / 3 . 
Considering the stress on any force of the parallelopiped equal to 
the stress acting on a plane parallel to this force and passing 
through the centre of the parallelopiped. 

Thus from (iii) 

Pt%*=P %2 

Similarly we can prove that 

P«-Pii 

=> that P is symmetric, thus stress matrix is diagonally 
symmetric and contains only six unknown. 

The three sets of stress components are given by 

P** Px y Pxi 

Pyx P'JV Pyx 
Pirn piy Pit 

The diagonal elements p xxt p vv , p tt of this array are called 
normal of direct stresses. The remaining six elements are known 

shearing stress. For an inviscid fluid 

P*z=Pyy=P:z= —p 
and Pxy=pxt=...=0 

. PxV Pxz 1 

I he matrix p yx p vy p, J: I j s called a stress matrix 
L P* P* Pzx J 

The quantities Pii where i j=x, y, z, are called the stress 
tensor w hich is a second order tensor . 
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§ 9 42. Tensor character of P. 

Consider an element of 
fluid in the tetrahedron 
( 0 , ABC) having edges OA, 

OB , OC parallel to the axis 
of reference. Let the 
direction cosines of the 
normal to the plane ABC be 
(lv u to, M- The fluid letra ' 

hedron will be in equilibrium 
under the action of 

(i) body forces. 

(ii) reversed effective forces. 

(iii) forces arising from the surface stresses. 

Now the body forces and reversed effective forces will form a 
system of forces in equilibrium by D' Alembert’s principle. Let 
the area of the triangle be A- 

or PciA=(A Ui) Pn-MA/n) ^ai-KA M Pn 

or Pvi^Ki Pn+Ui / > n+/«t Pn» 

In general, we can represent 

Pvx = l t fiPf>x ...(i) 

Consider the transformation of axis defined in §9 *31. Let 
P r y denotes the stress on the plane perpendicular to x«'-axis in the 
direction of xy axis. This is equal to the algebraic sum of the 
resolved parts of the stress acting on this plane in the directions 
of Xu X 2t X 3 axis. 

i.e* Pi'j ,= tj $ Pi $ •••00 

The relation (i) can be written 



Pj/p =ly a P a $ (Taking v-direction parallel to x{ axis.) ...(iii) 
From (ii) and (iii), we have 


P i'i' = 


dx;' 


proves the tensor character of the first invariant of the tensor 
P is 


or 

and 


/ > ll + / > 22 + / > 33=-3/ > 

Pxz = Pyy= P tt= P 
Pzy=Pn—P$x = . • .etc=0. 


...(v) 
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Consider a small parallelopiped of sides dx, dy, dz parallel 
to the axes with one corner of P (x y z). 



Taking moment about X-axis , we have 

(Pxv dy dz).dx=(p vx dx dz) . dy 
or p*/=P’jz 

Similarly Pn*=P*v 

and ptz—pxj 

Thus the stress components are P zz , P vy , P lt , P vs , P tz and P z v . 
§ 9 5. Stress quadric. 

The quadric 

+=P ti X { Xj ...(i) 

=constant 

is called the stress quadric at the point (a*i, x*> x%) at which P ti 
are the stress components and X t are the co-ordinate relative 
tO Xj. 

§ 9 51. Properties of Stress Quadric. 

(I) ip is invnrient. 

t=Pa X t Xj 

h’i X k' • l p , j X P' 

{Ref. § 9 31 relation (ii) 

or t^Pk'p' x k' x p' 

(II) Consider r be the length of the radius of the quadric in 
direction « (/ fll , / 0 2 , l 0 3 ). 

Then Xt-r l oi {where t=l, 2, 3 

Now from (i) § 9-5 


or 

or 

or 

or 


Pa X t AO=constant 
Pti {r 1 04 ) (r l a })= constant 
Pa (r 2 lot /„j)=constnnt 
Paa.r 2 = constant 
„ constant 


or 



P.ix-iSz.V-z) 
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+ that the normal stress on a plane perpendicular to a 
direction is inversely proportional to the square of the rad, us of the 
quadric in that direction. 

Referredthe 'quadric to its principal axes, it will be of the from 
/>, X*+Pt Y*+P* Z 2 = constant 
that in the principal planes there are no tangential stresses. 

§ 9 6. Translation motion of fluid element. 

Consider the motion of a 

small rectangular parallelopiped 

of viscous fluid, having P (xy r) 
as centre and its edges of 
lengths 8x, 8y, Bz parallel to 
the fixed rectangular axes. 

Mass of fluid element 
= P 8x 8y 8z 

(which will remain constant) 

Suppose the element move 
along with the fluid. The 
components of the forces parallel tv 

on the surface of area by Bz through the point P (*, y, z) are 
( pxz By Bz t p m j By Bz , /?« By Bz) 

{having i as the unit normal. 

At the point P«(x+l«x,y,2). the corresponding force 

components across the parallel plane of area iy Sz are ( . is the 
unit normal measured outwards from the fluid). 

Similarly for the parallel plane through Pi (*-i y, z ) the 
corresponding components are, 



UUIII5 VVIIIJ/W.—.W , 

"•V. » ^ ^ 

-[P'-l 


Sx Sy Sz] 


Bpn 

ax 


(Since -i is the unit normal drawn outwards from the fluid 

element). D 

The forces on the parallel planes through Pi and Pi are 

equivalent to a single force at P having components 
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%W- Hr- Hr} 

together with the'couple whose moments are 

—p*x Bx By Bz about O Y. 

and -f Bx By Bz about OZ. 

Similarly the pair of faces perp. to Y axis give a force at P 
having components 

\ip, *p!, ip] Sx Sy Sz 
I dy dy dy i 

tog<ther with couples of moments 

—p, JX Bx By Bz about OZ. 

+p yg Bx By Bz about OX. 

and the pair of faces perp. to the Z-axis give a force at P having 
components 

Hr- Hr]**** 

together with couples of moments. 

— p ;y Bx By Bz about OX. 

+P:m Bx By Bz about OY. 

Thus the surface forces on all six faces of the cuboid reduce to 
a single force at P having components. 

U*P"+lES+* l d Prv >d Pvv,d_P*\ 

Lrar + ^ r \ a* a* / 

i^+T^+'-s 5 )] 8)1 *• 

together with a vector couple having cartesian components 
{(PWM-Pvh (P**-Pv*)} Zx ^ 

Consider the external body forces are (X Y Z) per unit mass at 
the point P- Then the total body force on the element has 


components „ _ 

(XYZ)pBxByBz. 

The total force component acting on fluid element P along the 
i — direction 

= (?_P** + lZ!* + l£”) Sx 8 y 82+ P X Sx 8 y 8z. 

\ dx oy dz ) 

Let q (u v w) be the velocity at the point P at any time /, then 
the equation of motion along the i direction 

[l£~+lp+iJL Sx 8 y 8?+P XSx 8 y Sr 
\ dx dy dz ) 

= (P Sx 8v 82) y, 



Viscosity 


463 


or 


Since 


and 


d Pzz , d Pv* _±_ d Pi X 

3.x dy dz 
u=u ( xy z t) 
du . du . du 


) 


du 

+ 0 *=P gj 


du du , du , du . 3« 


Thus we have the equations of motion in the direction ot 
i, j and k 


or 


or 


or 


S-+H 

f-«?( 


3 Pia . 3 Py*\d P*x 


dx 


T 


3>> 3z 




3 Pxy | ^gyy_|_ 3/>;y j 


3* ' 3>» 3z 

^ 74, 1 , 3p*, , 3/>,A 

dt P l 3x ^ 3y T 3z ) 

Can be represented in tensor form 


3w< 

sr +l * ^ 


^<+ p 


(/ y = i » 2 , 3) 

where xt => the co-ordinate 

t/< ^ the velocity components. 

Xi => the external body force components. 

§ 9*61. Isotropic fluid. 

A fluid is said to be isotropic if its physical properties at a 
point do not depend on direction i.e. they are invarient to 
orientation of the co-ordinate axes. 


To prove that for an isotropic fluid the principal axis of the 
stress quadric and rate of strain quadric coincide. 

Equation to the rate of strain quadric referred to its principal 
axis is, 

ei* 2 -f*4j ,2 +e*z 2 =constant. ...(1) 

Consider a rectangle in a principal plane of the rate of strain 
quadric. Since the fluid is isotropic then this rectiingle will not be 
deformed hence there will be no shear in this plane. Consequently 
the tangential stress in this plane should vanish. Thus this plane 
plane is also a principal plane of the stress quadric. 

Similarly in a principal plane of the stress quadric there can 
not be any tangential shear in an isotropic fluid. If tangential 
shear in a principal plane of stress quadric is zero, then there 
is no shear in it and hence it will be a principal plane of the rate 
of strain quadric. 
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§ 9 62. Relation between rate of strain tensor and stress 
tensor. ( St oke's fluid) 

Stoke’s made an assumption that the stress components are 
linear functions of rate of strain components. However, such 
a relation can be regarded as a first approximation to a more 
general one in which higher powers of rate of strain components 
may occur. Now we shall consider that the most general linear 
isotropic relations between the stress components and rate of strain 
components are of the following forms 
P n =— p+Ae lx +B (c2*+e 3 «) 
p+Aezz+B (e 3 3 + *n) 

/ > 33 =— P + Ae 9 *+B (en + etz) 

Pn=(A—B) e tJ i^=j. 

Assuming that 

Pn=A Q -\-Aen-\- Ben + Ce%* -f Den -f Ee Sl + Fen • • • ( ») 

where A, B , C, D, £, F are constants and A 0 is some isotropic 
function of coordinates. 

The interchange of axis 2 and 3 will not change p n , *u and 
e 2 3 while ezz and en interchange with e 33 and en respectively. 

So B=C and E=F. ...(iii) 

(The axis 1 cannot be changed as we have to determine Pn). 

Again the reversal of the direction of axis 2, will not change 
en. € 22 , c t 3 , e*i and Pn while cz* and en change in sign. 

So £ = £= 0, -.(iv) 

consequently (ii) reduces to 

Pix=Ao+Aen+B (e 23 +e 33 ) {from (iii) and (iv) 

or Pii = A 0 +(A — B) en-\-B (e n + ezz+en) 

or pn = Ao + (A— B) e 1 i-j-2£A- 

Consider A — B=p and 2B=\ 
or + 

Similarly, we can have 



p 22 = Ao' A- A'e 2 2-\- B' (e 3 s-f"^n) 

P 2 z=Ao' + \A' — B') e 2 2 \-B' •• ( v *' 

and P2%= s Aq+{.A 0 —B*) ezz \-B* (eii+*2i+*8s)' ...(vii) 

For isotropy pn is some function of en as p 2 a is of c . a and p& 


is of C 33 , which will give A = A' = A”. 

Again pn is some function of as pz% is of (eaa+^n) or 

p z 3 is of (<?ii+£aa), which will give B=B'=B*. 
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Snarly isotropy of the Md will require 

t hen(vi)an d (vii)J^^ + ^ ~W» 

and P3J= YH + at A rest i.e. in this case there will be 

Considering the fluid of the normal stresses 

n0 component of velocity. Let 

coincides with-P 


P*' ; 


.-*+*£+** 


p„=-p+ 2 4 ; +aa 

*.--*+*£+* 

A= div q , A=3 for incompressible flow 

| A== — Jji for compressible flow 

Also, we have 8» \ 

p,:=Pnr-<* \ 0 y 0z I 
Idu . M 

p-.z=P‘=~P \dz dxl 

l dv +-\ 

\dx T *1 , . 

Again, assuming that , Ceil +De»+Ee % y+Fe . 

pic function of the coordinates ^ ^ nQt change Ps3 , «. 

The interchange m axes 2 ^respectively, 

but - and * will mterchangejub 

ThUS fr'o? the direction of axis 2, will not change 

Also the reversa change sign . Thus 

en, «. ** 

So ° 00 f2 *- 

Similarly, we can prove ...(x) 

p. j= =/c e<j. li 1 ^ 


where 


<.ome isotro- 
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where k is some constant. 

From (v), (viii) and (ix), we have 


k=n 

or P<<=—p+ite it +A A if k=y. ...(xi) 

Now the isotropic linear relations between the stress compo- 
nents and the rate of strain components is given by 

P<xfi=(— P + AA) fi + PCafi 

= (~P~Ip&) $ap+ye& + Sap- ...(xii) 

where Sap are kronecker delta with the property that 



1 if a=0 
0 if a^p 


and Ar=A + |ft ...(xiii) 

which determines P af assuming that A, B, C, D, E, F are constants 
in order to keep the stress-strain relationship linear. This relation 
is also true even if A, B, C, D, E, F are to be functions invariants 
of tensor. 


Since Parpen i^j 

then y can be determined with the coefficient of viscosity while 
k is called the bulk modulus of Viscosity. 

If k= 0, then A= — ly (for compressibe flow) 

which is known as Stoke’s relation. 

When k=0, then J /?„=—/? 

where ( — /?) is the mean of the normal stresses. 

Converse. If (— p) is the mean of the normal stresses then 
A:=0 that is 3 an universal telation between the two coefficients 
of viscosity A and y. 

§ 9*63. Inviscid fluids. When A = /*=0, 
then Pn=p 22 =p 32 — — p 

Pn—O V i j 

known as inviscid fluid or an ideal fluid. There acts onlynormal 
stresses and they are same in all directions. 


§ 9 64. Newtonian fluids. The fluids in which the stress 
components are linear functions of rate of strain components are 
called Newtonian fluids. 



Viscosity 


467 


§ 9 7. Navier-Stokes equations of Motion of a Viscous fluid. 
We know that the equation of translation motion of fluid 
element is 


dll y , l / I 


...(») 

{Ref. § 9*6 


We know that 

P « 


= -/>+2mI^+AA 


Idv , 8 «\ 
ldu,8w\ 

lii+a*) ' 


{ 


Ref. § 9 62 


\ 9 

Substituting the above values in (1), we have 

+h{> (£+©}] 
+'B® + a] 

” !-*-? K +,A '“ + i ,+ ?)8'r- -(»> 

Since A=— for compressible fluid and A=0 for an 
incompressible fluid, then (ii) reduces to 


Thus the equations of motion 
along the co-ordinate axes are 
given by 


as 


or 


v= - 


P 

P 


v+i.C+i 

p p p 
_^_2 jx 
"pi? 


1 

=3 V 


Similarly 


and 


T-*~ f l+^“+i'f 


...(iii) 


known as Navier-Stoke’s equations of motion. 
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These equations can be written in tensor form as 
=•*<“■ “ P»«+ v u itir f Jv V»<- 

The relation (iii), can also be represented in vectorial form 

^=F-V jy+vV 2 q + Jv V (V.q) •••(>») 

where q =(x y z) and F =(X,Y,Z). 

{since ^=|?+(q-V) q=|?+V (iq*)-qx(VXq) 

{and yx(Vxq)=V (V.q)-V 2 q 
thus the equation (iv) reduces to, 

0+V (iq 2 )— q x (V x q)=F— V |~+v [V (V.q) 

-Vx(Vxq)]+ivV (V.q) 

|5 + V (iq 2 )-qX(VXq)=F-vj^vV (V.q) 

-vVX(VXq) ...(v) 

which is another form of Navier-Stoke’s equation of motion. 

For incompressible flow, the relations (iv) and (v) reduce to 

57=F— fVp+y V’q 

= F— Ivp-vVX(VXq). ...(vi) 

Boundary Conditions : 

The equation (vi) represents that for an incompressible flow 
the equation of motion differs from Euler’s equation of motion in 
inviscid flow by the form -vVX(Vxq). This term arises due 
to Viscosity which increases the order of differential equation and 
therefore an additional boundary condition is needed. This is 
satisfied by the condition that there must be no slip between a 
viscous fluid and its boundary. So at fixed boundary q=0. It 
follows that the normal and tangential velocity components both 
must vanish. 

§ 9 71. Equations for vorticity and circulation. 

We know that the Navier-stoke’s equation of motion is 

^+V(Jq 2 )-qx(Vxq)=F-^VP+vV 2 q 
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Let the external forces are conservative and density is a function 
of pressure only. 

then T=VXq 

or v[o+Jf+if]+^ 

Taking curl of both the sides we have 

curl |5_ CU rl (qX«=v curl (V*q) 
dt 


or s l + ( q -Vr,-«.VM=vV 2 !: 


i 


as div. £ 
=div. curl q 
=0 


or 


— * 

J =«-V)q+»V*C 

at 


then 


or 


DT 

Dt 


or 


Which is known the equation to vorticity. 

Let T be the circulation round a closed circuit, 

r= udx+vdy+wdz 

f udx+vdy+wdz 
Dt Dtjc 

\ c (~dx+ % dy+%dz)+\ c (udu+vdv+»W 

{ The second integral vanishes as circuit being closed. 

§Hh5(?+ l >- !( H* 

_JL(£ + fVz+v (V* udx+v 2 vdy 

3z\p / , 

+V 2 wdz) 1 

_ | j ^ + j c V* (udx+vdy+wdz) 

v udx+vdy+wdz 

jas r= udx+vdy+wdz 

1V (other integral vanishes for a closed circuit) 
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§ 9'72. Equations of motion in cylindrical polar coordinates. 
We know that the Navier-stoke's equation is 


^+V(iq*)-qX(VXq) 

1 


F— -V P+vVx(Vxq) 




Let (r, 0, z) be the coordinates of a point, then it reduces to 

d . . 3Q 1 dp 

ai (qr) - 2 r=~ sr-x 


dr p Sr 




+> (V *- ,4 t-4) 


dt 

(*.)+** 80 ‘ 0/> 

H r rde P r00 



+• ('"»•+ f. t 

and 


, an I 3(1. 

* ( *> — gj-p a5+w s * 

where 


a , a , a , a 
<// “a/ +* r ar + ^ # ra^ + ^az 

and 


V 2 =-^+i i+i *+* 

v 0r 2 ' r 0r ^r 2 a0 2 ^0z 2 


(Hi) 


Spherical Polar Coordinates. 
dq r 


dt 


0r P 0r 


+v (v* *- ^-2 


cot 0 _2_ dq t 
r 2 r 2 0S 

2 

r 2 sin 0 



or 


Navier stoke 's equatioo can be written as 

|^+grad. (JV 2 )— 2V xu=-F- £ grad. p + v V 2 V 

Now curl V=2 (5, v, Q 

=2 { d ±-^ \ 

\dy dz) 

,±ISv__Su\_^(du_dw\ 
dy \dx 0 y) a z\dz <)x / 
d / du dv 8w\ 

= ^ + a7 + Tz)- VJ “ = ~ v " 

Thus the equation reduces to, if F= —grad. V 

gy-2Vx«o=-grad. g +K+JV 2 j-2v curl 
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and 


do » qf cot 0 q r q$ I 59 _I ?£- 

- T +_ 7 r 00 P r 00 

/ 2 0?r 2 cos 0 dj*\ 

(^V 2 q9 ~ r* sin* 0 + r* 00 r 2 sin 2 0 0+ / 

00 l 0 p _ 


+v 


and 


0J* , qrq 9 . q*q+ <*>* 0 -j a , 

+ — + r r sin 00 * P r sin 00 * 

<7* 2 


+v 


f V 2 »- r T 


sin 2 0 + r 2 sin 0 0* 

2 cos 0 0<?* 


sin 2 0 


5 l#\ 
0* ; 


where 

and 


Tt = lii +q, d? +q "r M +q * rsmOd* 
d* 2 0 cot 0 0 10* 


02 2 0 cot w , L — 

V 2 = gp +7 g7+ r » 98 +r* 80 2 

1 0 * 
+ r 2 sin 2 0 0* 2 

(iii) Orthogonal curvilinear coordinates. 

We know 

</S*=(A i dXi)* + (ht dXi^+ih, dX») 

- • • Q l 

then Vf 


=t/ll CMirfV"* tv* 

10 * 13 * 1 0 * 

sSr^+jg- §£•* 


VxF= 


1 


h\h%h$ 


Wi 

hzm\ • 

hzm 

0 

0 

0 

0Ai 

0A* 

0At 

hxFi 

h\F% 

h%Fz 


§ 9 - 73 . Energy Dissipation aue iv 

Consider a particle of viscous fluid of fixed mass P8v moving at 
any time t with velocity q. The kinetic energy is 
= 1 (P 8v) q 2 

Rate of gain of kinetic energy at any time I 

-a {* <*’> ] 

= P 8 v q. Tt 

Thus the total rate of gain of kinetic energy of the entire fluid 
of volume V is 

- p i, '•($)* 


for an incompressible fluid. 
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We know that the Navier-stoke’s equations for a viscous 
fluid is 


g=F— VX(Vxq) 


- 0 ) 


Multiply both the sides of (i) scalarly by pq dv and integrating 
over the volume V of the fluid. 

\v Pq ’^7 </l ' = JV Fp *-JV.(Pq) rfv-v.p|q.{VX(Vxq>}* 

Thus the rate of energy dissipation (E) due to viscosity is 


or 


E= f* j^q.{VX(VXq)}rfv 

{ 

£■=#* (Vxq)* dv-h 
E=ti (VXq )*dv-ii 


{ 


ft 

as v= — 
P 


We know that 
V.{qxcurl q)=(curl q) 2 

q {V X (V X q)} 


V.(qxcurl q) dv 
n.(q xcurl q) ds 


{ Changing from volume integral to surface integral 
(where S is the total surface enclosing the volume V). 

When the boundary S is at rest , and there is no slip between 
fluid and boundary 
then q=0 on the surface S 

thus E=p (V Xq) 2 dv 

=P (curl q) 2 dv=nj^ *** ^ 

Ex. 1. Prove that 

\ v a ty* d(x,y) 

where is a stream function for a two-dimensional motion of a 
viscous liquid. 

We know that the Navier stoke’s equations for compressible 
viscous fluid. 

|j + (q.V)q = -iv/>+vV*q 

(since external body forces are absent). 

g-qXlV*,)— v(f+i,’)+W’, 


or 
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~ curl (qx£)=v curl V* Q 


or 


8t 


fj+<q.v)«:-fc.v)q=» v*c 


{as C=VXq 

( 0 


Since there is a two dimensional motion of a viscous fluid 
then q=(w» v, 0) 

and S =(0» 0» 0 

Now (ii) can be written as 

("V-s) 7 -(“S + '5) ? 

The stream function ^ exist, then 
u 


...(Hi) 




or C-W 

Substituting the value of ? in (iii), we have 

(» 4’- 1) V- +- h W-% (V* «- 1 W i (V' « 

Ex. 2. Prove rtaf, in the slow steady motion of a viscous 
liquid in two dimensions 

u where (AT, T) w //*<? impressed force per 

y Y dx dy 

unit area v 

We know that the Navier-stoke’s equation of motion is 


or 

or 

or 


g!+(q.V)q =F-ivp+uV ! q 




Here ?5=0, motion being steady. Also the inertia term 
ot 

(q. V) q is negligible, that of slow motion. Since the motion of the 
liquid is in two dimensions, so 
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F =(XY) => Impressed force or external body force 
q=( w , v) =» Components of the velocity. 

The equation (1) reduces to 


F-i V^+vV 2 q=0 

Taking curl of the above relation, we have 
Curl F+vV 2 curl q=0 


...(ii) 


or 


Thus 


Curl F+Vv*;=0 
■£_0v _ du 
dy ' 


. (Hi) 


Since 3 a stream function 0, therefore, we have 

dx 


80 

“=-0? V1 


or 

or 


*• 8x dy 

- a 

^ 8x* 8>>* 

From (iii)t we have 

Curl F=-uV 4 0 
vV 4 +=— Curl F 

u V‘4-=a7 §;• 


Ex. 3. Prove »/ior /or a liquid filling up a vessel in the form 

of surface of revolution which is rotating about its axis (Z-axls) 

with angular velocity u>, the rate of dissipation of energy has an 
additional term 

2 fitu j jf/Dw+mDv,; dS 

Where Z >=( V (I, m, n) are the direction cosines 

of the inward normal. 

Since the liquid rotates about Z-axis with an angular 
velocity 

Here w =— a >y, v=wx, w=0. 

Consider the additional term is 


i) * * * 
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-Miff 

=-v }i v ( , s- m i ) </5 

=- 4 *‘f} v ( / i+ w i)‘ /s 

= _4 ( iH'|(x(/g+m|;)rf5 ...(H) 

{ as v=wx 

{ from the equation of continuity 
(i) can also be represented, as follows 

-MSS 

= -4/* 

= -4m j j “ ("« fe~' fj) 

— 4 ** K m l +/ £)" 

J J {as u=-o>y 

= 4 '“° %+l*£) dS 

Taking the mean of (ii) and (iii), we get 

-M IM-S+'SM '*■*)}" 

=MJ{ '('i-*£)“ +m ( m lr x £) v } ds 

=2nw f f O.Du+m.Dv) dS. Proted. 


§ 9 8. Laminar flow between parallel plate. 

By laminar flow we mean that the fluid moves in layers parallel 
to the plates. Consider the two-dimensional laminar flow of an 
incompressible fluid of constant viscosity between parallel straight 
plates. In order to maintain such a motion, the pressure difference 
in the direction of axis of AT, i e. along the plates must be 
balanced by the shearing stress. 
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A flow is called parallel 
if only one velocity component 
is different from zero i.e. all 
fluid particles move in one 
direction. 

Here for parallel flow, we 


Y- 

« 

LL= U 


u 

0 

. d-h 

■ ■ ■ ■ • ' ? r 

* 

ii • 1 1 jt) > >> > tirn 


u = O 


have 

and 


or 


{ as v= 


; 0 : 


W 


u=u (xy t ) 

v=0, w=0 every where. 

Also p=p (x,y, t). 

The equation of continuity is 

-*• that the velocity component u is independent 
from x. 

(>», t ) 

The equation of motion is given by 
du dp . d*u 


Also 


dp 


P 3t~ dx +,l dy* 
P=P (*. »)• 




We see that ~ must be a constant or a function of /, Since 


P is 


not a function of y and u is not a function of x. 
Integrating (i) with regard to y for steady flow, we have 



or 

or 

or 

or 


d 2 u 1 dp 
dy 2 = f* dx 

-l- d £-i +Bi ’ +A 

“=i £*+*>+* 


where A and B are arbitrary constants 
boundary conditions. 




to be determined by the 


Case I. Plane Couette flow. 

Here we shall determine the solution of equation (ii) between 
two parallel plates when the upper plate is moving in its own 
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P , ate is stationary ,e. 

reS '' Here *-0 ; one wall is at rest and other is in uniform 

dx 


ax 

motion. The boundary conditions are 


r— y-o 


From relation (iii), we have 

i j 


and 


0 —44b 

l/=+ y+5 


Solving these two, we get 

rr 


B-f.ndB-? 


Substituting the values of the constants d and Bin <»». 
we have __ ^ 


“= 2 
- ?(' + ?) 


or M “ 2 \ m ' d / 

Such a flow is know- ^Cion 

the upper plate is moving with velocity u. 

is linear. 

Case. II. Plane Poiseuille flow. 

In this case the pressure gradient & is not equal to zero but 
both the plates are a, test ^-Constant. The bound.,, eon- 
ditions are 

y=-i,U=* 0 

>>=+', « =0 - 


From (iii), we have 

0 1 ^ - 


£ . f+A l+B 

2(i t/x 4 * 
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0 _J_4» d *_ d 
°-f? ^ • 4 ^2 + S 


which gives .4=0 and 5= — ^ ^.</ 2 

Substituting the values of the constants A and B in (iii). 


we have 

"= i Tx y '~ 

> dP di 

8/i dx 

or 

— 


or 

u=um ( i - 4 £) 


where 

Tx dX 


is the maximum velocity in the 

flow occuring 


velocity distribution is parabolic in the interval between the two 
plates. 


II „„ / max w 

y velocity 


( Par o tie 1 flout 'tjJlth parabolic VtiocUy- 

distribution) 

Case III. Generalised plane Couette flow. 

In this case the pressure gradient is constant and one 

plate is at rest t the other plate is in motion. The boundary 
conditions are given by 

“=° 

y=+f,u=u 

Then from (iii), we have 

1 d P d » , d , „ 


o=-L dp.* A d 

2p dx 4 2 

u=~ & d* d 
U 2p dx ■ 4 +A 2~ B 


Which gives A=— 
d 
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and 


n j d 1 dp f 

B A 2 2f* dx ' 4 


or 


„Ud±dp 
*~2~"8 p dx 

Substituting the values of the constants A and B in (in), we 


have 


1 dp . , u ,U d* dp 
“= 2p d? + d y+ 2 ** dx 


...(iv) 


Total flux across a plane perpendicular to X is 

tut (*l* r 1 dp.,0,V d^ dp\.dy 

1 <„ Udy= \-<A* r/ + d y+ J-» dx) ay 

J ' r 1 dp y* u y'U d>dp V 

= |> Tx • T +d • 2+2 y ip dx y J- 

1 dp (P . Ud 


*12 

d/a 


r Udy 

J-*l a 


"2fi dx ' 12+ 2 
C/J d 3 


d ± d ±d 
8/* </x 


J-d/a * 2 12/* * */x 

Differentiating (iv) with regard to y , we have 




At 


<&_ 1. v+ " 
dx y ^d 


duJJd dp 
dy~d ^2/* </x* 

Thus drag on the bounda.ies 

“(7 ±2 a) per unit area ’ 

§ 9 9. Laminar flow between concentric rotating cylinders. 
Couette flow. 

Consider the two-dimensional steady flow of an incompressible 
fluid between two concentric rotating cylinders. Let a and b be 
the radii of the inner and outer cylinder respectively, and and w z 
be their angular velocities. 

Here the components of velocity in cylindrical coordinates are 
given by 

«= 0, v= v (r), w=0 1 
and p=p ( r ) J — (i) 



Hydrodynam ics 

Substituting these values in equations of motion, we 


have 

_v 2 _ _ 1 tip 

r 9 dr 

, d 2 v . 1 dv v 

and -7-5+-— — — 

dr 2 rtir r 2 


...(iii) 


dz 


dz # ...(iv) 

Let any point P the angular 
velocity be <0 then 

v=cor 

dv , dco 
or -7 -r- 

dr dr 

, d 2 v__doi doi d 2 aj 

and ~rh~~r '~r + r tt 

</r 2 dr dr dr 2 

d 2 to dw 

' dr 1 <//• 

From (iii), we have 

d 2 o) . _ dco , dm . co co 

ar 2 dr dr r r 

d 2 to , ~ dco 

° r r ^ +3 5 r=° 

d 2 coJdr 2 3 

or , . . = — - 

dco/dr r 

By integrating, we have 



IOg {jr) = ~ 3 log r+1 °S ^ 


“=*- 2r* 

The boundary conditions are 

I r=a, co=(oi 

II r=b, co =co2 


...(V) 




and 
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Solving the above equations, we have 

2a 2 b* (o>i — cos) . n o>ib 2 -o> x a 2 
and B ~ fr-~ 

Substituting the values of the constants A and B in (v), we 


have 


uj^—coia 2 a 2 b 2 (wj-w,) 

<"= F-a 2 ~ b 2 -a 2 ' r 2 

If the inner cylinder is at rest, then Wl =0. 
oj z b 2 a 2 b 2 u)i 

So b--a 2 ' r 2 

on b 2 r 2 — o 2 

There will be the tangential stress^, only in the fluid 


Pr$ = P 


Pr$ = P 


(dy_ _v\ 

V/r r ) 

(-+'!-) 


do* 

Pr.^ r J r 

Its moment about the axis is given by 
= 2rcr ( pf)»r 

d(J> , do> 

-2 «r*.K jr^Tr 

= 2~nr\j 3 
=2npA 

<J 2 6 2 , X 

= 4 ^‘ ^2 (ojl OJ2) 

a 2 b 2 

= 4w » i rc? «* 


o;,=0 as the inner 
cylinder is at rest. 


§ 9 91. Hagen- Poiseuille flow in a circular pipe. 

Here we shall consider the steady laminar flaw through a long 


straight pipe of circular cross- 
section. We know that the 
shearing force on the surface 
of any cylindrical shape of 
fluid must be balanced by the 
difference of pressure between 
the ends. Let Z-axis be choosen 
along the axis of the pipe- 


*Y 
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Consider q z be the component of velocity parallel to the axis of 
pipe which is a function of r only. The velocity component in 
the tangential and radial directions are zero. 

Equation of continuity in cylindrical coordinates 


ir=o 


..(i) 


=> that q z is independent of z or a function of r only. 

Also the equations of motion in cylindrical coordinates are 
given by 


. ( d *<h ■ 1 d( f-- \-dp 
h \ dr 2 r dr ) dz 


and 


2e» 0 - 1 Se- 
ar 9 rdO 


0 


.. (iii) 

Since the velocity q t is a function of r only and the pressure 
p is independent of r, therefore the pressure gradient ~ must be a 

constant and let it be equal to — , from relation (ii), we have 



d'q, ,1 dq,_pt-pi 


dr* 

r dr 

Pi 

or 



_Pl~Pi 

rdr\ 

dr ) 


or 

dq, 

dr 

p*-p* r t +A 

2 pi r +A 

or 

d Jz = 
dr 

Pl~P2 

2 pi 

r+- 

r 

or 

q*= 

P\-Pt 

r*+A log 

The velocity 

• 

is finite at r=0. 

S3 A must 

condition is 





r=a, 

• 

o 

II 

C5- 



••(tv) 


Then (iv) reduces to 


or 


0 = -%r at+B 

B = f - ^ 

4fi / 


Then 




=P±ZPl [n *- 


4 W 




Since the maximum velocity occurs on the axis, then 

l*L 


Pl 4 p' a% ( as r=0 on the axis of the pipe) 
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time is 


or 

j(V4” 

or 



This relation was obtained experimentally by Hagen and 
afterwards independently by poiseuille. With the help of this 
relation, the coefficient of visocosity of the fluid can be determined. 
Again total flux across any section 

= | q t 2nrdr 


:2n P ^f‘ 1, dr 


and the drag on the cylinder is 

=2nal (“afL 

=*<** ( pi-pi) 

§ 9 92. Steady flow between co-axial circular pipes. 

Let the flow take place 
between two co-axial cylinders 
of radii a and b (b > a). 

Consider the inner boundary 
have a velocity V while the 
outer is at rest. The boundary 
conditions are 

r=a, q,= V 

r=b, ?,= 0 

Then from relation (iv) § 9 91, we have 

v= 



and 


0 


-%r at+A 108 a+B 

Pl ~ p "- b*+A\ogb+B 


4**/ 
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Substituting ihe values of the constants A and B in relation 
(iv) § 9 91. 


q z =V 


k * J . t, " > s(;)- ,| ° s (;) l 

' ,o E (5) 

The flux relative to the fixed boundary is given by 
=| q : .2nrdr 

§ 9 93. Steady flow in tubes of cross-section other than 
circular. 

Consider the axis of z along the a* is of the tube. Let the 
component of velocity w is a function of x and y but not of z, and 
that u=Q— v. 


The equation to continuity reduces to 


F-o. 

dz 


..(i) 


=> that w is independent of z i c. a function of x and y only. 
There are no external forces and the inertia terms vanish in 
steady motion, then the equations of motion reduce to, 

...(H) 

- (iii) 


and 


l p =0 and */=0 
cx 

/&** , d*u-\ dp 


Since iv is independent of p is independent of x and y tnen 
in steady flow along a tube the pressure gradient ^ must be a cons- 
tant, let it be equal to ( — P ). 


then 


6 2 ir . o 2 w 


i/ ii . u i» j 

ox 2 d) 2 \i 


...(iv) 


with a boundary condition u =0 on the surface of the tube. 


Consider h-=A-£- (a :*+T 2 ), then A has to satisfy the 


equation 


o*A + ^A =0 
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with the boundary condition A=^ U*+^*) on the surface of 
the tube. 

Thus to solve the problem for a particular boundary we 
consider 


w=\-^( x '+y 2) + B 


...(v) 


where B is an arbitrary constant, A is a suitable solution of the 
two dimensional Laplace’s equation. The constant B can be 
determined by applying the condition w = 0 on the surface of the 
tube. 

(a) Elliptic section. 


Let 


< 1 


Consider w=A (x 2 —y 2 )+B— — (x a +A'*) 
Since on the surface of the elliptic section 

a 2 ^b 2 1 

on the boundary w = 0 

then (£+*)>•' 


B 


or 


This requires that, from (ii) and (iii), we have 

P_ a 2 -& 

V d*+b 2 


and 




a 2 b 2 




...(ii) 


.(iii) 


2p a 2 + b 2 

Substituting the values of A and B in (i), we have 


or 


P a 2 b 2 
w ~2|*’ a 2 +b 2 




a 2 -b 2 

a 2 b 2 


(x 2 -y 2 ) 

-j 


a z +h 2 


aW f 


PI 


(*+*>} 



^ Hydrodynamics 

Flux of the fluid over the area of the ellipse is given by 
dx dy 

-b 

{\\ dx dy- Js \\ * 2 dx dy 

^ dx dy] 


H -*- 


, a a i 

nab 4 kk* nab 


11 


^p_ q2 & 2 

2/i a*4-£ 

= F *t> i . 

2 M 5*+b*** *** 

= nP Q*b* 

4tc* a* 4 - A*' 

(b) Equilateral triangle. 

Consider 

Since N-0 at all points of the boundary, then from (i), 
we nave 


If 


A (x*-3xy*)+B- L (x*+y*)-Q 
x=a be a part of the boundary, then 
A (a* -3 ay*)+B- (a*+>-*)=0 

Pa * 


...(ii) 


or 

Aa*+B- 

and 

—3a A— 

Thus 

A - ' 


12a/i 

and 



3p 


P_ 

V 


=0 


~TI^ ( JC *~ 3 -V*J+ 0 -0 u*+>*j-o. 

or * 3 -3x>*+3ax*+3a.> J -4a»=0. 

0f . ( ' X - a ')( x + 2a -V-'y)(x+2a+ y /3y)=0. 
Inererore the boundary consists of 

x=a, *+2a— /3;-=0 and ^+2a+-/3^=-0 
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or 

and 


-+7S- 


X ?£ 

V3 V3 
Which forms an equilateral triangle 

S ° W= ~\ty. t*-*W*+3«M-*W*-4*) 
Flux of the fluid over the cross-section is 


n 


wdx dy 



x+2 a 

*+2a 
V3 
*+2a 


(ii) 3 j j xy*dx dy= jx (y*) v . .dx 


Vi 


=373 L* <*+ 
(iii) 3 a | J(jc*+j>*) </x 


3a (sum of the moments of loertia) 
=3^7 (J.3j.a\/'3) 


C 3 fl* 3 a 2 . „ fl 2 7 

{T + T +fl + 4 + 4j =V3 

(iv) 4a s 1 1 dx dy=4a i .3a.aVi=\2Vi a s 


...(iii) 
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= -—[-• 

12^1 : 


9a 6 21 & + 27a* 


3 6a> \ 
V3 ] 


27 


5v/3 5>/3^ >/3 

Pa* 

”20v/3 * ft 

27 Pa* 

average flow= gH5_j2/.3 g .3 

Area J. 3a.2ay/3 20 ft 

§ 9 94. Steady motion due to a slowly rotating sphere. 
Consider the component of velocity are 
u=—<oy, v=u>x and co=0 

where o> is the angular velocity and is a function of r ( r 2 =x 2 +y 2 +z 2 ) 
only. 

The equations of motion are, 

(neglecting the squares of velocities) 


or 


or 


or 


°=-^+»*v s « 

0 = — 


0^ 


-k 

dz 


-(«) 

- (in) 


Since 


or 


and 


du__ 

doj 

c*u 

0*0) 


dx~ 

>35 or 

dx*~ 



du_ 

do* 

o*u 

0 2 O) 

00) 

*y~ 

— y-r — a) 

or <7 



0*W 

0 2 a> 




dz 2 ~' 






or 


Thus V*m=— >| v 3 "+| - |^| 

_ 9 C d 2 co 2 duj , 2 c/col 

V l “=-->’{^+7-5r+7 5rl 

{ 


1 doj 1 dw 

as - r-=- . ~r 
y oy r dr 


or 


C d*co 4 dwl 
y [d?T+F dr \ 


V 2 m= 

Now the equation (i), (ii) and (lii) reduce to 

0= —1 — — uy 

U dx Ur 2 + r dr) 

_ dp / d 2 co 4 </o)\ 

0=_ aP + ^(^ +7 dF) 
n *p 
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These are satisfied by p=constant. 

d 2 a* , 4 day n 
dr 1 'r dr 

By integrating, we have 


dt » _ A 

T Jr ~ A 


or tu =7» + c •••(») 

(where B and C are arbitrary constant). 

Let the motion is produced by a solid sphere of radius a 
rotating with angular velocity fi and the liquid extends to infinity, 
we have 

C=0, B=a 3 O 

a 3 ,. 

So w= 7 * Q 

If there is an outer fixed concentric sphere of radius 6, then 
the boundary conditions are 

I r=a, to=n 

II r=b y w=0 

From (iv), we have 

°-#+ c 

and 0= £7 + ^ 

or B= £z~* Qot C= -p=~a 

Substituting the values of B and C in (iv), we have 

a*b* 1 

" r* ~b 2 —a l ' 
a 8 fi 6 3 -r 3 
r 8 ' b*-a* 

Ex. 4. One surface (nearly plane) is fixed and another near 
surface (plane) rotates with angular velocity co about an axis 
perpendicular to its plane and there is a film of viscous fluid 
between them. Prove that the pressure p in the film satisfies the 
equation ^ W * W & 

h [dr i+ r dr + r* dB i ) + 3r dr + r 2 00 00 

, dh 
=6^-, 
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where (r, 9) are polar coordinates in the plane of the film, the 
origin being in the axis of rotation , and h is the thickness of the 
film. 

Consider any point (x, y) on the upper surface 
then U=*—ujy, V=<ox 

The total flux across a plane perpendicular to Af-axis is 

h , h z dp 

udz=\hU— — ~ 
io 12/* dx 

{Ref. equation (v) § 9*8 Case III 


,, h* dp 

hh Tx 


Similarly 

T-axis, 


the total flux across a 
' h 


...(ii) 

plane perpendicular to 


i; 


vdz=i hcox- 


h 3 


dp 

dy 


io 12/* 

Now from the equation of continuity, we have 


...(ii) 


or 


h{~ ih0,y - n£ 

~r a. . 2 ) “r 1 


8- 


/2» 


then 

and 


dp bji* dp\ 
\2n\dx*~ r by 2 J~ 1 -\2n\dx 9 dx+dy * by) 

=iw ( X Yy -*%) -< Bi > 

Since (r, 0) are the polar coordinates in the plane of the film, 

sin 6 b_ ] 

r dd I 

cos_0 d_ •..(iv) 

r dd 

d 2 d 2 d 2 .1 d 1 bfl 


r=cos 8 r 

dx dr 

d . a d , 
r- = Sin 0—4- 

dy dr r 


a ^ S0 dx 2 ^~dy 2 dr 2 +r dr + r 2 dO 2 

Substituting the results of (iv) in (iii), we have 
h*l&_\ d_ 1 


12 n\dr i+ r 


dr + r* 


( 


a fif p+ ii{( cos 9 w 


■> 


sin 0 dh 8 


cos 0 


dp 


12/* 
sin 0 


djfi\ 
dd I 


dr 


im 


a dh 8 , cos 0 dh 2 
sm0-+- 


(— s 


cos 0 


dd j 

n 


1 f — n/-:-/ COS 0 dA\ . dh SIQ 0 0/l \1 

= ^co cos 0 ^sin 0 — H — -)-r sm *(cos 3^- — ^ 

or , I A . I 9M„, 9P.I 0A* 3p_, dh 

h \3r J+ r dr + r* 3 6*) P+ dr ’ dr + r* 30 ' dd ~ 6 ^° dO * 

Proved. 



Viscosity 


491 


Ex. 5. A liquid occupying the space between two co-axial 
circular cylinders is acted upon by a force - per unit mass , where 

r is the distance from the axis , the lines of force being circles 
round the axis. Prove that in the steady motion the velocity at 
any point is given by the 

C [b 2 r*— a 2 f (b\ . r\ 

2iptt ,0g (a)- rl0g -al 

where v is the coefficient of kinematric viscosity. 

Consider the axis of the cylinder be the Z-axis. Here 

<?r=0=q g 

and q 9 is independent of 0 and z i.e. it is a function of r only. 

So q $ =roj f?,=0 considering the cylinders to 

\ be sufficiently long. 

where <o is the angular velocity of the liquid at the point (r, 0, z). 
Thus the equation of motion for viscous fluid reduces to 


or 


or 


or 


• (v*-£)+£-o. 

/3 s , 1 0\, . C 

\a7« + r 07J 

l d lr>%a +ru \-”=-C 

r ar\ dr Jr vr 


C 
vr 

d l (x) - dco C 

dr * dr vr 


or 


or 


or 


Multiplying both the sides with r 2 and integrating, we have 

dr 2 dr v 


doj C A 

T~ A • f 


dr 

C . A 


2 vr 




where A and B are arbitrary constant. 
The boundary conditions are, 

I. <o=0, r=a 

II. o>=0, r=b. 

Now the relation (i) reduces to with the help of condition 
I and II, 

0 =-£> ga-4i+B ...(») 


2v 


2a 2 
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or 


C . , A 

0=-- log b- 


B. 


...(iii) 


By subtracting, we have 

0=| (log b log a )~2 **) 


..•(iv) 


or ^=vlF 

Form (i) and (ii), by subtracting, we have 

C x -4/1 - 1 \ 

«u=— (log r— log a ) — 2^r* a*) 

r . . Ca*b* a*-'* lno (V 

<o=-~- (log r_loe < ’ )_ 2v (b*-^)‘ r*a* B \a. 


or 


or 


{ from (iv) 



Thus q 9 =rw 



r - (I) 


-&' 1o8 (;) + s- 

-2 ? .{S-r to8 

Ex. 6. Incompressible viscous liquid is moving steadily under 
pressure between planes y=0 , y=h. The plane y=0 has a constant 
velocity U in the direction of the axis x, and the plane y h is 
fixed. The planes are porous , and the liquid is sucked in uniformly 
over one and ejected unijormly over the other . Shew that a possible 
„,u,,on „ ,*«, ft +Ah) 

i - + A y’ v a 

where vis the kinematic coefficient of viscosity. Determine the 
meaning of the constants A and a. 

Since the planes y=0 and y=h are taken infinuely large, the 
velocity components (u, v) at any point (x, y) will be independent 
from x. Thus the equation of continuity reduces to 

0 -® 
dy 


or 


* 

v=constant= - 
The equations of motion are 

V T = 

dy 


and 


I5£ + v^. 

P dx + dy* 

...(ii) 

1 dp 

...(iii) 

p dy’ 
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The boundary conditions are, 

I. y=0, u=U 
II. y=h, u= 0. 

Substituting the given value of u and the value of v=- in the 


equations of motion (ii), we have 

vf UU+Ah)e»'' , ,1 1 

- a \~- a e^-r~ +A l P 


Bp 

dx 


+v 


f_l (U+Ah)ef*\ 
1 a- e^-l j 


or 

II 

*1* 

_1 dp 

P dx 


<>P = 

_d v p 

or 

dx 

a 


Z_P = 

_/V 

or 

dx 

a 

or 

P = 

-d*x 

a 


...(iv) 


which also satisfies the condition (iii). J y =°- 

Hence the given velocity components satisfy the equation of 
motion, and forms the possible solutions. 

Consider the mass of liquid sucked per unit area per unit time 

at ^=0 be m, then m=?v 

’ as f*=Pv 


m 


a a 


5 


or 


ni 


Substituting the value of a in (iv), we have 


A [ odp 

p‘ v dx 

- _ Pj2. 
A #m?v dx 

l dr 
m dx 


Ans. 


Ex 7. Viscous liquid is flowing steadily under pressure through 
an infinitely long rectangular tube whose axis is para! lei , o the 
axis of z. The sides x=0 and x=a are smooth and the suk s y=0 
x=a do not permit of slipping of liquid in contact with them. The 
pressure gradient maintaining the motion is siiddenly annulled. 

Show that the total flux across any section is where O is the 
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flux per unit time across a section in the initial steady motion f 

giventhat 1t25T7?“»- 


Since the rectangular tube 
is infinitely long and the sides 
x=0 and x=a are smooth. 
The velocity component »v of 
an element at (x y z) parallel 
to Z-axis is a function of y 
only, the other two components 
u and v are zero. 

The equations of motion 
reduce to 

dy* dz 

s— *■ 

Integrating (i), we have 


The boundary conditions are 

I. w=0, y=0 and II. 
which gives from (iii), 



...(ii) 


y+A 

W=\j z )P+Ay+B. 


...(iii) 


w=0, y=a 


B = 0 and 

dz 


or 

nw=\(y*-ay) 

oz 

Thus 

flux 2 = | 0 w ( a dy) 

or 


or 

a dpla* tf \ 

W \ 3 2 ) 

or 

Q * 8p 

* 12ft dz 

or 

dp_ 12 pQ 

Tz a* * 
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So 


|XW= — J (y*—ay) 


12/xQ 


or 


w =^y (*—*)• 


...(vi) 

When the pressure gradient is suddenly annulled- the equation 
of motion becomes 

3 h -_ _ d*w 

dt~ v dy*' ...(vii) 

{Here u=0«=v 

Consider w=f ( y ) e V * 1 be the solution of (vii), then 

which shows that f (y) is of the from cos ky or sin ky 

Ak e ~ vkt ‘ f C0S k J 

l sin ky ...(vui) 

At /=0, we have 


or 


**’= ^ y ( a-y ). 


Expressing y ( a—y ) in the form of Fourier Series 0 < y < a, 
we have 


y(a- y) =*4% sin (2n+ I) 

(2n + 1 )* 

Consider k=(2n+\) ? . 

Thus w for any time t is given by 

W= 6 .Q . ?£!s si » < 2 "+') r W V 

fl* n* 2- .f \ * 1 

(2n+i)» 

Thus the total flux is 

= [ 1 (a dy) w.dt 

J tm 0 Jr-0 


*y 


•• *( IX f 


a.m s 


r., (2«+D»j o e 


V a 


it sin{(2n+l) 


48 Q 

n*a “ (2n -+* 1) 8 
48Q 2a 2 a _ 

• 5 • “ 


{<-+>, 1 1 


1 


'a 


vn 2 n (2n + 1 )* 
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960a 2 _ 1 

z (K+I7iASS'R»3 UK»v&a®V^ 


nc* 
_960a 2 

vtt® 
= 0a 2 
lUv 


960 


l V 


i • 



v. • J> ^ ^ w »& 

Exercise 

1. In the case of steady flow of compressible fluid through a 
circular pipe of radius a, show that the mass which crosses 
any section per unit time is 

wa 4 ( p\—pz) (P 1 + P 2 ) 

16**/ 

where p it Pi and p *, ? 2 are the lespective pressures and densities 
at the two section at distance / apart. It is assumed that the 
temperature is constant and the gradient of velocity in the 
direction of the axis may be neglected in comparison with its 
gradient in the direction of radius a . 

2. The space between two co-axial cylinders a and b is filled 
with viscous fluid, and the cylinders are made to rotate with . 
angular velocities wj, w Z . Prove that in steady motion the angu- 
lar^ velocity of the fluid at distance r from the axis is given by 

a 2 (6 2 — r 2 ) w l — b 2 (r 2 —a 2 ) o >2 
r* Kb 2 -a 1 ) 

3 Incompressible liquid is flowing steadily through a circular 
pipe. Prove that the mean pressure is constant over the cross- 
section and that the rate of flow is 

7ra 4 ( Pi— Pi) 
bp I 

where pi. are the pressures over sections at a distance / apart. 

4. Prove that, for liquid filling a closed vessel which is at rest the 
rate of dissipation of energy due viscosity is 

4n jjj (\‘+V*+?) dx dy dz 

where ;=* . 1= . « lhe vorticity. 

5. A liquid occuping the space between two co-axial circular 

cylinders is acted upon by a force - per unit mass, where r is 

th' J -Mnre from the axis, the lines of force being circles round 
th " * **ity at any point in the steady motion, 

isity. 



b r\ 

*-a~r\o g-J. 


Ans. 




